Cardinality Constraints in Boolean
Satisfiability Solving

Joseph E. Reeves

CMU-CS-25-147
November 2025

Computer Science Department
School of Computer Science
Carnegie Mellon University

Pittsburgh, PA 15213

Thesis Committee:

Marijn J. H. Heule, Co-Chair
Randal E. Bryant, Co-Chair
Ruben Martins
Armin Biere (University of Freiburg)

Submitted in partial fulfillment of the requirements
for the degree of Doctor of Philosophy.

Copyright © 2025 Joseph E. Reeves

This work is based on material that was supported by the National Science Foundation under grant CCF-2108521,
CF-2229099, CCF-2415773, and was supported by a fellowship award under contract FA9550-21-F-0003 through
the National Defense Science and Engineering Graduate (NDSEG) Fellowship Program, sponsored by the Air Force
Research Laboratory (AFRL), the Office of Naval Research (ONR) and the Army Research Office (ARO)

Any opinions, findings, conclusions or recommendations expressed in this document are those of the author and do
not necessarily reflect the views of their employers or the above funding agencies sources.



Keywords: Automated Reasoning, Cardinality Constraints, Boolean Satisfiability Solving



For my parents, for always believing in me.



v



Abstract

Automated reasoning tools are used in a wide range of applications from hard-
ware and software verification to mathematical discovery. The workhorses under-
pinning many of these tools are Boolean satisfiability (SAT) solvers. To use a SAT
solver, a problem must first be encoded in propositional logic as a conjunctive nor-
mal form (CNF) formula. It may seem strange that a problem as complex as quantum
circuit synthesis can be represented in CNF as a series of disjunctive constraints on
variables that can either be t rue or false, and furthermore, that such a represen-
tation is useful. But, thanks to several decades of algorithmic advancements, SAT
solvers implementing the conflict-driven clause learning (CDCL) algorithm can ef-
ficiently solve a plethora of hard problems that no other tool can handle.

The main drawback to CNF is that it requires the encoding of all high-level
constraints, and this can be both difficult for a user to find an optimal encoding and
the encodings themselves can prevent a solver from leveraging structural information
from the constraints during solving. One of the most commonly occurring high-level
constraints in SAT problems are cardinality constraints. A cardinality constraint
on Boolean variables counts the number of t rue variables and compares the sum
against a bound. Cardinality constraints arise any time a problem requires counting.
For example, “synthesize a quantum circuit with at most k swap gates”, or “each
value from 1 to 9 may appear at most once in every row of a Sudoku puzzle”.

This thesis proposes a new standard input for SAT solvers: AtLeastK Conjunc-
tive Normal Form (KNF), with native support for cardinality constraints, which is
both easier to use and will help improve solver performance. We develop several
methods that take advantage of cardinality information in the KNF format to im-
prove solving. First, we explore how the meaning of new variables introduced in
cardinality constraint encodings can be improved by exploiting the relationships be-
tween variables in the formula. Second, we implement native cardinality constraint
propagation as an extension of a modern CDCL solver and show that the faster prop-
agation is especially helpful on satisfiable problems. Third, we develop a method
that uses information from cardinality constraint encodings to split a formula into
thousands of independent components that can then be solved in parallel. To evalu-
ate our KNF solving techniques, we developed cardinality constraint extractors that
detect AtMostOne constraints and implicit ExactlyOne constraints transforming a
formula in CNF to KNF. We used our extractor to convert thousands of benchmarks
from the past two decades of SAT competitions into KNF and found that our KNF
solving techniques improved solver performance on many of these problems. This
work has culminated in an open sourced solver that has been used by several collab-
orators in mathematical discovery, artificial intelligence explainability, and hardware
synthesis research.
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Chapter 1

Introduction

Automated reasoning (AR) is a branch of artificial intelligence that applies various forms of
reasoning to automatically solve problems in mathematics and logic. AR tools solve problems
through the use of deductive inference techniques and exhaustive search, producing provably
correct results along with certificates that log their reasoning steps. Note that this is in contrast
to the black box prediction engines in machine learning that are built from large swaths of data
and computationally intensive training.

In a world driven by technology, where hardware and software touch every part of our lives,
trust is paramount.

“Can I trust that new applications built mostly from code generated by large language
models will not introduce security and privacy threats to my devices?”

“Can I trust that the highly optimized processors running on my computer will not fail
because of a division-by-zero error?”

“Can I trust that the cryptocurrency I invested in will not lose millions of dollars to hackers
due to a logical defect in its blockchain protocol designs?”

AR tools can help bridge this gap in trust by providing “will not” answers to important prob-
lems. But, before a problem can be solved by an AR tool (often referred to as a solver), the
problem must first be encoded as a set of constraints in some standardized input format. The
decisions made during the encoding process have a cascading effect on a solver’s ability to find
a solution in a reasonable amount of time. There are many different input formats correspond-
ing to different systems of logic, each with its own set of solvers and types of reasoning. The
formats vary in expressivity, meaning that not every problem can be expressed naturally in each
format. In fact, several layers of encoding might be needed to express a problem in the simplest
format, Boolean logic. While encoding into simpler formats can unlock faster and more effi-
cient solver reasoning, it often obfuscates structural information from the problem, and this may
hinder solving. To make these ideas more concrete, we consider the puzzle Sudoku.

Sudoku is constructed from a 9 x 9 grid with 81 cells in total. To solve the puzzle, each cell
must be assigned a value and in conjunction the assigned values must all adhere to the following
constraints:

1. Each cell can take a value from 1 to 9.

2. Some cell’s values are already given (clues).



x|y 1 x|y 1
2|3 213
4 4
5 5
4 116 4 1
3 711 3 711
z 2 z 2
4 8 4
3 91114 3 9114

Figure 1.1: Example Sudoku puzzle with 18 clues and three variables x, y, z (left), and colored
clues (red) that constrain the variable x (right).

3. Cells in the same row, column, or marked inner 3 x 3 square must all have different values.

Now, consider the constraints on variable x from Figure 1.1, “z can take a value from 1 to
9, and the clues given state x cannot take values 1, 3, or 4. We show how this constraint can
be represented in different formats, with each subsequent format providing less expressivity and
therefore requiring additional encoding.

constraint programming: =z € {1,2,...,9}\{1,3,4}
1<z<HOA(x#DA(x#3)A(z#4)
4?2+t 2P+ T+ a8+ > 1) A

(

(!

(et + 28 +at+ 2+ a4 aT+ 2%+ 2% <1) A
@F>D)A@>1)AE >1)
(!
(z!
(=

integer arithmetic:

pseudo-Boolean logic:

tva?vatvatvadvabvaTva®va®) A
TVIHAN T V)N A @ VT A

DA @A@Y

Constraint programming considers variables that can be viewed as objects from a set. We
can represent the possible values of x as the set {1,2,...,9}, and this matches how humans
might think about Sudoku. Note, for constraint programming the labels could be interchanged,
e.g., we could imagine the values in Sudoku as 9 different colors or letters instead of numbers.
On the other hand, in integer arithmetic we deal explicitly with integer valued variables, so we
must constrain = as being at least 1 and at most 9. Moving into the less expressive Boolean
formats, variables can only take the values true or false. To represent 1 to 9, we must
introduce 9 variables z! ... z°, where if 2’ is t rue this means z has value i. In pseudo-Boolean
we have constraints on the sum of variables and will say at least one of z'... 2% is true (z
has some value between 1 and 9), and at most one of z'...z% is true together meaning x
takes exactly one value between 1 and 9. Finally, in Boolean logic, the least expressive format,
we must convert the AtMostOne constraint into clauses. This process will be described later in
this section. For now, it suffices to view the four different encodings and consider how the less
expressive formats look less and less like the original problem. There exist different solvers that
can each take as input one of the presented formats, so one might ask why would we ever go

Boolean logic:
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through the process of encoding all the way to Boolean logic? The answer is that solvers for
Boolean logic use the conflict-driven clause learning (CDCL) algorithm and in combination with
highly optimized software and heuristics they can solve many problems that the other solvers
(with their corresponding input formats) cannot. But it is not as simple as always encoding a
problem and its high-level constraints all the way down to Boolean logic, because information
that could be crucial for solving certain problems might be lost.

In this thesis, we develop solving techniques that leverage the structural information of one
specific type of high-level constraint: cardinality constraints. First, a literal is a Boolean variable
x, or a negated Boolean variable Z. A cardinality constraint counts a set of Boolean literals and
checks that the sum is greater than or less than some bound. Cardinality constraints arise any
time a problem requires counting. For example, “Can I deliver a set of m packages with ar
most k delivery trucks?”, “Can I synthesize a functionally equivalent circuit using at most k
transistors?”, or “Do all variables in the first row of the Sudoku have at most one of each value
from 1 to 9?”. Standard practice when using a CDCL solver is to encode the cardinality constraint
into Boolean logic, hiding the cardinality constraint’s original structure from the solver. We
propose an alternative approach that brings cardinality constraints directly into the CDCL solver
giving access to the following three types of reasoning:

Group Reasoning adds meaning to encodings to allow the solver to reason over groups of vari-
ables at the same time. In Sudoku this would be akin to reasoning about whether x < 4 or z > 5.
If we grouped y as well, we could make inferences of the sort: if y < 4 and x < 4, then 2
has value 4. In general, a CDCL solver can only reason about these types of groups if they are
predetermined in the input formula.

Native Reasoning allows the solver to reason over a single high-level constraint in one step.
In Sudoku this would be like reasoning about the constraint “x has at most one value from 1
to 97 natively, so if = has value 5, we know right away that x cannot have any of the values
1,2,3,4,6,7,8,9. Such reasoning must be broken up into several steps in a clausal encoding.

Parallel Reasoning allows multiple solvers to reason about different scenarios based on groups.
In Sudoku we could have one solver try and solve the puzzle if x < 4 and at the same time
another solver try to solve the puzzle if x > 5. We can find these sorts of groups to split on by
accessing information about cardinality constraints.

Next, we provide background on Boolean logic and cardinality constraints to concretize these
three reasoning techniques.

1.1 Boolean Satisfiability (SAT)

The Boolean satisfiability problem (SAT) takes as input a propositional formula in Boolean logic
and asks whether there exists a truth assignment under which the formula evaluates to true.
In SAT, we often consider propositional formulas in conjunctive normal form (CNF). Formulas
contain a set of Boolean variables (z, y, z etc.) that can take the value true (1) or false
(0). A literal (¢1, {5, etc.) is either a variable x (positive) or the negation = of a variable x



(negative). The building blocks of CNF are clauses. A clause is a disjunction of literals, e.g.,
(64 VLly V-~V {.). ACNF formula is a conjunction of clauses, e.g., C; A Cy - - - A Cy,. A truth
assignment () is a function mapping variables to truth values. A positive literal x is satisfied by
an assignment « if a(x) = 1, otherwise it is falsified by «, and a negative literal 7 is satisfied by
a if a(x) = 0 otherwise it is falsified by «. A clause is satisfied by an assignment « if at least
one literal is the clause is satisfied, and a CNF formula is satisfied by « if all clauses are satisfied
by a. A CNF formula is satisfiable if there exists a satisfying assignment, otherwise, the formula
is unsatisfiable.

A unit s a clause containing a single literal. Unit propagation applies the following operation
to formula £ until a fixed point is reached: for all units o, remove clauses from F' containing a
literal in o and remove from the remaining clauses all literals negated in «.. In cases where unit
propagation yields the empty clause (L) we say it derived a conflict.

Consider the two formulas in CNF:

Fl (LCl V i) V 273) A (Tl V $3>
FQ (ZEl V ZEQ) VAN (fl V 232) AN (fg)

The first formula F] is satisfiable. One of many satisfying assignments is 1 = x3 = 1,29 =
0. The second formula F5 is unsatisfiable, with no satisfying assignments.

We will now reexamine Sudoku in the context of CNF. As previously stated, Boolean vari-
ables can only take truth values so for each cell = we need to introduce 9 new variables
xl, 22, ..., 2°. As an example, if the assignment sets 2 to t rue then z has value 3, and if it
sets T* to t rue then z does not have value 4.

A possible assignment in Sudoku therefore must set one variable for each cell to t rue and
the remaining variables to false. The Sudoku puzzle is satisfiable if there exists such an
assignment that satisfies all of the puzzle’s constraints. We often refer to a satisfying assignment
as a solution to the problem. The Sudoku puzzle is unsatisfiable if there is no possible solution.
All Sudoku puzzles played by humans should be satisfiable — it would be terrible to give someone
a puzzle with no solutions.

If a formula is unsatisfiable, a solver need not test out every possible solution and show they
all fail. Indeed, this strategy would be infeasible. In a Sudoku puzzle with 18 clues there would
be 9% ways to fill in the remaining cells, and it would be impossible to enumerate all of these
possible assignments and check if any are valid solutions. Instead, the solver will reason through
inferences (e.g., learning facts like the one shown as an example for group reasoning above) and
construct an argument with many (sometimes millions of) steps concluding no solutions exist.

Now that we have a set of variables, we must enforce their meaning with a new set of
constraints. We need one constraint that shows a cell has some value, and this can simply be
represented as a clause (z' V 22 V 23 vV 2t v 2% v 2% v 27 v 28 v 2°). Then, we need to
enforce the constraint that each cell has at most one value, but this is a cardinality constraint
(2t + 22+ + 2t +2° + 284+ 27+ 28 +2° < 1). We cannot translate this directly into CNF — no
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single clause can represent the cardinality constraint — so instead we must encode the constraint
as a set of clauses.

1.2 Cardinality Constraints

An AtleastK cardinality constraint on Boolean literals asserts that the sum of a set of literals
exceeds a given bound, e.g., {1 + o+ --- + £, > k.

Consider the two formulas with clauses and cardinality constraints:

F1 (Jflvxg\/l‘g)/\(fl\/l'g)/\(fblﬂ—fg—f—fg,22)
F2 (fg) VAN (fl \/5173) N (LUl + Ty + T3 > 2)

The first formula F} is satisfiable. It has exactly one satisfying assignment: z; = x3 =
1,z9 = 0. The second formula F5 is unsatisfiable, with no satisfying assignments.

Cardinality constraints generalize clauses. A clause (¢ V {3 V - -+ V £,.) could be viewed as
an AtLeastOne cardinality constraint /1 + /5 + - - - + £,, > 1 which exactly matches the semantics
of a clause stating that at least one of the literals is t rue.

An AtMostOne cardinality constraint on literals ¢y, ¢, ..., ¢, (written as AMO ({q, (o, ...,
¢,)) can be viewed as either ¢; + {5+ - -+, < 1 or alternatively as O+lo+- 40, > r—1. Any
AtMostK can be transformed into an AtLeastK by negating the literals and updating the bound
as the number of literals minus the previous bound. AtMostOne constraints appear frequently in
SAT problems and are often used for selecting unique values. For example, in Sudoku the AMO
(x!, 22, ..., x°) states that the cell x will select at most one value between 1 and 9.

The simplest encoding of an AtMostOne into clauses is the direct (a.k.a. Pairwise) encoding,
given by the following set of binary clauses:

AMO(fy,....6) = \ N\ (@ V)
i=1j=i+1

Intuitively, this encoding blocks every pairwise combination of two variables from being t rue
at the same time.

In Sudoku, the Pairwise encoding for AMO(z!, 22, ..., ) would include the clauses (Z' V
7?), etc. To satisfy the first clause in the encoding, (7' Vv 7?), either ! or 2> must be false.
Put another way, if both z! and 22 were true, the clause could not be satisfied, so there are
no satisfying assignments where both z! and 22 are true. Creating these clauses for every
pair of possible values of = will give the desired effect that = cannot take more than one value
simultaneously.

One drawback of the Direct encoding is its size, introducing a quadratic number of clauses.
But more importantly, the Direct encoding does not allow the solver to reason about groups.
We can account for both problems with the introduction of auxiliary variables. These are fresh
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variables not appearing anywhere else in the formula. They can be used to both make an encoding
smaller and improve a solver’s reasoning capabilities.

The Split encoding for AtMostOne constraints introduces new variables that split the original
constraint into sub-constraints, then applies the Pairwise encoding to the sub-constraints. One
instance of the Split encoding would be to split the AtMostOne on z into two smaller constraints:

3

Pairwise(z', 2%, %, 2, T<y) A Pairwise(2°, 2°, 27, 2%, 2°, To5) A (T<s V T>5)

In this encoding, the auxiliary variable x4 is t rue if x has a value between 1 and 4, and the
auxiliary variable z>5 is t rue if x has a value between 5 and 9. The binary clause ensures that
both auxiliary variables cannot be t rue at the same time, x must either be less than 5 or greater
than 4. These auxiliary variables will allow a solver to reason about the groups of variables they
represent.

Consider the puzzle in Figure 1.1, and the fact learned in the group reasoning example:
If x and y are both less than 5, then z must be 4.

Using a Pairwise AtMostOne encoding for each of the cells, the fact can be represented as
the clause

(®vaSva'vabva® vy’ vl vy vt vy vt

This clause can only be falsified if « is less than 5, y is less than 5, and z is not 4, violating
the fact above.

Now, assume we use the Split encoding with variables z<4, >5 and y<4, y>5. We can
represent the same fact with the much shorter clause

(T<aVTey V z*)

Example 1.3 shows one instance where auxiliary variables in cardinality constraint encodings
can be used to reason about groups of values. In general, auxiliary variables are very powerful
tools in SAT solver reasoning and can turn an otherwise hard problem into an exponentially eas-
ier one. However, choices made during encoding can change the meaning of auxiliary variables,
making them less useful to reason with. If we had performed a spliton z < 5 and x > 6 for x,
and y < 3 and y > 4 for y, we would not have been able to infer the short fact from Example 1.3
because the auxiliary variables would be representing different groups of values. Therefore, it
is important to create auxiliary variables with useful meanings when encoding cardinality con-
straints.



Consider the puzzle in Figure 1.1, and the propagation of clues constraining x described in
the native reasoning example. With the Pairwise encoding on (! + 22 + --- + 2% < 1),
propagating values will take several steps. If x has value 5, setting 2° to t rue, the solver
will need to lookup up each relevant binary clause, for example, starting with (Z; V T5) to
propagate z' to false.

The Split encoding is no better in this regard and will incur more propagations because it
needs to assign values to the auxiliary variables. If 2®istrue,thenxz > HSistruesoz < 4
must be propagated to £alse before the remaining values of x can be propagated to false.

If the cardinality constraint is propagated natively, the solver would look up the single con-
straint (x! + 22 + --- + 2% < 1), then propagate every variable except z° to false in one
step.

Example 1.4 describes a case where native reasoning can propagate several values at once,
whereas unit propagation on a clause can only propagate a single value at a time. Storing the
cardinality constraints natively in the solver improves propagation speed and reduces the size of
the formula since you no longer need to add the often large clausal encodings. Unfortunately,
enabling native reasoning on cardinality constraints does not always lead to faster runtimes.
There exist solvers that already implement native reasoning, and they often cannot compete with
solves that take as input a clausal encoding. For some problems group reasoning is crucial for
fast solving times, but group reasoning is only made possible via auxiliary variables in clausal
encodings. The important question is when to perform native reasoning and sow to combine
native reasoning and group reasoning.

Consider the puzzle in Figure 1.1, and the example for parallel reasoning. Assume all of
the constraints for the Sudoku puzzle are represented by formula . We can generate four
new formulas:

Fi=FNr<y Ny«
Fy=FNx<qg Ny>s
F3s =F Nx>5 N y<a
Fy=F Nz>5 Ny>s

Each formula represents a subproblem created by splitting on groups of values for x and y,
and together the subproblems cover all possible values. Each formula can be solved by an
independent solver. If one is satisfiable, then the original formula /' has a solution, but if
they are all unsatisfiable, then F' has no solutions.

Example 1.5 shows how auxiliary variables can be used to split a formula into several sub-
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formulas which can then be solved in parallel. Similar to group reasoning, parallel reasoning
depends heavily on the meaning of auxiliary variables in the encoding.

Now, imagine you are trying to solve Sudoku with an off-the-shelf SAT solver. For group
reasoning and parallel reasoning, you would need to find an optimal encoding that made the
most out of auxiliary variable meanings, and for native reasoning you would need to decide
which cardinality constraints to use natively. Trying to make these decisions as a user is difficult,
and even experts may go through a series of trial and error. Towards this end, we introduce a
new input format for SAT solvers: AtLeastK conjunctive normal form (KNF). KNF is a small
extension to CNF that adds AtLeastK cardinality constraints to the format. With KNF, questions
like “should I propagate natively?”, “what encoding should I choose?”, “how can I parallelize
solving?” will be moved from the user into the solver. This is not simply a matter of making
solvers easier to use. Some of these questions, like how and when to natively reason about
cardinality constraints, cannot be answered prior to solving and should be handled dynamically
during solver execution. Furthermore, a solver can leverage information from the cardinality
constraints to discover optimal encodings that would be nonobvious to SAT experts.

It should be said that there are many tools that already take cardinality constraints as input.
The closest to a SAT solver is a pseudo-Boolean (PB) solver, which can use stronger cardinality
reasoning to solve certain problems exponentially faster than a SAT solver. We purposefully ex-
tend CNF to KNF, focusing solely on CDCL SAT solvers, for several reasons. First and foremost,
CDCL can solve a wide range of problems that other solving paradigms (including PB solvers)
cannot. We want to preserve the general effectiveness of CDCL and at the same time improve
performance on problems containing cardinality constraints. Second, there are many existing
problems that contain cardinality constraints for which CDCL is the best choice, and these prob-
lems are ripe for improvement. Third, we only extend CNF with cardinality constraints and not
general pseudo-Boolean constraint because the CDCL algorithm can be modified to support car-
dinality with only slight changes, but support for PB would require more significant engineering.
We will provide more context for these decisions in the following chapter.

1.3 Thesis Outline

The main goal of this thesis is to provide the groundwork for making KNF the new SAT standard,
elevating cardinality constraints to first class citizens of the SAT world.

Thesis Statement: Extending the input format of SAT solvers from CNF to KNF will make
tools easier to use and allow us to develop automated encoding and solving techniques that
improve solver performance. Ease-of-use refers to the ease in which an automated reasoning tool
can be picked up by a non-expert and applied to whatever novel problem they wish to solve. One
of the largest barriers of entry to SAT solving is the encoding process, with most of the prominent
results derived by SAT solvers coming at the hands of experts in the field. The KNF format
will make the encoding process easier by taking one choice away from users: how to encode
and solve problems with cardinality constraints. Furthermore, KNF will allow us to improve
performance. By using the KNF format we will have access to cardinality constraints in context
of the entire formula, enabling us to capture relationships amongst literals that appear hidden
in the formula, and we can use this information to automatically improve clausal encodings. In
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addition, the KNF input will allow us to choose, within the solver, whether to encode a cardinality
constraint or propagate natively, increasing the capabilities of the solver without requiring any
additional interaction from the user.

First, in Chapter 2 we will motivate the thesis through a discussion of state-of-the-art re-
search on cardinality constraints in SAT. Then, we will explore the three main research topics:
extraction, encodings, and solving.

In Chapter 3 Extraction, we will present a framework for detecting encoded AtMostOne
(Section 3.2) and ExactlyOne (Section 3.3) cardinality constraints in CNF formulas. This will
provide a means for transforming a formula from CNF into KNF, allowing us to apply our new
encoding and solving techniques to existing problems.

In Chapter 4 Encoding, we will discuss three techniques for improving cardinality constraint
encodings. Each of these leverage the concept of group reasoning. First, in Section 4.1 we will
show how a combination of extraction and encoding can turn Pairwise AtMostOne constraints
into linear AtMostOne constraints, and this will lead to consistently better solver performance.
Second, in Section 4.2 we will describe several techniques for sorting literals within cardinality
constraints. Our proximity-based sorting algorithm will create more useful groups of variables
to reason over, and we will show that these new encodings will outperform existing encodings.
Third, in Section 4.3 we will describe a method that reencodes implicit and explicit ExactlyOne
constraints. A key part of this reencoding procedure is to align groups of variables across cardi-
nality constraints to produce better groupings.

In Chapter 5 Solving, we will describe our implementation of native reasoning in the state-
of-the-art CDCL SAT solver CADICAL. In Section 5.1 we will explore the tradeoffs inherent
in equipping the solver with native propagation. This involves both accounting for modern rea-
soning techniques and synchronizing with group reasoning from encodings so that native prop-
agation can be seamlessly incorporated into the solver without inhibiting performance. Then, in
Section 5.2 we will propose a small extension to KNF with conditional cardinality constraints
and show how conditional cardinality propagation can be used to quickly solve certain discrete
geometry problems.

In Chapter 6 Parallel Solving, we will present an approach to parallelize solving using car-
dinality constraints. This approach leverages the KNF format, allowing us to generate our own
clausal encodings of cardinality constraints. Form these encodings we can select splitting vari-
ables that best divide the search space.

Finally, in Chapter 7 Conclusion, we will conclude with a discussion on ongoing research
and a path towards a KNF standard.

Most of the sections within the thesis are derived from published research. Below are the
four conference papers, along with the chapters and sections they appear in.

Joseph E. Reeves, Marijn J. H. Heule, and Randal E. Bryant. From Clauses to Klauses. In
Computer Aided Verification (CAV). (2024). [91] (Sections 3.2,4.1,5.1)

Joseph E. Reeves, Joao Filipe, Min-Chien Hsu, Ruben Martins, and Marijn J. H. Heule.
The Impact of Literal Sorting on Cardinality Constraint Encodings. In Conference on Artificial
Intelligence (AAAI). (2025). [92] (Section 4.2)



Aeacus Sheng, Joseph E. Reeves, and Marijn J. H. Heule. Reencoding Unique Literal Clauses.
In Theory and Applications of Satisfiability Testing (SAT). (2025). [96] (Sections 3.3, 4.3)

Zachary Battleman, Joseph E. Reeves, and Marijn J. H. Heule. Problem Partitioning via
Proof Prefixes. In Theory and Applications of Satisfiability Testing (SAT). (2025). [18] (Chap-
ter 6)

Experimental Setup

We will present results from several experimental studies in the different chapters. Most of
the experiments were performed on the Pittsburgh Supercomputing Center (PSC) [28]. Each
node has 128 cores and 256 GB RAM. In the parallel experiments (Chapter 6) we run 32 solver
instances per node so each solver has approximately 8 GB of RAM. In the remaining experiments
on the PSC we run 64 solver instances per node so each solver has approximately 4 GB of RAM.
We did not find this memory allocation limiting except in the case of the Java-based solver SAT4J.

Only the experiments in Section 4.2 were run on a separate cluster. They were ran on
StarExec [101] with specs found on their website [99]. Each solver instance had 32 GB of
RAM.

When comparing solver runtimes, we use real time and often compare the average PAR2
scores. PAR stands for penalized average runtime. PAR2 is computed by summing runtimes for
all benchmarks on which a solver found a solution, then adding two times the timeout for all
benchmarks on which the solver did not find a solution (either due to a timeout or a memory
out). The average PAR2 divides the PAR2 score for a solver by the number of benchmarks.

1.4 Additional Published Research

Over the course of my PhD studies I have worked on several research projects related to SAT but
outside of this thesis’s focus on cardinality constraints. My published projects are listed below,
along with short descriptions for each.

Joseph E. Reeves, Marijn J. H. Heule, and Randal E. Bryant. Moving Definition Variables

in Quantified Boolean Formulas. In Tools and Algorithms for the Construction and Analysis of
Systems (TACAS). (2022). [88]

In this work, we developed a technique for automatically reordering variables in the prefix
of a quantified Boolean formula (QBF). QBF extends SAT with the addition of universal and
existential quantifiers. We found that existentially quantified definition variables are often placed
in the innermost quantifier but can be moved to the quantifier of their defining variables without
changing the satisfiability of the formula. We implemented a tool that detected definition vari-
ables using SAT preprocessing tools, moved these variables to different quantifier levels in the
QBF prefix, and output a proof that each movement was sound. We showed that variable move-
ment improved performance across the board for a representative set of modern QBF solvers.
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This work ties into a general interest in preprocessing and formula transformations that im-
prove performance. Furthermore, the focus on definition variables and their ordering is similar
to the sorting of literals within cardinality constraints in that it allows the solver to reason more
compactly over certain auxiliary variables. Lastly, this work required sophisticated proof logging
to prove the correctness of each instance of variable movement. Similar styles of proof logging
appear throughout the reencoding work in this thesis.

Joseph E. Reeves, Marijn J. H. Heule, and Randal E. Bryant. Preprocessing of Propagation
Redundant Clauses. In Journal of Automated Reasoning (JAR). (2023). [89]

In this work, we developed a preprocessing technique (PRELEARN) that learns binary and
unit propagation redundant (PR) clauses. Adding these clauses to a CNF formula will often im-
prove solving time, especially on hard combinatorial problems. PR clauses are derived from a
stronger proof system than typical SAT reasoning but determining whether or not a clause is PR
is NP-complete. Therefore, we implemented a tool that uses a SAT solver to test whether heuris-
tically selected binary and unit clauses were in fact PR. These techniques were adapted to some
SAT solvers appearing in the annual SAT competition in 2023 including our own submission
PRELEARN with KISSAT earning a bronze medal in the UNSAT track and KISSAT-MAB-PROP
which reimplemented our tool among others changes and earned a silver medal in the overall
track [15].

A key part of this work was developing heuristics that measure locality of variables within
a formula when constructing candidate binary and unit PR clauses. This motivated a similar
approach in the cardinality constraint literal sorting work, where heuristics are used to construct
groups of variables based on their proximity within a formula.

Amar Shah, Twain Byrnes, Joseph Reeves and Marijn J. H. Heule. Learning Short Clauses
via Conditional Autarkies. In Formal Methods in Computer-Aided Design (FMCAD). (2025).
[95]

In this work, we developed a preprocessing technique that learns PR clauses from conditional
autarkies and show that in some cases these PR clauses can help a solver find shorter proofs. The
approach depends heavily on heuristics for strengthening PR clauses and filtering away less-
useful PR clauses, ensuring the solver only accesses PR clauses that will positively impact its
reasoning.

This work required tight integration of the conditional autarky algorithm within the search
procedure of a SAT solver. This presented a similar set of challenges to those from the tight
integration of native cardinality propagation in search.

Joseph E. Reeves, Benjamin Kiesl-Reiter, and Marijn J. H. Heule. Propositional Proof Skele-
tons. In Tools and Algorithms for the Construction and Analysis of Systems (TACAS). (2023).
[90]

In this work, we developed several techniques for summarizing a SAT solver’s reasoning via
proof skeletons. Proof skeletons are a subset (often less than one percent) of the reasoning steps
used by a SAT solver to prove that a problem is unsatisfiable. We compared the strength of differ-
ent proof skeletons by measuring how costly it was to expand the skeleton into a complete proof,
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finding that activity-based metrics produced proof skeletons that captured the most important
solver reasoning.

We explored ways to parallelize solving by using a proof skeleton. Similar parallelization
approaches based on important variables were used to parallelize cardinality constraint solving.
Several of the metrics we considered for the proof skeleton work, including activity, are generally
useful and make appearances in various sections of this thesis.

1.5 Repositories

We strive to make all benchmarks, solvers, and evaluation data described in this thesis open
source.

The modified version of CADICAL with native propagation and hybrid mode-switching, the
tool for parallel solving using splitting variables from the Totalizer encoding, and the AtMostOne
extractor can be found at Cardinality-CDCL. At the time of writing, this repository is under active
development and is soon to include new KNF solving capabilities and extraction techniques.

The extraction and reencoding tool for ULCs and XLCs implemented as a preprocessing
routine inside of CADICAL can be found at ulc-cadical.

The literal sorting techniques and scripts for converting MaxSAT problems into KNF can be
found at LiteralSorting.
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Chapter 2

State-of-the-Art: Cardinality in SAT

SAT gained relevance in the 1970’s as the core problem in the study of NP [34]. It was shown that
many important problems could be reduced to SAT, yet the task of solving SAT was provably
hard. Even still, over the last 25 years automated reasoning has hit the mainstream. Modern
SAT solvers, backed by several key algorithmic advancements, can turn many theoretically hard
problems into practical solutions.

Some recent automated reasoning applications include:

* Solving open problems in mathematics, including the Pythagorean Triples Problem [54],
Schur Number Five [51], and the Happy Ending Problem [52].

* Verifying hardware [32], with new advancements in machine learning and neural network
verification [60, 115].

* Verifying software [64], including ongoing development for modern programming lan-
guages like Rust [65].

* Verifying blockchain protocols [107], for example smart contracts in solidity [4].

* Synthesizing hardware [27], also following the latest trends into quantum circuit synthe-
sis [114].

* Verifying access policies with over a billion solver queries a day at Amazon [93].

There is a vast collection of automated reasoning tools to solve problems across many do-
mains with incongruous representations. For most of these, including bounded model check-
ers [32], hardware synthesis tools [27], theorem provers, SMT solvers [83, 116], and maximum
satisfiability (MaxSAT) solvers [8, 77], SAT solvers serve as the backbone. Therefore, any im-
provements to SAT solving technology will have a far reach, touching many automated reasoning
applications.

On the one hand, the fast pace of open-sourced solver development in the last two decades
has spurred the ongoing adoption of automated reasoning and formal methods in industries that
care about correctness, with projects often led by research scientists with high levels of expertise.
On the other hand, it can be hard for non-experts to take advantage of off-the-shelf automated
reasoning tools. A crucial step when using any automated reasoning tool is the choice of encod-
ing. Selecting the optimal set of constraints to express a problem can be the difference between
a solver finding a solution in one second and one year. Furthermore, theoretical results underpin
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the use of different tools and knowing when to opt for different types of solver reasoning (like
SMT over SAT), requires years of experience.

In this thesis, we will narrow our focus and explore questions of encoding and solving for SAT
problems containing cardinality constraints. First, we will motivate the focus on cardinality con-
straints by cataloging some relevant problems containing cardinality constraints (Section 2.1).
Then, we will discuss the state-of-the-art in cardinality constraint encoding (Section 2.2) and
solving (Section 2.3). Finally, we will describe how this thesis addresses existing challenges and
paves a new path for handling cardinality constraints in SAT (Section 2.4).

2.1 Cardinality Constraints in the Wild

Cardinality constraints arise in any problem that requires counting. Counting comes in many
different flavors. For example, when selecting an object from a set we can use an AtMostOne
constraint: “the cell x has at most one value from 1 to 9” and “a package out for delivery can
be assigned to at most one truck”. Also, we can use AtLeastK constraints to mark minimum
progress: “in the next second at least half of the robots should move closer to their final destina-
tion” and “in the next turn the player must move at least two of his game pieces”, or we can use
AtMostK constraints to enforce an optimization bound: “plan routes for delivering all packages
using at most k truck drivers” and “synthesize a quantum circuit with at most k swap gates”. In
this section, we will give more detail on the different types of cardinality constraints and discuss
several SAT benchmarks containing cardinality constraints.

2.1.1 Solver Competitions

It is common practice in the AR community to hold annual competitions between solvers. In a
typical year, each area (SAT, MaxSAT, SMT, first order logic) receives dozens of solver submis-
sions and hosts a competition to determine which solver achieves the best runtime performance.
Crucially, the competition organizers curate a set of new benchmarks that consist of difficult in-
dustrial and crafted problems. These benchmarks span a wide set of application domains, testing
how robust solvers are as general purpose tools. The competitions are open-sourced, allowing
researchers to access previous years’ benchmarks and solver source code. This has led to the
rapid development and improvement of critical reasoning techniques, yielding solver extensions
that dramatically outperform their predecessors year after year.

We will consider benchmarks from two competitions. The first is the SAT competition which
uses formulas in CNF. The SAT Anniversary Track was a compendium of the past two decades
of competitions, totaling approximately 5,000 benchmarks. In the following section we will
discuss how often cardinality constraints occurred in these problems. The second is the MaxSAT
competition which uses formulas in an extended version of CNF that represent an optimization
variant of SAT. Later, we will show how these formulas can be converted into KNF.
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2.1.2 AtMostOne Constraints

AtMostOne constraints are a special class of cardinality constraints that are ubiquitous in SAT
problems. In an evaluation of the approximately 5,000 SAT Competition Anniversary bench-
marks, we found that more than half contained AtMostOne constraints [91]. In around 750
problems, over half of the clauses in the problem come from AtMostOne encodings. These prob-
lems come from various application domains including planning, petri net concurrency, edge-
matching, hidoku, and scheduling.

We also found that approximately one fifth of the benchmarks contained implicit ExactlyOne
constraints [96]. These constraints often occur in problems that require the selection of a value.
For example, in graph coloring problems each node in the graph should select exactly one color.
These implicit exact-ones can also be found in FPGA-routing, pigeonhole, and petri net concur-
rency problems.

2.1.3 Maximum Satisfiability and AtLeastK Constraints

MaxSAT is the optimization variant of SAT where the goal is to find a solution that satisfies as
many clauses as possible. There are several flavors of the MaxSAT problem, but for simplicity
we consider unweighted partial MaxSAT. Each problem consists of a set of hard clauses and soft
clauses, and soft clauses can be seen as units through a standard preprocessing procedure that
adds new variables. A solution must satisfy all hard clauses, and an optimal solution will satisfy
as many soft clauses as possible.

A MaxSAT problem can be encoded into a satisfiable and unsatisfiable formula by viewing
the soft units as a cardinality constraint s; + so + - -+ + s,, > opt, and either setting the bound
to opt (satisfiable) or opt + 1 (unsatisfiable). If the optimal value is not known, the solver can
be executed on successive formulas from opt = 0 then incrementing the bound by one until the
formula becomes unsatisfiable, or from opt = n then decrementing the bound by one until the
formula becomes satisfiable.

Therefore, any MaxSAT problem can also be encoded as a SAT problem (or series of SAT
problems) by using cardinality constraints. Optimization problems in SAT come from a wide
variety of domains, for example, in hardware synthesis optimizing the number of transistors and
quantum circuit synthesis optimizing the number of swap gates, in scheduling with the nurse
rostering problem optimally assigning nurses to shifts, and in planning with robot warehouse
path planning optimizing the number of time steps to move objects without collisions. There are
many more examples of scheduling and planning problems coming from MaxSAT studies and
the general field of operations research that can be solved with SAT [31, 66, 67].

2.1.4 Conditional AtLeastK Constraints

Conditional cardinality constraints present a small extension to KNF and can enable more natural
encodings for certain problems. A conditional cardinality constraint has the form ¢ = ¢; +
ly + ---+ (. > k. If the conditional literal c is t rue, the cardinality constraint is evaluated as
normal, and if c is false, the constraint is automatically evaluated to t rue.
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Consider neural network verification of a binarized neural network (BNN). A node may be
activated (with activation symbol ¢) when at least k of its inputs ¢, {s, . .., ¢, are true. This
can be written as the conditional cardinality constraints ¢ —> ¢ + {5 + --- + {, < k and
¢ = l; +¥y+---+ L, > k. The variable c is true iff the node is activated.

Conditional cardinality can help encode mathematical discovery problems for example find-
ing candidate solutions to the various point discrepancy problems [103], machine learning ex-
plainability discovering abductive and counterfactual explanations for k-nearest neighbors [16],
neural network verification [60, 115], and SAT-based association rule mining [25].

2.2 Encodings

The most widely used approach for handling cardinality constraints in SAT is to encode the
constraints into clauses then solve the CNF formula with a SAT solver. Researchers have devel-
oped several different types of encodings, often focusing on optimizing the size of the encoding
(number of clauses and auxiliary variables) and the propagation power of the encoding.

Given a cardinality constraint ¢y + {5 + --- + ¢, > k, a clausal encoding is consistent if
falsifying » — k + 1 literals always yields a conflict, and arc-consistent [47] if unit propagation
also sets the remaining literals to t rue once r — k are falsified. Most clausal encodings for
cardinality constraints are arc-consistent, so other structural details and experimental evaluations
are used to differentiate them. We denote the size of the cardinality constraint as its number
of literals . Some encodings are tuned for small cardinality constraints, while others are used
mainly for large cardinality constraints.

2.2.1 Auxiliary Variables

Cardinality constraint encodings often introduce auxiliary variables that make the encodings
smaller. Auxiliary variables also serve another purpose, allowing a solver to reason about groups
of literals compactly. The theoretical importance of auxiliary variables is well-known. For in-
stance, the pigeonhole and mutilated chessboard problems have exponentially sized resolution
proofs [3, 50] but polynomially sized extended resolution (ER) proofs [35]. ER is a proof system
that allows the introduction of new variables via definitions [110].

ER is difficult to use in practice, since at any given point there are infinitely many ways to
introduce new variables. The most effective approach has been to find specific patterns of clauses
and use them as candidates for bounded variable addition (BVA) [72].
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Given the formula:

(aVayVa))A(aVasVaz)A(aVay) ANOVa V) ADbVaVaes) A bV ey

BVA detects the repeated pattern on a and b then introduces the auxiliary variable y to create
the new, smaller formula:

(yVayVa) AlyVasVaz) A(yVay) A(Va)A(gVb)

In 2023 the standard BVA preprocessing technique was improved with heuristics for ordering
patterns, leading to the structured BVA (SBVA) preprocessing technique [49] which was used by
the winning solver in the 2023 SAT competition.

In the case of cardinality constraints, there is only one chance to introduce meaningful aux-
iliary variables, during the encoding process. BVA can only detect simple patterns and would
not be able to reencode an entire AtLeastK cardinality constraint encoding. Furthermore, the
auxiliary variables introduced in all but the Pairwise clausal encodings would prevent BVA from
finding large patterns. Therefore, the task of creating useful auxiliary variables falls to the en-
coder.

2.2.2 AtMostOne Encodings

There are several types of encodings designed specifically for AtMostOne constraints. Unlike
for general cardinality constraints, the Direct (Pairwise) encoding on AtMostOnes provides good
propagation properties since it is constructed from binary clauses. Therefore, many of the Non-
Pairwise AtMostOne encodings strike a balance between introducing new variables to divide up
the constraint and applying the Pairwise encoding to the sub constraints.

The Pairwise encoding, described in the introduction, is commonly used for AtMostOne con-
straints, especially for smaller AtMostOnes. The Pairwise encoding is often the first choice for
users less familiar with the more complex encodings and appears far more frequently than Non-
Pairwise encodings in SAT competition benchmarks from the last two decades. While the Direct
encoding is almost never used for general cardinality constraints, the AtMostOne variant’s sim-
plicity, nice propagation properties, and lack of auxiliary variables can make it a suitable choice
especially for satisfiable problems.

The Linear encoding (an instance of the Commander encoding [62]) for AMO (¢4, ...,¢,)
uses the Pairwise encoding for » < 4 and splits on > 4 using fresh auxiliary variables (y)
according to the following recursion:

Linear({¢y,...,¢,) : Pairwise(¢1, (5, (3, y) A Linear(g, 4y, ..., L) 2.1

The encoding uses (r — 3)/2 auxiliary variables and 3r — 6 clauses. The cutoff of 4 (commonly
used in practice) was selected as the “optimal” value to minimize the sum of the number of
variables and the number of clauses. The encoding can be modified by adding the auxiliary
variable to the end of the recursive call or by changing the size of the splits.
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There are several more types of AtMostOne encodings including the Sequential Counter
encoding [97], Ladder encoding [7] and the Two-Product encoding [81], as well as variants of the
Commander encoding [62]. In practice, when dealing with unsatisfiable problems that contain
large AtMostOnes it is best to use one of the Non-Pairwise encodings; and for satisfiable problems
or problems containing smaller AtMostOnes the Pairwise encoding will often suffice. While
the introduction of auxiliary variables is known to be beneficial to solvers for some problems,
auxiliary variables may be detrimental in the satisfiable case, possibly confusing some solver
inprocessing techniques like stochastic local search for phase-saving.

Group reasoning is affected by the choice of encoding and the order of literals within the
encoding. For example, if we shuffle literals then apply the Linear encoding, we could get two
separate groups, and these groups will change how the solver can reason.

Linear(¢y, 0, U3, Ly, U5, Ug) : Pairwise({1, (2, (3, y) A Pairwise(ly, U5, ls, y)

Linear(ﬁl,53,65,62,64,46) 2 Pairwise(€1,€3,€5, y) N Pairwise(€2,€4,€6, y)

The change in literal ordering modifies the meaning of auxiliary variable y from representing
the groups {1, 2,3}, {4, 5, 6} to representing the groups {1, 3,5}, {2,4,6}.

2.2.3 AtLeastK Encodings

General cardinality constraints, with the exception of AtMostOne and AtMostTwo, are almost
never encoded directly because the direct encodings uses too large a number of clauses. Most
encodings support both an AtLeastK and AtMostK variant with slight modifications, but it is
always possible to transform an AtLeastK constraint into an AtMostK constraint and vice versa.
Simply negate the literals in the constraint, then compute the new bound as the size of the con-
straint minus the old bound. It is often helpful to consider the version of a constraint (AtLeastK
or AtMostK) that creates the smallest bound since the bound impacts the size of the encoding.

Several widely used encodings are provided in the Python module PySAT [58], including
the Totalizer [12], Mod-Totalizer [84], KMod-Totalizer [78], Sorting Network [17], Cardinality
Network [10], and Sequential Counter [97]. Each of these encodings are arc-consistent. They
differ in how they recursively divide the constraint, affecting the number of clauses and auxiliary
variables in the encoding, as well as the meaning of the auxiliary variables. There are several
literature reviews evaluating the performance of different encodings [24, 73, 82], showing that
different encodings perform best on different types of problems.

In general, the recursive structure of the encoding can be viewed as a set of intermediary
levels, with auxiliary variables at each level that summarize information from the prior levels.
As a representative example, we will consider the Totalizer. The Totalizer is a highly effective
encoding and is used by most state-of-the-art MaxSAT solvers.

The Totalizer forms a tree with data literals at the leaves. Data literals are the literals from
the original cardinality constraint. Each node can be thought of as a merge unit, outputting the
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Figure 2.1: Visual representation of a Totalizer on 8 inputs.
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sorted number of true input literals, as shown in Figure 2.1. The bound on the input cardinality
constraint is enforced by constraining the auxiliary variables at the root. The auxiliary variables
o; refer to the output of the final merge unit at the root of the tree. An output auxiliary variable
0; can be set to t rue to ensure there are at least © t rue data literals or set to false ensuring
there are at most 7+ — 1 true data literals. Notably, unlike the sorting or cardinality networks,
the merge nodes in the Totalizer do not introduce intermediary auxiliary variables and instead
use clauses to tie the input literals to the output literals. This structural property is important
because it makes the meaning of the auxiliary variables more clear, and this can be leveraged by
our improved encodings and parallel cardinality solving techniques.

AtLeastK encodings can be modified for conditional cardinality constraints by equipping
each clause in the encoding with the condition literal. In most cases this will impinge the arc-
consistency of the encoding, but through small modifications the Pigeon-Hole encoding,

Sorting Network, and Sequential Counter can regain arc-consistency [25].

As is the case for AtMostOnes, the meaning of auxiliary variables in AtLeastKs can be modi-
fied by changing the ordering of data literals in the cardinality constraint. For AtLeastKs this can
have a larger impact due to the hierarchical structure of the encoding, where auxiliary variables
represent successively larger groups of the input literals (seen by the larger merge units in the
Totalizer).

2.2.4 Maximum Satisfiability Algorithms

MaxSAT has been a testing bed for cardinality constraint research, with MaxSAT algorithms
adapting cardinality constraints in many different ways. In the linear MaxSAT algorithm, hard
clauses are input into an incremental SAT solver along with soft units encoded as one large cardi-
nality constraints: s;+ss+- - -+, > b. Assumptions are used to set the bound of the cardinality
constraint, either starting from 0 and incrementing the bound between each execution until the
problem becomes unsatisfiable, or starting from n and decrementing until the problem becomes
satisfiable [46]. The Mod-Totalizer was developed in this context to handle MaxSAT problems
with a large number of soft clauses [84], and its effectiveness translates to SAT problems with
large cardinality constraints.
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In the class of core-based MaxSAT algorithms, an incremental SAT solver is used to find
successive unsatisfiable cores, each time updating the upper bound on the number of satisfied
soft units [6]. An unsatisfiable core, or core, is an unsatisfiable subset of constraints from the
formula. When a core is found the solver must add a new constraint stating at most one clause
from the core may be falsified. For example, given a core with clauses C', ..., Cy, a solver can
add selectors (C; Vy;) and a clausal encoding for y; +- - - +y4 < 1 to allow successive executions
to falsify at most one clause from the core. Incremental cardinality constraints were developed
to handle the case when variables from previous cores appeared in a new core, requiring a modi-
fication of the underlying cardinality constraints [76]. This work led to a stronger understanding
of encodings, finding that the way in which Totalizers were merged would impact runtime, and
this was an impetus for our study of variable groupings in Totalizer encodings.

2.2.5 Native Encodings — KNF

There are several formats that extend CNF to include cardinality constraints [41, 66, 70, 98].

Our format, KNF, was built to coincide with native propagation support and therefore allows
AtlLeastK, and conditional AtLeastK cardinality constraints.

T14+ 22+ 23 +Ty > 2 k 2 X1 X X3 -X4 O 2.2)

Ts = X1+ To+2T3+7T4 > 2 g 2 X5 X1 Xp X3 -Xg4 O 2.3)

Note, the conditional literal is negated in the KNF format. This choice corresponds with the
propagation algorithm: the conditional literal can only be propagated to false, satistying the
conditional cardinality constraint in the case that the cardinality constraint is falsified.

Since we do not support propagation on ExactlyK cardinality constraints, we force users to
break the constraint into two AtlLeastK constraints. Furthermore, we do not support pseudo-
Boolean propagation and therefore do not allow duplicate literals. Such constraints can be han-
dled in a processing stage.

2.3 Solving

There are two main ways to handle cardinality constraints during solving, either by encoding
them into clauses and passing the CNF as input to a SAT solver or by passing the cardinality
constraints directly as input to a solver with native cardinality support. The predominant SAT
solving technique is conflict-driven clause learning (CDCL). Native cardinality support comes in
a few forms as native propagation within the CDCL framework, stronger cardinality reasoning
in preprocessing, or stronger cardinality reasoning during search. Each method has its own
strengths, and when trying to solve a new problem containing cardinality constraints it is not
always clear beforehand which approach will work best.
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2.3.1 Conflict Driven Clause Learning

To evaluate the satisfiability of a formula, a CDCL solver [74] iteratively performs the follow-
ing operations: First, the solver performs unit propagation and tests for a conflict. Two-literal
watch pointers [79] enable efficient unit propagation. If there is no conflict and all variables
are assigned, the formula is satisfiable. Otherwise, the solver chooses an unassigned variable
through a variable decision heuristic [21, 69], assigns a truth value to it through a phase selection
heuristic, and performs unit propagation. The selected variables are decision variables, and the
assignment including decision variables and propagated variables is called the trail. If, however,
there is a conflict, the solver performs conflict analysis potentially learning a short clause. In case
this clause is the empty clause, the formula is unsatisfiable. In case it is not the empty clause,
the solver revokes some of its variable assignments (“backjumping”) and then repeats the whole
procedure.

Modern CDCL solvers constantly switch between a SAT and UNSAT mode with differing
heuristics [85]. Mainly these heuristics change how often the solver restarts and how variable
decisions are made, and they are generally tuned for satisfiable or unsatisfiable instances. The
solver spends approximately the same time in each mode, with the amount of time before a mode
switch increasing as solving progresses.

Clause learning is based on the resolution rule. Given two clauses C'; and Cy with x € C}
and T € Cy, resolution on the pivot x will produce the resolvent clause (C; \ {z} VvV Cy \ {Z}).

Additionally, modern solvers incorporate pre- and inprocessing techniques that change the
formula in some way, usually reducing the number of variables and clauses or removing literals
from clauses. Some of the most useful inprocessing techniques are bounded variable elimination
(BVE) [39], clause vivification [68], failed literal probing [45], equivalent literal substitution
(ELS), and stochastic local search (SLS) for phase-saving [23]. Until the last few years, most
competitive SAT solvers used resolution-based reasoning techniques for adding new clauses to
the formula. This changed recently with the success of stronger proof systems like propagation
redundancy (PR) and extended resolution (ER) most notably used in SBVA [49].

2.3.2 Cardinality Reasoning
Cardinality Propagation

Native Cardinality Propagation enables direct inference on a cardinality constraint. Given ¢; +
by + U3+ 0y > 2 and {, = (3 = 0, the solver can immediately propagate ¢; = ¢, = 1.
Unit propagation in CNF proceeds more slowly, propagating at most one literal from a clause
at a time. Native propagation is implemented efficiently using additional watch pointers. The
solver MINICARD implements native propagation but does not incorporate important inprocess-
ing techniques or modern CDCL heuristics. Results from experimental evaluations showed that
the native propagation in MINICARD is only effective on a limited set of satisfiable formu-
las [70].

Dynamic encoding is a framework for encoding only part of a cardinality constraint and
propagating natively on the unencoded portion. During solving, different metrics like constraint
activity can be used to guide which constraints should be encoded further [1]. This study helped
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highlight the potential gains from encoding only some cardinality constraints some of the time,
but the technique was never adapted to modern tools. It combined separate propagation engines,
slowing the solver and hampering the benefits of native propagation.

Native propagation on conditional cardinalities and variants have been explored in works
specifically targeted at neural network verification, either as an extension of MINISAT [60] or
an extension of CRYPTOMINISAT [115]. These implementations did not fully incorporate the
conditional cardinality constraints into the modern SAT solver ecosystem; for example, not sup-
porting a local search algorithm with cardinality constraints that could be used for phase-saving.

Cardinality Resolution

Generalized Resolution extends clausal resolution to PB (cardinality constraints with coeffi-
cients) [57] and is an instance of the Cutting Planes proof system [36]. We can consider a
restricted case of generalized resolution on two cardinality constraints {1 + {5+ - -+ (. +x > k,
and j; + jo + -+ - + jp + T > b that do not share any literals in common. Generalized resolution
on z would produce ¢; + 0y + --- + {, + 51 + jo + -+ + j, > k + b, and this constraint could
be further simplified by removing sets of opposing literals and decrementing the bound by one
for each such set. The restriction on shared literals ensures that the resulting constraint is in fact
a cardinality constraint; otherwise, the output could be a PB constraint (with coefficients greater
than one).

This restricted form of cutting planes can be implemented in a preprocessing procedure that
uses an algorithm like Fourier-Motzkin Elimination (FME) with the requirement that resolved
cardinality constraints do not share literals. However, most tools that implement cardinality
reasoning support operations on general PB constraints.

Cutting Planes

In addition to generalized resolution, cutting planes includes the division rule. Given the PB
constraint with coefficients a;, > a;¢; > k, the division rule allows the inference of » “aly >
(é] for a positive integer c that divides all of the coefficients a;.

These inference rules are provably stronger than resolution-based rules, meaning that there
exist some problems that require exponentially sized resolution proofs but only polynomially
sized cutting planes proofs. Several PB solvers implement cutting planes reasoning and these
include ROUNDINGSAT [42] and the PB-variant of SAT4J [19]. Even though cutting planes
is stronger than the proof system underlying CDCL, these solvers have demonstrated success
mostly on crafted instances. CDCL still achieves better performance for many important ap-
plications and on diverse sets of benchmarks. However, PB reasoning can also be useful when
targeted at specific tasks. In recent SAT competitions some solvers used a symmetry-breaking
preprocessor [5], and this tool justifies its symmetry breaking constraints using the cutting planes
proof system.

In the KNF format we do not include PB constraints, so our solver only propagates natively
on cardinality constraints. Cardinality constraint propagation can be implemented as a natural
extension to the CDCL watched-literal and conflict analysis schemes with only minor changes
to the underlining clause data structure. By making only small changes we can preserve the
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superior performance of CDCL SAT solvers on a wide range of problems while also improving
performance on some problems containing cardinality constraints. On the other hand, general PB
propagation requires more complex data structures and algorithms, and this could impinge the
propagation speed and heuristics of a solver, potentially degrading performance most of the time
only to improve a small class of problems. For a similar reason we do not support cutting planes
reasoning. Even though the proof system is stronger, cutting planes is generally not helpful on
the majority of problems a SAT solver will encounter. In other words, cardinality constraints
strike the right balance between the amount of effort required to modify the solver, the positive
impact on problems containing cardinality constraints, and the overhead incurred by the solver
modifications. We do not however eliminate the possibility that future versions of our solver
will support cardinality resolution. It is possible to support resolution on cardinality constraints
without opening P(B)andora’s box as long as we enforce the restriction that all resolvents are
also cardinality constraints.

2.3.3 Extraction

Some problems (e.g. pigeon-hole) that are exponentially harder for resolution than for cutting
planes [50] may appear either directly or as a subproblems in SAT benchmarks. The worst-case
behavior of resolution can be avoided by first extracting cardinality constraints then applying a
light-weight cardinality reasoning algorithm like FME. Even if extraction and FME could not
solve the problem, the procedure might output useful binary and unit clauses to be included
during the CDCL search.

Such an approach was explored by Biere et al. [22]. They developed a syntactic extraction
approach for the Pairwise AtMostOne, the Two-Product encoding, and Direct AtMostTwo en-
coding, implemented in the solver LINGELING. They also developed a semantic approach for
extracting AtLeastK constraints based on unit propagation, implemented in the solver RISS.

The extraction was only effective on a small set of encodings and often failed to detect
AtMostOne encoding that used auxiliary variables. The purpose of the technique was to solve
hard-for-resolution problems quickly, without ever engaging the CDCL search engine.

An alternative approach to extraction makes use of runtime information within a PB solver,
where the solver would store and track building blocks of cardinality constraints during solv-
ing [43]. For example, the inference ({1 A {5 A l3) — ¢, could be seen as a building block
for an at-most-3 constraint containing those literals. This technique was limited by the size of
inferences it could process, with larger sizes requiring more building blocks to form a complete
constraint. Furthermore, it was implemented in the context of a PB solving framework and there-
fore cannot be used as a preprocessing extraction engine. However, it provides and interesting
path towards cardinality constraint extraction for constraints revealed during solving.

In some sense, BVA performs extraction by finding patterns of clauses and reencoding them
with new variables. BVA can reencode the Pairwise encoding of AtMostOne constraints into an
AtMostOne encoding with auxiliary variables. This is not a complete form of extraction because
it detects only portions of the original cardinality constraint at a time and does not perform well
on encodings with auxiliary variables. When reencoding AtMostOnes, we want to extract the
entire cardinality constraint so that we can improve the encoding all at once.

Ideally, we would like an extractor to transform a problem from CNF to KNF. This would
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allow us to use any of our KNF reencoding or solving techniques. To do so, we would need an
extractor that works as a preprocessor and detects complete cardinality constraints, so that the
detected constraint clauses can be removed and replaced with the native cardinality constraint.
None of the tools described above provide a robust mechanism for this sort of KNF transforma-
tion.

2.3.4 Proofs

SAT solving is often applied in settings that demand both fast solving and a high degree of trust
in the results. Modern SAT solvers are highly optimized and thanks to the annual competitions
are constantly evolving. This makes formal verification of the entire solver impractical and a
potential roadblock to innovation. Instead, the SAT solving community has moved the locust
of trust from the solver itself to the solver’s output. To this end, SAT solvers generate proof
certificates for unsatisfiable problems, and these proof certificates can be checked by external
tools. Proofs serve multiple purposes: certifying the correctness of solver answers, supporting
debugging during solver development, and providing insight into solver reasoning through proof
mining.

CDCL solvers produce clausal proofs represented as a clause sequence, for example the
sequence F, Cy, Cs, ..., (), is a clausal proof of C,,,. Each subsequent clause addition step must
meet the criteria of a chosen proof system. The case of C,, = _L serves as a refutation for F.
CDCL learns clauses that are logically implied by the formula, and so these can be issued as
proof clauses.

Most inprocessing and clause learning techniques can be expressed in the Reverse Unit Prop-
agation (RUP) proof system.

A clause C' is RUP in a formula F' if unit propagation on ' A —~C' derives a conflict. The
negation of a clause C' = {/ ..., £}, written as =C, is the formula (¢; A --- A £,.).

Intuitively, if a formula F' and the negation of a clause C' are unsatisfiable, then C' is logi-
cally implied by F' and therefore can be added to F'. The restriction that the unsatisfiability is
determined through unit propagation ensures that the RUP check is polynomial.

RUP checks logical equivalence, meaning that adding or deleting a RUP clause from a for-
mula will not change the satisfying assignments of the formula. Some techniques go beyond
resolution and therefore need a stronger proof system. The Resolution Asymmetric Tautology
(RAT) proof system captures extended resolution and can be used to express most common in-
processing techniques [59].

A RAT clause may not preserve logical equivalence, but it does preserve satisfiability equiv-
alence, meaning if a problem is satisfiable then it will remain satisfiable after the addition or
deletion of a RAT clause. A RAT clause (' is redundant in formula F' under some repair such
that if a satisfying assignment is found for /' A C, it can be repaired (by flipping the value of at
most one literal) to form a satisfying assignment of F'.

RAT with deletions (DRAT) proof logging is the most widely supported format. Typically, a
solver emits a DRAT proof, and this proof is trimmed by a tool like DRAT-TRIM [111]. Trim-
ming removes irrelevant information and equips the proof with hints (LRAT) so that it can be
checked in linear time by a formally verified DRAT checker such as CAKE-LPR [106].
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Our solving techniques will produce proof steps using the DRAT proof system to match the
standard logging of modern CDCL solvers [111]. This will allow us to use existing formally-
verified proof checkers, such as CAKE-LPR [106].

PB solvers using the cutting planes proof systems use the checking tool VERIPB [100].
VERIPB was notoriously slow, with much larger proof checking overheads than its DRAT coun-
terparts, but advancements in constraint propagation have begun to change the story [63].

Native cardinality propagation with CDCL-like clause learning does not require the power
of the cutting planes proof system but cannot be represented directly in DRAT. It is possible
to avoid the slowdown of a cutting planes checker by starting with a DRAT checker and only
adding a restricted set of capabilities for handling cardinality constraints, allowing the checker
to optimize for cardinality propagation [115].

2.4 A New Frontier

The current state of the research on cardinality constraints presents several challenges and op-
portunities among our three main topics: extraction, encoding, and solving.

For extraction, syntactic techniques cannot keep up with the changing landscape of non-
pairwise AtMostOne encodings, and previous semantic techniques were not mature enough to
work across a general set of benchmarks. This sets the stage for our new extraction framework
that combines syntactic heuristic-driven detection and semantic verification to tackle all of the
most common AtMostOne encodings. Furthermore, we develop a new syntactic detection proce-
dure for discovering implicit and explicit ExactlyOne constraints. Extraction opens the door for
using our KNF-based solving techniques on existing problems. We will show how the extraction
and solving pipeline can be equipped with proof-logging to ensure a solver’s end-result correctly
corresponds to the original problem.

For encoding, much of the research has focused on the general structure of encodings (num-
ber of new variables and number of clauses), and how these encodings compare across different
sets of benchmarks. We will turn the focus towards using auxiliary variables to perform group
reasoning on data literals, showing that features from a given problem can inform how to orga-
nize data literals within an encoding. Furthermore, previous encoding techniques were agnostic
to whether a problem contained multiple cardinality constraints. We will show that the encodings
of multiple cardinality constraints can be aligned, allowing a solver to more effectively reason
over multiple encodings at once.

For solving, native propagation has been relatively understudied due to its lack of success.
We will show that a crucial component to the success of native propagation is the integration
with modern inprocessing techniques and search heuristics. Furthermore, if KNF solving is to be
incorporated into mainstream SAT solvers, it also needs proof-logging capabilities that balance
ease-of-use and checking time.

The KNF format will also unlock the potential for parallel solving with cardinality con-
straints. We will show that by controlling the encoding, thereby specifying the meaning of aux-
iliary variables, we can select variables that create good splits on a formula.

These challenges are worth addressing and have already led to several collaborations. Our
cardinality solver has been used experimentally in hardware synthesis improving the tool ABC on
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some benchmarks [27], mathematical discovery finding candidate solutions to the various point
discrepancy problems [103], machine learning explainability discovering abductive and counter-
factual explanations for k-nearest neighbors [16], and finding mathematical objects in Ramsey
theory. In addition, there are several new problems arising in neural network verification, discrete
geometry, and planning. The KNF format, along with a refined set of improved encoding and
solving techniques, stands to make SAT more accessible, broadening its impact to new domains.
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Chapter 3

Extraction

Extraction is the task of detecting clausal encodings of cardinality constraints in a CNF formula.
For our purposes, extraction is a means for transforming a formula in CNF to a formula in KNF
by replacing all extracted cardinality constraint encodings with their explicit KNF representation.

While our thesis explicitly describes ease-of-use and performance gains for problems already
encoded into the KNF format, we developed an extraction tool as a way to access the thousands
of benchmarks already encoded into CNF. A robust extraction tool will allow us to transform
thousands of existing SAT competition benchmarks encoded in CNF into KNF. These formulas
are important to the SAT community and represent problems from a wide range of domains
that are challenging for modern solvers. If we could show performance gains on these existing
benchmarks using our KNF solving techniques, this would promote the adoption of KNF and
help lead us to a future where new users encode a problem first as KNF and extraction is no
longer necessary.

Previous studies on extraction focused mainly on AtMostOne constraints. AtMostOnes are a
good target for extraction because they 1) appear frequently in SAT problems, 2) have simpler
encodings than general cardinality constraints, and 3) can be used in conjunction with basic
cardinality reasoning procedures to solve problems that are otherwise hard for resolution. We
discuss our approach to AtMostOne extraction in Section 3.2.

We also look at extraction for implicit and explicit ExactlyOne constraints. ExactlyOne con-
straints are often used when selecting a value for an object and can appear in a formula as unique
literal clauses. A unique literal clause is a clause containing literals that appear only once in the
formula. We can detect these clauses with a simple syntactic check. We will discuss ExactlyOne
extraction in Section 3.3.

3.1 AtMostOne, ExactlyOne, and AtLeastK Encodings

In the second chapter we defined the Pairwise and Linear encodings for AtMostOne constraints,
and the Totalizer for AtLeastK constraints. In this section, we will define the Sequential Counter
encoding for AtLeastK constraints and ExactlyOne constraints. Next, we will define the Order
encoding for ExactlyOne constraints. Our extraction algorithm will work on the majority of the
PySAT encodings, which can also be used as AtLeastK encodings. We will provide definitions
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for each of these as well. We will use £ to represent the bound of a cardinality constraint and r
to represent the size (number of literals in the cardinality constraint).

Sequential Counter Encoding
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Figure 3.1: Sequential Counter for four literals ¢4, {5, {3, {,.

The Sequential Counter, e.g., Figure 3.1, uses auxiliary variables to count the number of
true data literals. Specifically, the auxiliary variables s; ; with 1 <4 < randwith1 < <r
form a grid where s; ; is t rue if at least j of the first ¢ data literals are t rue. Literals in the last
column, s,, j, correspond to output literals o; stating that j data literals are t rue. The bound k
is enforced with the unit 0x, ;. The encoding is simplified by only using the first £ + 1 rows, in
Figure 3.1 removing s, 4, and by removing auxiliary variables s; ; if ¢« < k and j > 7 (e.g., 51,2).
Auxiliary variables interact locally in the grid, e.g., s, ; — s;1+1,; and (s;_1; A ;) — s;j41. The
sequential counter is asymmetrical, with auxiliary variables on the left-hand side summarizing
information from fewer data literals. For example, in Figure 3.1, a solver can reason about the
pair ¢;, {5 via the auxiliary variables s, (at least one of the pair is true) and sy (both are
true), but no two auxiliary variables allow similar reasoning about the pair /3, /.

The Sequential Counter encoding can be defined for AtMostOne constraints using a single
layer of auxiliary variables, allowing us to remove the row index and use s;. To enforce that
at most one of the literals is true, we add the single output literal. This will result in an
encoding with only binary clauses. We can modify Sequential Counter to become an ExactlyOne
constraint by making the definitions of the auxiliary variables bidirectional. So, for the first
auxiliary variable we have that s; <+ /1, and for the remaining auxiliary variables we have that
si <> (si-1 V £;). We keep the clauses s; — s;,1 and add the clause £,_1 — s,.

Consider the constraintExactlyOne ({1, (5, ¢3). The sequential counter encoding uses the
following clauses:

(51 V) AGLVL)AGIV s VL) A (52 VEL) A (saVEa)ABLV L) A (B2 V E3)A(sy V £3)
N ——

/ N J N /
-~ - -~
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Order Encoding

The Order encoding [104] uses order variables o<; with 1 < ¢ < b to express if one of {1, ..., ¢,
is true. Similar to the Sequential Counter, two order variables must be used to state that a data
literal is t rue: ¢; is t rue when o<; is t rue and o<;_; is false. This is slightly different for
¢1, which is t rue iff o< is t rue. For an ExactlyOne encoding, ¢, is t rue iff o<j 41 is false.
The order encoding uses the following clauses 0<; V 0<;4; stating that if one of the first 7 literals
is true, then one of the first ¢ + 1 is true.

Given an ExactlyOne constraint on the literals /1, /5, ..., ¢,, the Order encoding eliminates
the var(¢;) variables from the formula by replacing all their occurrences with o; variables. Each
literal is replaced in the following way:

* all literals ¢4, ¢1, ¢,, and ¢, are replaced by o<1, 0<1, 0<,_1, and o<,_;, respectively.
* all literals /; with 1 < i < k are replaced by o<;_; V 0<;.

* all clauses with literals ¢; with 1 < ¢ < k are duplicated with one copy using 0<;_; and the
other copy using o<; instead of ;.
We do not provide a mechanism for extracting the Order encoding but will revisit it when
considering ways to reencode detected ExactlyOne constraints in Section 4.3.

Totalizer Encoding

4

Merge Zi
ly o1
Merge 23
2
ls ; o
Merge 62
ly !

Figure 3.2: Totalizer for four literals ¢4, {5, (3, (4.

The Totalizer, e.g., Figure 3.2, uses a binary tree to incrementally count the number of true
data literals at each level. In this visualization of the Totalizer the merge units output the ex-
plicit auxiliary variables. Data literals form the leaves, and each merge unit has auxiliary vari-
ables representing the unary count from the sum of its children counters. For example, in Fig-
ure 3.2, variable o3 is t rue if either pairs hy, by or hy, by are t rue. The bound k is enforced
by adding the unit 0;,;. The modulo Totalizer (Mod-Totalizer) [84] uses a quotient and re-
mainder at each merge unit to reduce the number of auxiliary variables required to count the
sum. The encoding can be simplified by only encoding the count up to k£ + 1 at each merge
unit (KMod-Totalizer) [78]. Unlike the Sequential Counter, the Totalizer splits the subproblems
symmetrically, so a solver can reason about /3 and ¢, via the auxiliary variables b, (at least one
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of the pair is true) and b, (both are t rue). The further apart literals are in the ordering, the
more levels of abstraction are present in their shared counters. For example, ¢; and ¢4 do not
share a counter until the root, two levels of abstraction away from the data literals. Furthermore,
a merge unit’s counters always capture all of its descendant data literals, e.g., the output literal
o1 means at least one of all of the data literals is t rue.

Sorting and Cardinality Network Encodings

Figure 3.3: Sorting Network for four literals ¢y, {5, {3, {4.

The Sorting Network, e.g., Figure 3.3, and Cardinality Network share a similar design, using
networks that take the data literals as input and, through a series of swaps, output the count
in sorted order. This is in contrast to the Totalizer which does not use swaps or intermediary
auxiliary variables within each merge unit. For each swap, two auxiliary variables are introduced
to represent the high (y;) and low (z;) outputs. The swaps proceed in layers until the output layer
0i(1 <i < n), where o; is true if at least ¢ of the data literals are t rue. The bound is enforced
by making 0y unit. While the Sorting Network sorts all of the data literals, the Cardinality
Network takes advantage of the bound of the cardinality constraint by implementing simplified
merging networks that output at most k + 1 bits. Both networks are implemented hierarchically
by dividing the sorting into subproblems over subsets of inputs: sorting inputs in groups of two,
merging groups then sorting groups of four, merging groups then sorting groups of eight, etc.
These networks are symmetrical, with the grouping of literals in the subnetworks determined by
their order.

3.2 AtMostOne Extraction

Joseph E. Reeves, Marijn J. H. Heule, and Randal E. Bryant. From clauses to klauses. In
Computer Aided Verification (CAV). (2024). [91]

The most prominent work on extracting AtMostOne encodings comes from Biere et al. [22].
They devised a syntactic approach for detecting the Pairwise, Nested, and Two-Product
AtMostOne encodings as well as the direct AtMost Two encoding. Separately, they developed a
semantic approach based on unit propagation for detecting AtLeastK constraints. The semantic
detection uses unit propagation to iteratively extend arc-consistent AtMostK constraints. This
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Figure 3.4: Guess-and-verify framework for transforming a formula in CNF into KNF.

procedure depends on the sequence of variables picked for extending the current constraint and
can be misled by auxiliary variables to produce truncated constraints. Both syntactic and seman-
tic configurations support a merging operation for finding nested AtMostOne constraints. The
merging operation resolves two AtMostOnes to remove auxiliary variables. For example, resolv-
ing—y+46+0e+---+4 >kandy + ji1 + j2 + --- + j, > b on the opposing literal y will
produce the AtMostOne ¢y + 0o + -+ -+ {, + j1 + jo + - - -+ j, > k+ b — 1. Notably, the merged
constraint is logically implied but does not justify the deletion of y from the formula. Addi-
tional bookkeeping would be required to enable a full CNF to KNF transformation that involved
deleting and replacing clausal encodings.

They implemented the extraction procedures inside the SAT solvers LINGELING and RISS
in combination with the Fourier-Motzkin elimination (FME) algorithm to either find a quick
refutation or export any learned binary or unit clauses to the CDCL engine. These extraction
techniques were also used in SAT4J, and extracted constraints were used by the PB variant of
the solver which could apply either native propagation or generalized resolution. The syntactic
extraction works well for simple AtMostOne encodings but fails to extract the majority of PySAT
encodings, and the semantic extraction also underperforms on these encodings (see Table 3.1).

Another approach is to detect constraints during solving. Over time a solver may learn clauses
that were previously missing from a possible encoding, or it may delete variables that were obfus-
cating encodings. Furthermore, during conflict analysis a solver can log relationships between
variables, for example that ({1 A {5 A l3) — ¢, which could be a building block for an
AtMostThree constraint containing those literals. Such an approach was studied in the context
of PB solving [43], but the success of extraction relied heavily on the decision heuristics of the
solver and in finding the full set of building blocks for an encoding.

With the advent of SAT encoding tools such as PySAT, users can, with little effort, move
away from simple and often suboptimal AtMostOne encodings towards more complex encodings
without the fear of introducing defects. As such, more complex AtMostOne encodings have been
appearing in the wild, and many rest beyond the capabilities of the aforementioned extraction
tools, opening the door for our new extraction framework.

We developed a novel extraction tool using a guess-and-verify (G&V) framework, shown in
Figure 3.4. The guesser detects a candidate cardinality constraint consisting of a set of clauses,
data variables, and auxiliary variables. Then, the verifier uses some semantic check to determine
if the candidate represents an valid cardinality constraint. We describe how this framework was

31



successively applied to Non-Pairwise AtMostOne encodings in Section 3.2.2, but first we look at
techniques for extracting Pairwise AtMostOnes .

3.2.1 Syntactic Pairwise AtMostOne Extraction

Pairwise AtMostOnes can be extracted syntactically without using the G&V framework. Con-
sider the variable incidence graph on binary clauses (VIGy;,). Each node in the VIGy;, represents
a literal in the formula, and undirected edges are added between two nodes if their corresponding
literals occur together in a binary clause. Detecting a Pairwise AtMostOne encoding is as simple
as finding a clique in the VIGy;,. Indeed, for any clique () all clauses of the form (¢; \V ¢;) for
edge({;,¢;) € () must be in the formula by the definition of the VIGy;,, and this is exactly the
Pairwise AtMostOne encoding on the negated literals in the clique.

Finding the max clique of a graph is NP-complete. One way to get around this problem’s
complexity is by using a greedy algorithm. A greedy approach to clique finding will start with
a single literal in the clique. Then, in each iteration it will then try and find a literal that occurs
in binary clauses with all other literals in the clique, and if so add this new literal to the clique.
The clique expansion ends when no new literals are found that can be added to the clique. When
a clique is found the binary clauses forming the clique are removed and clique expansion starts
again with another literal. This was the approach we used in [91], but it risks finding suboptimal
cliques (see Example 3.2).

Consider the formula generated from the Pairwise encoding of the following constraints:
AMO(ly, by, U, Ly, l5) AN AMO(Ly, lg) A AMO Uy, U3, lg)

A greedy clique finding algorithm starting from ¢; may first expand the clique with /. It can
then expand the clique with ¢, using the binary clause (¢, \V £,) from the first AtMostOne and
the binary clause (5 V {g) from the third AtMostOne. It can expand the clique again with
/5. Removing the clauses for the detected constraint AMO(¢y, 5, (3, {s) will prevent the first
AtMostOne from being fully detected. Either AMO(¢y, {4, (5) or AMO(¢s, l3, {4, {5) may be
extracted, and if the greedy algorithm picks suboptimal expansions again it may choose the
smaller of the two AtMostOnes .

We found that for many benchmarks the greedy approach worked well. We added an addi-
tional heuristic that always picked variables for an expansion in the natural order. The natural
order is defined by the variables’ IDs. In Example 3.2, this would involve expanding the clique
with /5 first since it is ordered before ¢s. This heuristic is not robust against variable shuffling
and provides no theoretical guarantees. Alternatively, one could use an off-the-shelf max clique
solver. In each iteration the detected max clique is stored as an AtMostOne then removed from
the graph. This continues until no cliques above a desired size threshold remain. While this
approach is more rigorous and in practice max clique solvers are quite fast, we did not find the
additional computation necessary for finding large AtMostOnes on competition benchmarks.
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3.2.2 Semantic Non-pairwise AtMostOne Extraction

Non-Pairwise AtMostOnes are extracted using our G&V framework. The guesser first classifies
variables into two sets. If variables occur only positively or only negatively in binary clauses they
are marked as data variables, and if they occur both positively and negatively in binary clauses
they are marked as auxiliary variables. Then, the guesser tries to build up AtMostOne encodings
starting from the auxiliary variables.

The process starts by picking a single auxiliary variable to form the initial set. The guesser
expands the set by finding the transitive closure on auxiliary variables in clauses that contain
other auxiliary variables from the set. Once this expansion is finished, the candidate encoding is
defined as all clauses containing auxiliary variables from the set, and the data variables are all
non-auxiliary variables occurring in these clauses. Example 3.3 shows how the guesser would
process a Sequential Counter encoding.

Consider the Sequential Counter encoding on the AtMostOne {1 + lo + 05+ {4 + (5 < 1:

(01 V 81) A€y V s3) A (B3 V 83) A€V 54) A (B1V 82) A (B2 V 83) A (33 V 84)A
(lyV31) A (€3 V33) A(LyV33) A (ls V 5y

The data variables (¢;’s) appear only negatively in binary clauses while the auxiliary variables
(s;’s) appear both positively and negatively. Assume the starting auxiliary variable is s;. The
closure procedure first adds s, from the clause (51 V s2), then adds s3 from the clause (53V s3),
and finally s, from the clause (53 V s4). The candidate encoding is all of the clauses touched
by the auxiliary variables si, So, 53, Or 4, and the data variables are all non-auxiliary variables
occurring in these clauses.

There are a few potential drawbacks to the heuristics used by the guesser. It can fail to
detect AtMostOne constraints when a data variable appears in both polarities, but by limiting
the classification to binary clauses we mitigate this possibility. Furthermore, if an encoding
is not simplified, meaning it contains unit or pure auxiliary literals, these will be misclassified
as data literals. This can be avoided by running unit propagation and pure literal elimination
on the formula. It can also detect spurious AtMostOne candidates from sets of binary clauses
that do not represent AtMostOne encodings. While misclassification can increase the runtime
of the extraction tool, it is not a serious threat to soundness because all candidate AtMostOne
constraints will be passed through the verifier.

3.2.3 BDD Verification

The verifier takes as input the candidate constraint — a set of clauses with labelled auxiliary
variables (Y) and data variables (X) — and returns a verified or not verified result as
to whether the candidate is in fact a cardinality constraint. In the case of a verified result, the
verifier will also produce the full cardinality constraint giving the polarities of data literals and
the upper and lower bounds on the constraint.
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Internally, the verifier takes the input clause set and constructs an Ordered Binary Decision
Diagram (BDD) [29] through conjunction operations on the clauses and quantifications to elim-
inate the auxiliary variables. The resulting BDD, which we refer to as the function f(X), can be
characterized as a cardinality constraint if it contains the correct layered structure [2, 30].

The procedure we use to construct the BDD is bucket elimination [38, 86], a systematic way
to perform conjunctions and quantifications. Bucket elimination is guided by a total ordering of
the data and auxiliary variables, which defines both the ordering for the BDDs and the bucket
ordering. For each y € Y, we associate a set 3, which we refer to as the “bucket” for variable
y. We also have a set B4, which we refer to as the “data bucket”. At each point in the processing,
we maintain a set of terms, where each term 7" is a BDD depending on a set of variables D(7T") C
X UY. Term T is placed in bucket B, when y = min(D(7") NY") and in the data bucket when
D(T)NY = {). The initial set of terms consists of the BDD representations of the clauses.

Bucket elimination processes the terms via conjunction and quantification operations until the
only nonempty bucket is By. That is, let y be the maximum variable for which B, is nonempty.
While this bucket contains more than one element, we remove two, compute their conjunction,
and place the result in the proper bucket. This must be in some bucket B, such that ¢ < y or in
the data bucket B4. When bucket B, contains a single term, we form its existential quantification
with respect to y and place the result in the proper bucket. This will either be in some bucket 5,/
for which ¢’ < y or in the data bucket. Eventually, the only terms will be in the data bucket. We
form their conjunction to get the BDD representation of f(X).

The variable ordering is crucial when dealing with BDD. The ordering directly impacts the
memory footprint and runtime of the bucket elimination procedure. Most AtMostOne encodings
form a linear (instead of hierarchical) structure, motivating the following approach for automati-
cally generating a variable ordering:

1. Build an undirected graph over auxiliary variables with edges of weight 1.0 between two
nodes if the two auxiliary variables share a clause and edges of weight 0.75 if two auxiliary
variables share a clause with the same data variable.

2. Find two auxiliary variables forming the endpoints (start and end) of the graph. Starting
with some random node, we jump to the most distant node (in terms of shortest path), and
from there to the most distant node, iterating as long as the distance increases. We perform
these iterations from multiple starting points and take the most distant pair as the graph
endpoints.

3. Order auxiliary variables first by their distance from the start then by their distance from
the end. Data variables are inserted into the ordering adjacent to the first auxiliary variable
they co-occur in a clause with.

Conceptually, this ordering stretches the AtMostOne encoding from the two end points, lin-
earizing the internal auxiliary variables. For a layered graph, this approach will tend to find
opposite corners as endpoints and generate a layered ordering of variables. For a graph having
a tree structure, it will produce an ordering that approximates what would be obtained via an
inorder traversal of the tree. Both of these make good BDD orderings.

Once the BDD for the function f(X) has been constructed, detecting whether it encodes
a cardinality constraint and the parameters of that constraint can readily be inferred from the
structure of the BDD. Specifically, we can obtain both the polarities of data variables as they
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occur in the cardinality constraint (which we denote as the literals {/1, ¢, ..., ¢, }) and the lower
(L) and upper (R) bounds on the cardinality constraint:

L<tbi+b+--+6, <H

For a BDD representing a one-sided cardinality constraint either L = 0 or R = r. For an
AtMostOne constraint L = 0 and H = 1, and for a clause L = 1 and H = N. If the cardinality
constraint is one-sided and L = 0 we can extract the AtLeastK constraints ¢; + 5 + - - - + £, >
r — H. If the cardinality constraint is two-sided, we can extract the two AtLeastK constraints
b+ b+ + 0, >Land by + o+ -+, >7— H.

We use the layered structure of cardinality constraints represented in BDDs [2, 30] to deter-
mine the two bounds and the phase of each variable. In detail, let us say that the pair of integers
(i, 7) is feasible if there is some satisfying assignment for the constraint where the first i — 1 vari-
ables have j literals assigned to true. More precisely, the following conditions must be satisfied
for (i, 7) to be feasible:

* ¢satisfies 1 <3 <r+1

* jsatisfiess0 < 7 <i—1

* There must be some value k suchthat 0 < k <r—i+land L<j+k < H.
The BDD will have a node u; ; for each feasible pair (7, 7). This node can either be L, the
leaf node representing Boolean constant 1, or it can be a nonterminal node labeled by variable
x;. When w; ; is nonterminal and ¢; = x;, then its positive (respectively, negative) child will be
node ;41 j1+1 (resp., u;41,;) if pair (i + 1,5 + 1) (resp., (¢ + 1, j)) is feasible and leaf node L
(representing Boolean constant 0) otherwise. If ¢; = 7;, then the two children will be reversed.
Starting with the root node, the literal assignments and values of L and H can be determined
by examining the BDD level-by-level. If at any point the structure does not match that of a
cardinality BDD the verifier exits returning the result not verified.

3.2.4 AtMostOne Extraction on PySAT Encodings

The PySAT encoding library serves a good baseline for comparing different extraction tools
since it implements many of the most-used AtMostOne encodings. Our G&V tool was compared
against the syntactic detection in LINGELING and semantic detection in RISS [22].

Table 3.1: Detecting size 10 PySAT AtMostOne encodings: Pairwise, Sequential Counter,
Cardinality Network, Sorting Network, Totalizer, Mod-Totalizer, KMod-Totalizer, Bitwise, and
Ladder. Shown are the number of data variables/auxiliary variables in the largest AtMostOne
detected. 10/0 represents the full constraint on all of the data variables.

Tool Pair SCnt CNet SNet Tot mTot mkTot Bit Lad

Guess-and-Verify 10/0  10/0  10/0 10/0 10/0 10/0  10/0  0/0  9/0
LINGELING (Syntactic) 10/0 172 2/1 2/1  2/1 2/1 2/1 00 172
RISS (Semantic) 10/0 3/2  4/2 4/1 3/2  3/2 372 0/0 372
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For the purpose of this evaluation we modified LINGELING and RISS to run cardinality de-
tection, print the detected constraints, then exit. Neither solver provides command line options
for extraction or the functionality to output a new formula with the extracted constraints added
and clausal encodings removed. Each formula contained the PySAT encoding of an AtMostOne
constraint on ten literals as well as an AtLeastOne constraint on those literals. Without the
AtLeastOne constraint, the data variables would appear only negatively in the encodings. This
would likely not happen in practice since those literals could be removed with pure literal elimi-
nation. We also performed unit propagation and pure literal elimination on the encodings. Units
and pure literals could be avoided by refining the encoding program, but PySAT does not make
these optimizations.

The results in Table 3.1 show a stark contrast between G&V and the other extraction tools.
Our G&V tool found the the original AtMostOne constraints for seven of the nine PySAT encod-
ings and found the core of the original AtMostOne constraint for the Ladder encoding (missing a
single data variable). The other tools found small nested AtMostOne constraints of sizes 3-6, but
they could not find the core of the AtMostOne constraint for any encoding other than Pairwise.
The semantic detection in RISS also detects some AtMostTwo constraints for each of the en-
codings, but the AtMostTwos do not use a majority of the original data variables. The merge
operation generates some additional constraints of size 4-6, but as mentioned previously this is
less useful in our setting as it does not permit the deletion of the smaller constraints used in the
merge.

PySAT does not contain the Linear encoding or the Two-Product encoding, both of which
LINGELING and RISS can extract. Indeed, most of the PySAT encodings are more widely used
for AtLeastK instead of AtMostOne constraints. However, the sequential counter is a common
AtMostOne and AtlLeastK encoding and only the G&V tool can extract it. Furthermore, the
robust performance of G&V across differing encodings increases confidence in the tool’s ability
to extract unknown encodings from new problems.

3.3 [ExactlyOne Extraction with Unique Literal Clauses and
Exclusive Literal Clauses

Aeacus Sheng, Joseph E. Reeves, and Marijn J. H. Heule. Reencoding Unique Literal Clauses.
In Theory and Applications of Satisfiability Testing (SAT). (2025). [96]

A constraint that occurs commonly in SAT problems is the selection of an object from a set.
For example, in a graph coloring problem each node will select one color from a set of & colors.
A selection constraint can be thought of as an ExactlyOne constraint, stating that exactly one of
the objects from the set will be chosen in a solution.

An ExactlyOne constraint can be encoded explicitly as the combination of an AtMostOne and
AtLeastOne constraint (a clause). To extract this type of encoding, we could use the extractor
from the previous section to find an AtMostOne constraint, then check if the clause corresponding
to the literals in the AtMostOne constraint appears in the formula.

In certain cases, an ExactlyOne constraint can also be encoded implicitly by foregoing the
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AtMostOne encoding. This can happen when the literals in the ExactlyOne constraint do not
appear in the rest of the formula, therefore appearing only in the single clause defined by the
ExactlyOne constraint. We call these clauses unique literal clauses (ULCs).

Consider a graph-coloring problem with £ colors and n nodes. The problem contains two
sets of constraints:

1. Each node is assigned a color
2. Adjacent nodes cannot have the same color

For each node z, the constraint stating that 2 has a color is encoded directly as (z1 V...V xy),
where z; is t rue if = has color i. We can add the additional constraint AMO (z1, ..., x)
making it an explicit exactly one constraint, but this is redundant. To see this, consider
the formula without the AtMostOne constraint. If there exists a solution to the formula
where a node is assigned more than one color, then each of these colors must also satisfy the
constraints that adjacent nodes cannot have the same color. Therefore, we can simply select
one of the assigned colors for the node and it will preserve the graph coloring.

In this section, we discuss an extraction technique guided by ULCs. Once we detect the
ULCs, we can add the corresponding AtMostOne to the formula either natively in KNF or en-
coded in CNF. However, we have found that it is beneficial to perform additional processing on
the ULCs before converting them to KNF. We may detect multiple sets of ULCs that share vari-
ables, which we will call clashing ULCs. We can resolve clashing ULCs on shared variables to
form larger ULCs. This is desirable because larger cardinality constraints benefit more from the
various KNF solving techniques.

The closest related work on extracting ExactlyOnes is by Manthey and Steinke [71]. They
detected ExactlyOnes that used the Pairwise encoding for the AtMostOne constraint, then reen-
coded them with the Sequential Counter. Their detection only worked for explicit ExactlyOnes
but missed implicit ExactlyOnes represented by ULCs.

3.3.1 Unique Literal Clauses (ULCs)

A clause C'is a unique literal clause (ULC) in a formula F' if none of the literals in C' occur in
F\ {C}. We can compute the set of ULCs in a formula F in linear time in the size of F' by first
computing which literals occur only once in F' and then determining which clauses only contain
such literals.

In general, a clause over a set of objects says at least one of those objects is t rue. However,
since the literals in a ULC are unique, it is satisfiability equivalent to say exactly one of those
objects is t rue.

To see this, consider an assignment 7 that satisfies some formula F'. Assume a clause C' € F'
is a ULC. The assignment 7 must satisfy at least one literal in C' since it satisfies F'. If 7 satisfies
more than one literal in C', we can flip all but one of the literals to false. Since they are
unique, flipping them will not falsify any clause in F'. Therefore, any satisfying assignment can
be modified to satisfy exactly one literal in the ULC. Note, this is not solution preserving because
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it forbids assignments that satisfy multiple objects from the ULC at once.

3.3.2 Clashing ULCs

Ideally, we want to detect as many large ULCs as possible, as this will present more options for
the KNF solving techniques. This goal can be hampered if variables are shared among ULCs. If
two ULCs share a variable, we can only add the AtMostOne constraint for one of the ULCs since
adding the AtMostOne would make the shared variable no longer unique. Furthermore, shared
variables may be auxiliary variables used to split selection constraints in a similar way as the
Linear AtMostOne encoding. We would like to remove these variables and recover the original,
larger selection constraint to maximize the effect of extraction. We can address these problems
by handling ULC clashes with variable elimination.

Two ULCs C and D clash on a literal ¢ if there exist £ € C and ¢ € D. We also say that they
are a clashing pair on /. If none of the ULCs in a formula clash, we say the formula is clash-free.

The clash-free property is important because it will allow each ULC to be transformed into
an ExactlyOne constraint. To see this, consider an assignment 7 that satisfies some formula F'.
For each ULC in F' we flip all but one satisfied literal to false. Since there are no clashes,
flipping these literals will not falsify any other ULCs. And since the literals are unique, flipping
them will not falsify any other clauses in F'.

Resolving two clashing ULCs will either results in a tautology (if there are multiple clashing
literals) or a new ULC. So, if a formula has a pair of clashing ULCs, we can either remove
the pair (if the resolvent is a tautology) or replace the pair with a new ULC by eliminating the
clashing variable.

Any formula can be made clash-free by eliminating all pairs of clashing ULCs via variable
elimination, and this procedure is confluent so the order of the eliminations is not important.
To see this, consider a formula F' that contains clashing ULCs. First, we form partitions of
the clashing ULCs in F' such that i) for each partition each ULC does not clash with any ULC
in another partition and ii) each ULC in a partition clashes with at least one other ULC in the
partition. Then, we perform elimination on the clashing pairs of each partition. If a partition
with n ULCs contains more than n — 1 clashing pairs, variable elimination will remove all of the
ULCG:s in the partition. If a partition with n ULCs contains exactly n — 1 clashing pairs, variable
elimination will result in a single new ULC, and this ULC will not share variables with any of
the other partitions and therefore cannot introduce a new clashing pair.

3.3.3 Exclusive Literal Clauses (XLCs)

We discussed earlier that explicit ExactlyOne constraints are encoded using an AtMostOne con-
straint and a clause. We can combine the concept of explicit ExactlyOne constraints with unique
literals to generalize ULCs with exclusive literal clauses (XLCs).

An clause C' is an XLC if the literals in C' can be partitioned into two sets U and X such
that every literal in U is unique and for every pair of literals £,/ € X the binary clause (£ V Z,)
appears in F'. We could generalize this definition further by stating that the literals in X appear
as an AtMostOne constraint in F', but this would complicate the extraction.
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So, a ULC is an XLC in which all literals are unique. In our experimental evaluation it is
convenient to consider XLCs that are not ULCs separately, and we call them proper XLCs.

When an XLC is extracted and we add the AtMostOne constraint to the formula, all all binary
clauses of the form (¢ V ZI) on literals in the XLC become redundant and can be deleted.

Similar to a ULC, an XLC can be considered an implicit EXACTLYONE constraint as all
missing binary clauses can be added via blocked clause addition. The notion of a pair of clashing
XLCs is the same as for ULCs: the pair contains complementary literals. In contrast to ULCs, it
is not the case that resolving two XLCs always results in a new XLC.

Consider the formulaT' = (z V 2) A (x Vu) A (y V@) A (yV z) A (Z). The clauses (z V u)
and (y V @) are clashing XLCs with u and @ being unique literals. Resolving these clauses
results in (z V y), which is not an XLC. Moreover, it cannot be turned into XLC, because
adding the missing binary clause (T V 77) does not preserve satisfiability.

The above issue arises when resolving on unique literals. When resolution on a pair of
clashing XLCs is restricted to non-unique literals, then the resulting clause will be an XLC.
However, performing variable elimination on a non-unique literal can cause a blowup in the size
of the formula if the variable occurs often in different polarities. Therefore, we do not resolve
XLCs that clash on non-unique literals, and instead only add an AtMostOne constraint for one
of the clashing XLCs.

3.4 Extracting ULCs and XLCs in CADICAL

We implement the detection of ULCs and XLCs as a preprocessing step in the solver CADICAL.
To classify clauses as ULCs and XLCs we first compute occurrence counts for each literal in
the formula F' and a lookup table storing all binary clauses. Next, we classify each clause in
order. We determine if a clause is a ULC by checking if each literal in the clause is unique. If the
clause is not a ULC, we check if it is an XLC by searching the lookup table for all binary clauses
forming an AtMostOne constraint on all non-unique literals in the clause.

Once all clauses are classified, we proceed to handling clashes on ULCs. For each literal ¢ in
a ULC with occ(/,T") = 1 and occ(/,I") = 1 we mark the literal as clashing only if £ occurs in a
ULC, and store a clause lookup table L(¢) and L(¢) pointing to the ULCs ¢ and ¢ occur in. We

then process each ULC with a clashing literal ¢, resolving both L(¢) and L(¢). We delete L(¢)
and L((), eliminating the variable var(¢) from the formula. The resolvent may take one of two
forms: 1) the resolvent is a tautology in which case we delete it; ii) the resolvent is a clause with
at least two literals in which case we add it to the formula and mark it as a ULC. The resolvent
cannot be empty because we propagate unit clauses in a separate procedure, and the resolvent
cannot be unit because we only resolve two ULCs. We must also update the lookup table for any
clashing literals contained in the resolvent because it may also be clashing with an existing ULC.
After all clashes have been processed, we extract all XLLCs and ULCs that have at least 5 literals.
We use this size cutoff to avoid small constraints that are typically ineffectual in KNF solving.

The use of variable elimination on ULCs to remove clashing pairs makes use of RAT deletion

39



2,000

T
z
= 1,500
g
3
£
= 1,000]
x - P il
g 500| .
Z.
0 (w | | | | |
100% 80% 60% 40% 20% 0%

Proportion of Clauses from AMO Encodings

Figure 3.5: Number of formulas that are composed of some proportion of encoding clauses from
AtMostOnes.

proof steps. In the case that the formula is satisfiable, we will need to use a reconstruction
procedure to assign a value to the deleted variables. Reconstruction can be handled internally by
CADICAL if we wish to use the solver for both extraction and solving.

3.5 Results

We applied our extraction tools to the 5,355 SAT Competition Anniversary Track benchmarks.
We discuss first the results of our AtMostOne detection, then our ULC and XLC detection.

3.5.1 AtMostOne Extraction

We ran our AtMostOne extraction tool with 1,000 second timeouts for each AtMostOne ex-
traction type (Pairwise and Non-Pairwise). The Pairwise extraction was run first but did not
remove clauses for AtMostOnes with less than four literals. This is because many Non-Pairwise
AtMostOne encodings use Pairwise AtMostOnes on subsets of the encodings, often over four or
fewer literals. After the Non-Pairwise extraction, we check the smaller AtMostOnes and if they
still exist in the formula we extract them.

The results in Table 3.2 show that AtMostOnes occur in the majority of studied SAT problems
(64%); and furthermore, most of the extracted AtMostOnes use the Pairwise encoding. While the

Table 3.2: The table shows number of formulas with Pairwise, Non-Pairwise, or both Pairwise and
Non-Pairwise AtMostOnes extracted. > 5 is the percent of formulas with at least one extracted
constraint of at least size 5, and > 10 x 10 is at least 10 extracted constraints of at least size 10.
We show the average runtime and the percentage of formulas that took < 15 seconds.

Pairwise Non-Pairwise Both >5 > 10 x 10 Average s <15s

3,090 55 270 36% 17% 69.0 78.0 %
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Figure 3.6: Histogram grouping formulas by the largest AtMostOne constraint extracted. Size is
defined by the number of data variables. The bottom plot is a zoomed-in version of the full plot.

extractor only found a few hundred formulas with Non-Pairwise constraints, it could be the case
that more existed. Since we do not have the ground truth, it is impossible to gauge how well
Non-Pairwise extraction performed. The average runtime is fast on average, but can be improved
on large problems by implementing additional filtering heuristics that prevent the guesser from
trying to build a constraint from each classified auxiliary variable. Over 17% of the formulas
contained several large cardinality constraints. This matches the results in Figure 3.5 showing
that around 750 formulas are mostly composed of cardinality constraints, with over half of the
clauses in the formula coming from AtMostOne encodings. These formulas are prime candi-
dates for applying different cardinality solving methods, whereas formulas with very few small
AtMostOnes would likely not benefit from cardinality solving.

The histograms in Figure 3.6 show the size of the largest AtMostOne extracted for each
formula. Most problems contained smaller AtMostOne constraints, size 25 or below, but there
were several problems containing much larger AtMostOnes. The largest Pairwise AtMostOnes
were found in planning (up to size 473), petrinet (451), and edge-matching (140) problems, and
the largest Non-Pairwise AtMostOnes were in planning (240), hidoku (80), and scheduling (43)
problems.

3.5.2 ExactlyOne Extraction

Our ULC and XLC extraction configurations are as follows:

* ULC : extract ULCs with at least 5 literals. Including variable elimination for clashing
ULCs.

* ULC-clash : ULC extraction without variable elimination.
* XLC-proper : XLC extraction on formulas that contain at least one proper XLC.
* XLC-full : XLC extraction (this includes both ULCs and proper XLCs).
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Table 3.3 shows a comparison of the various extraction configurations. The combination
of ULC and proper XLC (XLC-full) extraction found constraints in 1,739 (~ 32%) formulas,
showing just how often object selection appears often in SAT problems. The one hundred for-
mula difference between ULC-clash and ULC is explained by the many formulas containing
only small ULCs (under our cutoff of size 5) that would typically be filtered out by our extrac-
tion heuristics. However, applying variable elimination on clashing ULCs generates results in
larger ULCs that then meet our size criteria. The average runtimes for the ULC and XLC reen-
coding configurations are often quite fast because the patterns can be detected in linear time, so
formulas without any detectable constraints can be dispatched quickly.

3.6 Remarks on Extraction

In this chapter, we discussed our novel guess-and-verify framework for AtMostOne cardinality
constraint extraction. The G&V tool, guided by its classification heuristics for auxiliary and data
variables, works on the majority of PySAT encodings, outperforming other extraction tools by a
large margin. Furthermore, the BDD-based verification provides a guarantee that the clauses do
in fact represent a cardinality constraint. We performed an exploratory experiment on the SAT
Competition Anniversary Track benchmarks and found that the majority contained AtMostOnes
and these mostly appeared as the Pairwise encoding.

In addition, we described a technique for extracting implicit and explicit ExactlyOne con-
straints based on ULCs and XLCs. These constraints appear in about one third of the SAT Com-
petition Anniversary Track benchmarks, and most of these formulas contained ULCs. ULCs
would not otherwise be detected by an AtMostOne extraction tool, exhibiting the harmony be-
tween our two extractors.

Our extraction tools have generated a large set of KNF formulas for testing any new KNF
solving techniques. This can help us make the case for KNF, showing that KNF solving can
improve solver performance on many existing benchmarks. Extraction can also provide a means
for backwards compatibility with CNF producing tools, allowing them to harness the power of
KNF solvers without having to rewrite parts of their codebase.

The obvious next step is the extraction of AtLeastK constraints. General cardinality con-
straints have more complicated, often hierarchical encoding structures with binary and ternary
clauses. Our G&V framework is a good starting point, but the guesser would need more sophis-

Table 3.3: Number of formulas with extracted constraints, average extraction time, number of
formulas taking longer than 20 seconds, the medium number of encoded XLCs, and the medium
of the maximum sizes of encoded XLCs.

Found Avg.(s) >20s Med. # Med. Max

ULC-clash 891 4 29 760 45
ULC 1014 4 43 760 40
XLC-proper 825 1 9 1001 70
XLC-full 1739 3 49 867 52
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ticated classification heuristics for distinguishing auxiliary variables from data variables. Fur-
thermore, the BDD-based verification works well on AtMostOnes but may have trouble scaling
with more complex encoding structures. To address this challenge, we will need new strategies
for generating variable orderings, as well as the addition of light-weight verification techniques
using either a SAT solver or random testing to serve as alternatives for much larger cardinality
constraints.
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Chapter 4

Encoding

Encoding high-level constraints into CNF is a crucial step when solving any problem in SAT.
There is a plethora of encodings to choose from when encoding AtLeastK constraints and even
more for the specific cases of AtMostOne and ExactlyOne constraints. The choice of encoding
will affect the size and propagation properties of the formula, and the auxiliary variables intro-
duced by an encoding will determine how a solver might reason abstractly over groups of literals
within the constraint. Some inprocessing techniques such as SBVA can add auxiliary variables
during solving, but these only work on simple patterns and cannot reconfigure an entire cardinal-
ity constraint encoding. In other words, we cannot count on separate inprocessing techniques or
solver heuristics to make up for a poor choice of encoding.

The KNF format offers a way around this choice: users can first generate a problem in a
cardinality normal form and then use our tools that handle encodings automatically. While we
strive to make SAT solving more user friendly, performance is another core component of our
thesis. We will show how by leveraging cardinality information from the KNF input we can
improve encodings for many different types of cardinality constraints.

In this chapter, we will describe three ways for improving the encodings of cardinality. First,
in Section 4.1, we will start with a simple example, showing that our AtMostOne extraction
and reencoding framework can transform the Pairwise encoding into the Linear encoding. By
doing so, we introduce auxiliary variables that can improve solver performance on unsatisfiable
formulas. This framework is proof producing, meaning the reencoding steps produce valid DRAT
derivations.

Second, in Section 4.2, we take a step beyond the existing encoding framework that asks
which types of encodings are best and instead ask how can any type of encoding be improved.
We developed several methods for sorting data literals prior to encoding in an effort to enhance
a solver’s ability to perform group reasoning. Literal sorting changes the grouping of literals
within the encoded constraint, and we show that better groupings can lead to much faster solving
times on problems containing one large AtLeastK constraint.

Third, in Section 4.3, we tie the ideas of extraction and reencoding together with literal sort-
ing, developing a reencoding framework for ExactlyOne constraints that build on our ULC and
XLC extractor. Often in practice cardinality constraints are viewed as independent objects with
therefore independent encodings. We challenge this notion, finding that the relationships be-
tween cardinality constraints can be complex and this should be reflected in their encodings. We
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present a technique that we call alignment which sorts literals amongst all cardinality constraints
at once. This allows a solver to simultaneously reason over groups of literals across cardinality
constraints. We show that for many problems reencoding alone is not enough to improve solver
performance, but with alignment we can modify the meaning of auxiliary in such a way that
dramatically benefits the solver.

4.1 Reencoding AtMostOne Constraints

Joseph E. Reeves, Marijn J. H. Heule, and Randal E. Bryant. From Clauses to Klauses. In
Computer Aided Verification (CAV). (2024). [91]

It is well-known that the Pairwise AtMostOne encoding performs poorly on unsatisfiable
problems. The auxiliary variables introduced in Non-Pairwise encodings can allow the solver
to reason about subcomponents of the AtMostOne, effectively removing large portions of the
search space with few decisions. This can yield shorter, stronger learned clauses leading to more
compact reasoning and faster solving times. Example 4.1 shows how auxiliary variables can
summarize groups of literals in a learned clause. Importantly, for a solver to learn the clauses
in Example 4.1 without auxiliary variables, it would need to make a chain of several subsequent
decisions on the relevant set of data variables, but only a single decision when using auxiliary
variables. The impact of this type or reasoning compounds when auxiliary variables from differ-
ent AtMostOnes are used together in clause learning.

Consider the AtMostOne constraint on data variables x1,xs,...,zs. By introducing two
auxiliary variables v, y», the AtMostOne can be decomposed as:

AMO(zy, ..., x5) < ((1}1\/1'2\/1'3) = yl) A ((x4\/:135\/$6) = yz) A
AMO(.Tl,IQ,(L’g) N AMO(I4,$5,IL’6) N (yl \/gQ)

Here, y; summarizes {x1, x2, 3} and y, summarizes {x,, x5, x¢}. A solver can branch on y;
and set it to false, immediately pruning z, 3, T3.

Fewer Clauses. If the formula contained the clause (z; V 22V 23V x7), the solver could learn
the binary clause (7, V z7). With the Pairwise encoding, the solver would instead need to
learn the following three binary clauses to capture the same implication: (7, V x7), (T2 V x7),
and (fg V 277).

Shorter Clauses. Assume the following implication is contained implicitly in the formula,
T1 ATy ATz —> (x7 V xg). Without auxiliary variables the solver could learn (1 V x5 V
x3 V x7 V x3), and with auxiliary variables the solver could learn (y; V 7 V xg).

In this section, we present a reencoding framework that takes the extracted AtMostOne con-
straints using our G&V extractor and reencodes them with the Linear encoding. We show how
this process can be equipped with DRAT proof production so that results produced from the
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reencoded formulas can be verified against the original formula.

4.1.1 Proof Production

In the context of our G&V AtMostOne extractor, we do not generate proofs when transforming
the formula into KNF. Instead, we assume the original CNF used arc-consistent encodings for the
extracted constraints and generate a derivation when reencoding the AtMostOnes into clauses.
This derivation can be prepended to the DRAT proof generated for the reencoded formula and
will serve as a proof for the original formula.

For the Pairwise encoding, the derivation is simply the set of clauses from the encoding added
to the formula. Each binary clause is RUP since assigning two literals in the constraint to t rue
must propagate a conflict in the original formula. The derivation of the Linear encoding is similar
to its clausal encoding, with an additional clause for each auxiliary variable:

Deriv(ly, ..., {¢s) = Pairwise({q, by, U3, y), ({1 V oy V U3V y), Deriv(y, by, . .., Ls)

The Linear derivation makes use of RAT proof steps since new auxiliary variables are being
added to the formula.

In the case the reencoded formula is satisfiable the solution may not directly translate to
the original formula. Extraction may have removed some auxiliary variables from the original
formula, and reencoding may add new auxiliary variables to the reencoded formula. Given a so-
lution on the reencoded formula, first we discard variables not occurring in the original formula,
then we add the partial assignment as units to the original formula and run a SAT solver to find
an assignment on any auxiliary variables only appearing in the original formula. Note, it is easy
to assign values to auxiliary variables if the values for data variables are given.

4.1.2 Results

For this evaluation we used a 5,000 second timeout, and do not include the runtime of our ex-
tractor. We consider the subset of 933 formulas from the SAT Competition Anniversary Track in
which we extracted at least 10 extracted constraints of size 10 or more.

Figure 4.1 reinforces the conception that Non-Pairwise AtMostOnes are stronger on unsatisfi-
able formulas, with several formulas in the top plot only solved within the 5,000 second timeout
after reencoding. Note, a small portion of the extracted AtMostOnes were Non-Pairwise (see
Table 3.2) and these were reencoded as well, but with little effect. The bottom plot shows that
formulas with no Pairwise AtMostOnes did not benefit from reencoding. The effect of reencoding
is mixed on satisfiable formulas. Local search is crucial for solving some satisfiable problems,
and auxiliary variables from Non-Pairwise encodings can inhibit local search. Notably, this plot
shows that many of the SAT competition benchmarks use sub-optimal AtMostOne encodings,
and an extraction plus reencoding pipeline could greatly benefit non-experts.
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Figure 4.1: Reencoding on formulas with Pairwise encoded AtMostOnes (836) (top) and those
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of size 10 or more, i.e., formulas with many large AtMostOne constraints have large marks.
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4.2 Literal Sorting for AtLeastK Encodings

Joseph E. Reeves, Joao Filipe, Min-Chien Hsu, Ruben Martins, and Marijn J. H. Heule.
The Impact of Literal Sorting on Cardinality Constraint Encodings. In Conference on Artificial
Intelligence (AAAI). (2025). [92]

Selecting the best encoding for a set of cardinality constraints is not only about which type of
encoding is best but also how the encoding is used. One way to alter any standard encoding is to
change the ordering of data literals prior to encoding.

x Consider the AtMostOne constraint on 1, T, . . ., g from Example 4.1. The meaning of
the auxiliary variables y; and y» depends on the literal order. In the original encoding, v,
summarizes {1, T2, 3} and y, summarizes {x4, Ts5, 26 }.

If we change the order of the data literals to AMO(x1, z3, 5, T2, T4, Tg), the new encoding
will be:

AMO(z1, x3, T5, 9, Ty, Tg) <> ((33'1\/513'3\/SE5> = yl) A ((:cg\/x4\/:v6) = y2) A
AMO($171'3,1'5) A AMO<$2ax47$6) A (glvy2)

Now, y; summarizes {x1, z3, 5} and yo summarizes {zs, 4, s }. Assume the formula con-
tained the clause (x2 V x4 V 24). With the new ordering, the solver can learn the unit s
via probing, then use unit propagation to set y; = r; = x3 = x5 = 0. Similar reasoning
could not be performed for the original ordering because the auxiliary variables summarize
different sets of data literals.

The intuitions behind literal ordering for AtMostOne encodings shown in Example 4.2 can
be extended to more complicated Totalizer encodings shown in Figure 4.2. A solver can reason
about a certain group of literals via auxiliary variables from the first node at which all literals are
merged. If this merge unit is larger (contains several unrelated literals) then the solver will need
to reason over many literals at once; however, if the merge unit is smaller, then the solver can
reason more succinctly over the related literals. If we know the optimal grouping of literals, we
can sort the literals such that groups occur in sequence and this will restructure the Totalizer to
permit more compact solver reasoning.

Coming up with the right literal ordering is not always a straight-forward task. The problem
in Example 4.3 shows an instance where a more natural ordering 1,2, 3, ..., 100 is not as useful
as an odd then even ordering 1, 3,...,99,2,4,...,100. In the following sections we will discuss
several ways that a good ordering might be found automatically based on features from a given
problem.

49



o= N o =) -
: Merge - : Merge -

3 . - ts . -

M M

Ly } - - L7 E - -
: Merge : : Merge :

A= g : = B :

Z7 Merge - o 66 Merge - o

I3 - I3 -

Figure 4.2: Totalizer with two input orderings. Groupings of related literals are /1, {3 (blue),
01,05, 07 (red), and (4, (3 (green). A solver can perform more compact reasoning over smaller
highlighted merge units (Totalizer on the right).

Consider the following formula with one cardinality constraint:

(1 + 24+ 2100 < 2) A
(x1 Va3V Vxg) A(xe VgV - Vaxg)AF

The cardinality constraint may be encoded as a Totalizer. Two options for the encoding based
on different literal orderings are shown below. The auxiliary variables h;, b;, o; are counters
for t rue input data literals, so hs, bs, 03 are set to false (0), to enforce the bound of at
most two. Additional values, t rue denoted by (1), can be derived in (b) via probing.

T s
h3 — 0 T3 hg — O
Merge || hs . | Merge | hy =0
T50 fu L99 =1
o3 =0 03 =10
Merge || 02 Merge ||os =1
01 o1 =1
o bs =0 - bs = 0
B = 5=
Merge || by :Li4 Merge | by =0
b : b =1
T100 ! Z100 !
(a) (b)

In (b), a solver can learn the units /; and b; through probing: Assigning h; to false would
propagate all the input literals for the left subtree to false, causing a conflict with the odd-
literal clause. Similarly, b; can be learned. This propagates o, and o, to true and then
hy and b, to false, since the sum of the children cannot exceed 2. In short, the auxiliary
variables h; and b; allow the solver to reason about the entire set of data literals in either
subtree and cheaply derive units. In (a), h; and b; summarize different sets of data literals
preventing reasoning about the clauses. Leaving the solver to reason over the entire Totalizer
encoding with no units learned. 50



4.2.1 Literal Sorting Methods

When we discuss hierarchical encodings like the Totalizer it is natural to think about groups of
literals, but most encoding APIs like PySAT take as input a list of literals. Therefore, instead
of grouping literals we will describe methods for sorting literals based on some order. This will
allow us to use PySAT in the evaluation, and will still lead to better encodings, even if some
information about the relationships between literals is lost due to the linearization of groups.

CardEnc.atleast(lits = [1,2,3,4,5, 6],bound = 3, encoding = EncType.totalizer)
CardEnc.atleast(lits = [1,3,5, 2,4, 6],bound = 3, encoding = EncType.totalizer)

Two API calls in Pysat for the encoding of 1 + x5 + 23 + 24 + x5 + xg > 3 and the same
constraint with data literals reordered as x1 + x3 + o5 + T2 + x4 + x5 > 3.

We consider five orderings, the first three of which we discuss briefly, then the proximity
ordering and community ordering we describe in more detail below.

* Natural: sort by variable IDs. Often when a benchmark is created there is some structure
given to the variable names, for example, a row-order enumeration of cells in a matrix, and
the natural ordering captures this structure.

* Occurrence: sort by the occurrence count (number of times a variable occurred positively
or negatively in the formula). This will place more prominent variables close together, in
an attempt to localize important parts of the encoding.

* Random: shuffle the literals. This will obfuscate any relationship between literals.

* Proximity: approximate the spatial distance between literals by looking at co-occurrence
in clauses. The closer literals are in the formula, the closer they will appear in the ordering.

* Community: generate the variable-incidence graph (VIG) by taking variables as nodes
and clauses as weighted edges connecting variables. The community detection algo-
rithm [109] groups the variables, and those groups are linearized by smallest variable ID.

We will use the following formula as an example for the different sorting methods:

($1+[L‘2+l’3+f4§2)/\
(l’l \/.’13'2)/\ (El \/l’g) N (TQVI'3V$4) /\(f4\/l’5)

The Natural ordering is the simplest method, given by increasing variable IDs: z; + x9 +
3 + 74 < 2. While this method typically reflects the underlying problem’s structure, it may not
capture relationships between literals that are important to a specific cardinality constraint in the
problem.

Another simple ordering is Random, acquired by randomly permuting the list of variables.
This method disassociates the cardinality constraint from any of the problem’s underlying struc-
ture. It is sometimes useful to randomly shuffle several copies of a formula to solve a satisfiable
instance in parallel, since a solution might be found quickly for one copy if the solver gets lucky.
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Next, we consider orderings that are derived from the clausal structure of the input problem.
The occurrence method orders all variables in decreasing order based on the number of clauses
a variable occurs in (taking the sum of the occurrences of both positive and negative polarities):
To + w1 + x4 + 3 < 2. Counting the number of occurrences is inexpensive and can be done
with a single pass over the formula. The resulting ordering will be unbalanced with respect to the
formula as groups of the most occurring variables will summarize large parts of the formula, and
groups of sparsely occurring variables will summarize small parts of the formula. While most
types of encoding are symmetric, the Sequential Counter provides more reasoning capabilities
for the data literals earlier in the order, motivating the choice to count occurrence in decreasing
order, e.g., most important to least important.

4.2.2 Proximity Ordering

The proximity ordering approximates the spatial distance between literals by looking at co-
occurrence in clauses. The method can be enhanced by first extracting large AtMostOne con-
straints then using them to help guide the proximity metric.

The ordering procedure first initializes the score of all variables to 0, then proceeds as follows:

1. Select the unprocessed variable v (i.e., v is not yet a part of the ordering) with the highest
score. If the highest score is 0, select the most occurring unprocessed variable. If there
is a tie, select the variable that was seen first. A variable is seen the first time its score is
incremented.

2. Append v to the ordering.

3. If AtMostOne detection is enabled, for each AtMostOne K that contains v, increment
the scores of unprocessed variables occurring in K by len(K)?, where the length of an
AtMostOne constraint is the number of variables it contains.

4. For each clause C' that contains v, increment the scores of unprocessed variables occurring
in C' by m if len(C) > 3 or len(C')? = 4 for a binary clause.

5. If all variables in cardinality constraints are processed, return the ordering; otherwise,
return to step 1.

We show an application of Proximity to the running example. Applying the Proximity al-
gorithm without AtMostOne detection will first select the most occurring variable z5. The
clauses x5 occurs in are then processed. For (1 V z5), x1’s score is incremented by 4. For
(ZT1 V x2), x1’s score is again incremented by 4. For (Ty V 23 V 24), both x5 and z, are
incremented by % The second variable selected is x; with a score of 8. x; only occurs in
clauses with the already processed variable x5. The third variable selected is z3 (seen before
x4) with a score of % and finally x4, which yields the ordering: {zs, x1, 3, 24}

4.2.3 Community Ordering

Finally, we consider orderings extracted from graphs constructed from the literals and clauses of
the problem. The VIG is an undirected, unweighted graph where the set of nodes represent each
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variable. An edge connects two nodes if the corresponding variables, regardless of their polarity,
share a clause.

We use the Louvain Community Detection algorithm [109]. Each node is placed in its own
set, and then nodes are moved to other sets if the move increases the modularity. Next, sets
are lifted to nodes, and the algorithm is repeated until some threshold is met. The order nodes
are processed affects the resulting communities, so they are shuffled using a random seed at the
start of each execution. To identify the most promising community structures we use up to 50
executions, with a 300 second timeout enforced after the first run.

From these multiple runs, we select the executions that contain the highest number of com-
munities. A higher number of communities typically indicates a more fine-grained partitioning
of the graph, which might help capture intricate relationships between literals or clauses. Fur-
thermore, since the variables within each community are ordered by their IDs, a higher number
of communities will also lessen the impact of the natural ordering. We then choose the execution
with the set of communities that has the smallest deviation from the average community size,
aiming for a more balanced community structure. Finally, we determine the variable order by
concatenating the variables from all the communities, processing each community sequentially
by smallest variable ID.

Suppose the Louvain Community Detection algorithm is executed three times, yielding the
following sets of communities:

S = {Cl,l = {513173337555}, 01,2 = {$2,$4}}
Sy = {02,1 = {1'1,9537355}, 02,2 = {302}702,3 = {954}}
Sy = {03,1 = {$17$3}7C3,2 = {x27$5}703,3 = {334}}

We would first select the second and third executions, as they contain the highest number
of communities. Next, we would choose the third execution, as the community sizes show
a smaller deviation from the average size. Lastly, we concatenate the variables from all
communities, yielding: 1 + x3 + 29 + 74 < 2.

4.2.4 Results

For this evaluation we used a 1,800 second timeout. This timeout is specific to the configuration
of StarExec. We evaluated literal sorting on the 398 2023 MaxSAT competition unweighted track
benchmarks with known optimums. For each problem we generated a satisfiable instance using
the cardinality constraint s; +sy+- - -+5,, > opt and an unsatisfiable problem s;+so+- - -+s,, >
opt + 1. We then used one of our various literal ordering techniques before calling PySAT to
encode the cardinality constraint into CNF. The resulting formula was solved with CADICAL.

For the proximity algorithm we considered both with and without AtMostOne extraction.
When using extraction, our AtMostOne extractor was run with a 50 second timeout. In either
case, proximity sorting was run to completion, i.e., every literal in the cardinality constraint was
added to the ordering.
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Figure 4.3: Preprocessing time for each formula and literal sorting method. Formulas are ordered
by number of clauses.

We used the Louvain community detection algorithm [108] for the community detection
ordering. Groupings are dependent on the order nodes are processed, so we ran 50 randomized
executions (or until a 300 second timeout) then selected the execution yielding the largest number
of communities with the smallest deviation from the average community size. We refer to the
community detection approach as Graph.

Preprocessing Time for Sorting Methods

The preprocessing time for each method is shown in Figure 4.3. The preprocessing time includes
both the time to sort literals and the time to encode the cardinality constraint as a Totalizer using
PySAT. The runtimes of Natural and Occur (occurrence counts can be computed during parsing)
track the cost of the PySAT encoder since no or little computation for the literal sorting takes
place. The proximity methods scale with the formula size as well since they perform a type
of breadth-first-search over the clauses. The difference between PAMO and Proximity is more
pronounced on smaller formulas when AtMostOne detection with a 50 second timeout outweighs
the cost of Proximity. Graph has the longest runtimes, partly due to the algorithms 50 executions
per formula. In some cases, the 50 executions are not completed, seen by the formulas clustering
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Encoding Natural PAMO+Occur Proximity Occur BestRandom WorstRandom

KMod-Totalizer 635 670 655 588 561 528
Mod-Totalizer 623 653 643 572 547 514
Cardinality Network 608 639 629 565 544 503
Sorting Network 602 645 631 561 532 506
Sequential Counter 597 617 611 563 539 507

Table 4.1: Number solved on 398 satisfiable and 398 unsatisfiable formulas using different types
of PySAT encoding and different literal sorting techniques.

around 300 seconds.
While some amount of cost in preprocessing is worth the benefit to solving, timeouts during
preprocessing are not acceptable. To mitigate this, we considered two additional configurations:

* Natural+PAMO: run Natural and the SAT solver for 100 seconds and if the formula is not
solved then restart and run PAMO.

* PAMO+Occur: run PAMO for formulas under 1,000,000 clauses; otherwise, run the much
cheaper Occur method.

It is common practice in SAT solving to run low effort solving techniques like lucky search
before throwing the full set of inprocessing tools and CDCL heuristics at a problem. The hope is
that certain easy-to-solve problems are dispatched before more complex but ultimately unneces-
sary solving techniques are employed. This motivated Natural+PAMO. For some large formulas
not solved in 100 seconds the Proximity computation after the restart may timeout, but at least an
initial attempt was made to solve these problems. In addition, some inprocessing techniques are
simply too costly to be applied to large formulas and are disabled or postponed. This strategy
motivated PAMO+Occur.

Solving Time for Sorting Methods

Solving times are the sum of literal sorting, encoding, and solving. Table 4.1 shows the effect
of literal sorting on each of the five encoding types. Comparing the Natural ordering across the
types of encodings gives a sense for what off-the-shelf encoding is most performant on these
sets of problems. The KMod-Totalizer solves several more formulas than any other encoding,
marking it as the best default choice on these optimization problems with one large cardinality
constraint. However, after applying the PAMO+Occur ordering the Mod-Totalizer, Cardinality
Network, and Sorting Network solve more instances than the KMod-Totalizer with the Natural
ordering. This means that picking the best literal ordering is more important than picking the
best type of encoding. When both the optimal encoding and literal ordering are combined, the
PAMO+Occur KMod-Totalizer solves 15 more formulas than any other configuration.

On the other hand, a bad choice of literal ordering is far worse than a bad choice of encoding.
The worst ordering of five shuffled attempts generally solves around one hundred fewer formulas
than the Natural ordering. The best random ordering does not do much better than the worst
random ordering, mostly helping for satisfiable formulas. Furthermore, a simple heuristic like
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Ordering Solved PAR2 Best Runtime
SAT UNSAT SAT UNSAT SAT UNSAT

VBS 363 332 358 653 - -
PAMO+QOccur 353 317 492 799 - -
Natural+PAMO 351 315 499 806 - -
PAMO 347 312 560 857 40 35
Proximity 343 312 591 856 49 46
Graph 332 312 762 949 6 14
Natural 334 301 635 916 148 157
Occur 317 271 792 1189 22 21
BestRandom 313 248 818 1388 98 59
WorstRandom 284 244 1106 1434 0 0

Table 4.2: Number solved and average PAR2 on 398 satisfiable and 398 unsatisfiable formulas
using the PySAT KMod-Totalizer and different literal sorting techniques broken down by SAT
and UNSAT. VBS picks the best literal sorting method for each formula. Best runtime shows
number of formulas a given configuration solved the fastest.

Occur cannot match the performance of Natural. This reinforces the belief that users add a lot
of structure and meaning to their encodings when they decide how to express constraints and
generate variable IDs.

In comparing the different types of encodings, it seems that hierarchical encodings (every-
thing but the Sequential Counter) benefit the most from literal sorting. This may be explained by
the structure of the Sequential Counter, where auxiliary variables do not necessarily summarize
groups of data literals but instead summarize a prefix or suffix of the sequential counter. Data lit-
erals appearing at the ends of the ordering may be concisely summarized by auxiliary variables,
but those appearing in the middle of the ordering cannot be accessed. Somewhat surprisingly, the
Sorting Network overtakes the Cardinality Network with PAMO+Occur. This is likely the cause
of noise as both encodings have varying results for the different literal sorting techniques.

Table 4.2 shows a closer look at the various literal sorting techniques applied to the
KMod-Totalizer encoding. It is expected that a good literal ordering would mostly benefit un-
satisfiable formulas since the new auxiliary variables would enable compact reasoning towards a
short proof. However, the PAR?2 scores for PAMO+Occur show that a good ordering can improve
performance for both the satisfiable and unsatisfiable formulas. This is likely the case because
the cardinality constraint enforces the optimal bound and therefore must be used in the solver’s
reasoning. That said, a solver can get lucky and quickly find a satisfying assignment, and this is
seen in the difference between the random orderings. The improvement on unsatisfiable formulas
i1s much smaller between the best and worst random ordering.

The PAR2 score includes the preprocessing time, so the apparent loss in Figure 4.3 for Prox-
imity 1s made up for with improved solving. Whereas the Graph sorting solves more formulas
than Natural but with a worse PAR2 score, meaning the literal orderings were effective but the
preprocessing time to apply the community detection algorithm was often not worth the cost. The
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Figure 4.4: Number of solved formulas with the KMod-Totalizer configurations from Table 4.2,
combining the satisfiable and unsatisfiable formulas.

preprocessing time also explains the reason behind Natural accumulating far more best solving
times than the other approaches. With no overhead, Natural will start solving almost immedi-
ately and be the first to solve problems where the Natural order is as good (if not better) than
the other more costly approaches. Both PAMO+Occur and Natural+PAMO have no best solving
times because they would be binned in PAMO or Occur and Natural respectively. Even with the
additional time to extract AtMostOne constraints, PAMO solves many problems faster than any
other approaches. The Graph ordering can find good orderings but does not have a large share of
best runtimes, so its orderings are often just as good as the Proximity approaches.

Figure 4.4 highlights the initial cost of preprocessing, with more complicated orderings like
PAMO and Graph lagging behind Natural in the first couple hundred seconds. Then, for harder
problems where the ordering becomes more important, the better techniques surpass Natural
around the 400 second mark. This is slightly more delayed for the Graph technique that spends
more time in preprocessing.
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4.3 Reencoding ExactlyOne Constraints

Aeacus Sheng, Joseph E. Reeves, and Marijn J. H. Heule. Reencoding Unique Literal Clauses.
In Theory and Applications of Satisfiability Testing (SAT). (2025). [96]

In Section 4.1 we discussed the extraction and reencoding of AtMostOne cardinality con-
straints, then in Section 4.2 we presented ways to improve general cardinality constraint encod-
ings with literal sorting. In this section, we will combine and extend both concepts, using the
extractor from Section 3.3 to detect ExactlyOne constraints, then aligning these constraints via
literal sorting prior to reencoding.

As mentioned before, the Direct encoding for ExactlyOne constraints does not use auxiliary
variables and therefore does not allow reasoning over groups of variables. Other ExactlyOne
encodings, such as the Sequential Counter encoding and the Order encoding include such aux-
iliary variables. The Order encoding has been shown to improve solver performance on various
problems [37, 44, 87, 105], and the CSP solver Sugar employs the Order encoding [104]. The
wide-ranging success of these encodings makes them good targets for reencoding.

For our reencoding technique, we will first detect and XLCs and perform variable elimination
to remove clashing pairs of ULCs. Then, we will replace an XLC clause (¢, V - - - V {,.) with the
ExactlyOne variant of the Sequential Counter encoding. The new encoding replaces one clause
by roughly 3 clauses, but any clauses of the form (/; \/Zj) become redundant and may be deleted
if present.

We can take the reencoding one step further and transform the Sequential Counter encoding
into the Order encoding by eliminating the data variables from the formula using variable elim-
ination. This process implicitly maps the s; variables of the Sequential Counter encoding to the
o<; variables of the Order encoding.

4.3.1 Aligning ULCs and XLCs

It is clear from the results in Section 4.2 that sorting literals in a cardinality constraint will im-
pact solving. Common ExactlyOne encodings are non-hierarchical and literal sorting for a single
ExactlyOne may not have much impact. That said, literal sorting applied to multiple ExactlyOne
constraints simultaneously in a way that preserves relationships between literals across con-
straints can have a large impact. We will call the literal sorting of multiple constraints simul-
taneously alignment. ULCs and proper XLCs are aligned using the same procedure, so in the
remainder of this section we will refer only to XLCs.
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Figure 4.5: Unaligned and aligned ULCs for graph coloring a four clique x, y, z, w with four
colors. The > circles represent auxiliary variables from the sequential counter encodings for
each node. The bright green > circles are set t rue, meaning a given node must select a color
from the right of the > circle. In the unaligned set of ULCs, there is a possible coloring from
the last three colors of each ULC, shown by the coloring on the graph to the left. In the aligned
ULC:s, there is no possible coloring when the auxiliary variables are set.
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Consider the graph-coloring problem in Figure 4.5 with four colors (r, b, g, p). The graph
contains a 4-clique among the vertices x,y, z, w, and additional nodes and edges that are
not shown. Assume the variables n¢ are t rue if node n has color c. The direct encoding
contains the ULCs (2" V ...V aP), (y" V...V yP), (2" V...V 2P), (w" V...V wP). The
variables z* denote that vertex z has color i.

The sequential counter auxiliary variables are denoted by the > nodes, and the auxiliary
variable is t rue for a node x when the color of z is not selected from the colors to the left
of the auxiliary variable. If the first auxiliary variable for each of z, y, z, and w are set to
true, that would mean each of these nodes have three remaining colors to select from. If
the XLCs are aligned (shown on the right of Figure 4.5), then indeed the four-clique cannot
be colored with only blue, green, and purple leading to a contradiction. This would allow the
solver to learn a clause stating that at least one of the nodes selects the first color (red).

The XLCs may be unaligned, meaning the colors of variables between XLCs do not line up
by column. So, even if each node has three colors to choose from, since the colors are out
of order it is possible to find a coloring on the four clique, shown in the graph of Figure 4.5.
Therefore, you cannot learn the short clause stating at least one of the nodes selects their first
color.

Next, we provide a set of definitions that make the concept of alignment more concrete. Let
F be a formula whose XLCs are {C,...,C,,}. We say that F is aligned if for every pair of
binary clauses (@ V b), (¢ V d) € F with a,c € C; and b,d € Cj, it holds that literal a occurs
before c in Cj if and only if b occurs before d in C;.

A formula is independent if it is trivially aligned, that is, it does not contain any binary
clauses sharing variables from different XLCs. If a formula is not independent and there exists a
permutation of the literals in its XLCs such that it becomes aligned the formula is alignable, and
otherwise the formula is unalignable.

These definitions are somewhat arbitrary; we could instead consider all clauses that share
literals from different XLLCs and not only binary clauses. Also, we could have gradations of
alignability instead of an all-or-nothing classification. However, the experimental results suggest
that alignment on binary clauses, as well as our crude classification scheme, do well to separate
problems for which alignment and reencoding can improve performance.

Alignment Algorithm

To tackle the alignment problem, we must sort literals in all XLCs simultaneously. This allows us
to create encodings that introduce auxiliary variables with meanings that are aligned amongst the
various constraints so that a solver can more effectively reason abstractly over multiple encodings
at once.

The alignment procedure makes use of a graph V' IG,, , which is the standard variable inci-

.. . . -/ - . .

dence graph containing binary clauses except that a binary clause (¢ V ¢) € T is only included
in VIG,, if ¢ and ¢ occur in distinct XLCs. Next, The literals within XLCs are sorted by vari-

bin
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able ID (the natural ordering) to avoid noise from clause shuffling or preprocessing. XLCs are

processed in order based on size, from largest to smallest. For each C' € X LC's and for each
teC:

* If /is in an alignment set, continue.

* Otherwise, ¢ is placed in a new alignment set. This set is labelled by a counter that tracks
the total number of sets.

* All literals in the connected component of VV/(,, containing ¢ are also placed in the same
set as /. If any of these literals also occurs in (', the problem is marked as unalignable.

Once all XLCs are processed, each literal will be in an alignment set with labelled by the set’s
counter and the clauses are sorted based on these label values. No two literals from the same
XLC will be in the same alignment set unless the problem is unalignable. If the problem, is
unalignable, we sort XLCs lexicographically by alignment set then variable ID. If there are no
edges in VIG,, , the entire procedure can be bypassed since it will result in the natural ordering

by variable IDs.

Consider the following formula:
Cl 2 (I‘l \/272\/113'3) /\CQ 3 ([L’4\/$5\/1’6) N (Tl \/Tﬁ)/\ (fg \/f4) AT

Assume C and C5 are the only XLCs in the formula and that I' does not contain any binary
clauses having negated literals from C'; and C5. The first step is placing literals in alignment
sets. We consider the literals from (' in natural order. First x; is placed in alignment set 1,
then x4 is placed in the same set because of the binary clause (Z; V Zg). Next, x5 is placed
in a new alignment set 2, along with 4. Then, x5 is placed in a new alignment set 3. All
literals in C'; have been placed in alignment sets and so Cy can be sorted as (77 V x5 V 3).
When (5 is processed, both x4 and z4 are skipped because they already appear in alignment
sets. x5 is placed in a new alignment set 5, and the clause is sorted as (x¢ V x4 V x5). If the
binary clause (T V T5) was added to I, the formula becomes unalignable because x4 and x5
would both be placed in the alignment set 2.

The graph VIG,,, is never constructed explicitly in the implementation; instead, it suffices
to process binary clauses lazily using an occurrence list. Each binary clause is still processed
at most once: after a binary clause is processed both literals will be placed in an alignment set
so if one of the literals appears in a XLC that has yet to be aligned it will be skipped during its
turn in the algorithm. There are multiple possible alignments for a set of alignable XLCs. For
instance, in Example 4.8, {5 can be placed at the beginning of 'y and the XLCs would still be
aligned. In general, the alignment sets can be assigned counters in any way, then the sorting will
be performed based on the new ordering of alignment sets.

The alignment procedure will always produce an aligned formula if one exists (i.e., the prob-
lem is alignable). In short, the procedure places all literals within the same connected component
into the same alignment set, and this preserves the definition of alignment.
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4.3.2 Proof Production

In this section, we describe DRAT proof logging for our XLC reencoding framework. Note,
while deletions need not be checked in a refutation, they may be important if the formula is
satisfiable. In several places we apply DRAT deletion steps (e.g., when eliminating variables in
clashing ULCs), and those steps must be logged in order to reconstruct solutions for satisfiable
formulas.

The first step of our method, described in Section 3.3.2, makes the formula clash-free. In the
case that resolution on a pair of clashing ULCs results in a new ULC, the new ULC is added as
a RUP step in the proof; otherwise, no new clauses are added. In either case, the clashing ULCs
are blocked on the clashing literal and are deleted from the formula. Since clauses are sets of
literals, one can shuffle the literals around without any proof logging, so aligning is not explicit
in the proof.

The reencoding consists of four stages for the Sequential Counter encoding and an additional
fifth stage for the Order encoding. We will explain the proof logging procedure for reencoding
ULC:s on a clash-free formula. The procedure for XLCs is similar but somewhat more compli-
cated.

1. Make the ExactlyOne constraint explicit. Before reencoding a ULC (¢, V- - -V £,.), we need
all the binary clauses (¢; V Zj) with 1 < ¢ < j < r to be present in the formula. Each of
the missing ones can be added using blocked clause addition. For ULCs (and not proper
XLCs), we can use the Linear encoding derivation instead of the Pairwise encoding for a
shorter proof.

2. Add the definitions. Next, we add the definitions of the Sequential Counter encoding:
s1 <> fpand s; <> (s;_1V¥;) for 1 < i < r. The clauses corresponding to these definitions
can be added using blocked clause addition by adding them in increasing order of .

3. Express AtMostOne and AtLeastOne. Now, we need to express that exactly one of the
lq, ..., L, literals can be t rue using the new definitions. For the at-most-one part, the
clauses (5,_; V ¢;) are included for 1 < i < r, while for the at-least-one part we add
the clause (s,_1 V £,.). All these clauses are RUP w.r.t. the formula and can be added in
arbitrary order.

4. Remove the original clauses. At this point, we no longer need the original clauses, in-
cluding the added binary clauses, and we remove them. After the prior step, these clauses
become RUP, so deleting them will not introduce additional satisfying assignments.

5. Eliminate the original variables. In case of a transformation to the Order encoding, we
need to apply variable elimination on all the original variables in the direct encoding.
When reencoding ULCs, this step will decrease the number of clauses. However, when
reencoding XLCs, this step could substantially increase the number of clauses.

The main difference between reencoding ULCs and proper XLCs is the need for careful
accounting in the latter case. It may not be allowed to remove some of the original binary
clauses.
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4.3.3 ULC and XLC reencoding in CADICAL

We implement XLC reencoding inside the state-of-the-art solver CADICAL [23]. Reencoding is
performed as preprocessing immediately before entering the CDCL loop. By default, no prepro-
cessing is performed in CADICAL; however, the order of literals within clauses may be changed
by unit propagation during parsing and by propagation during lucky search [94]. We perform
reencoding after lucky search so that trivial problems are still solved quickly.

1. Classify ULCs and XLCs

Perform variable elimination on variables in clashing ULCs

Optionally, align all ULCs and XLCs

Add the Sequential Counter encoding on ULCs and non-clashing XLCs

Remove tautologies and clauses made redundant by the Sequential Counter

A T

Optionally, perform variable elimination on original variables to create the order encoding

The first two steps were described in the section on XLC extraction (see Section 3.3).

In the third step, we optionally align XLCs. Alternatively, the user may specify the natural
or a shuffled ordering for literals within XLCs. The ordering of literals within each XLC will
determine which clauses are generated in the Sequential Counter encoding. Even for independent
formulas we apply the natural ordering because propagations during the parsing and lucky search
can change the ordering of literals within a clause since newly watched literals are swapped to
the front.

Before the fourth step of reencoding we perform several checks. We encode all XLCs of size
5 and up, preventing the reencoding of small XLCs that will have little impact on the formula. If
the clause is an XLC and not a ULC, we must check if the XLC is clashing on a unique literal
with another XLC. If so, we can only encode one of the XL.Cs, and choose to encode the first one
that is seen. Finally, before adding the Sequential Counter encoding, we may first need to add
clauses to the proof to ensure that the sequential encounter encoding can be derived. This is only
necessary if the binary clauses described in Step 1 of Section 4.3.2 do not exist in the formula,
in which case we can add them directly or can add a more compact set of clauses.

In the fourth step, we reencode each XLC by adding the Sequential Counter encoding to
the formula. We generate new variables for the encoding with IDs starting from one plus the
maximum variable ID in the formula. This strategy of adding new variables is not viable in the
incremental setting when new variables may be added through the API between solver calls, but
this limitation can be resolved and is not the focus of this work.

In the fifth step, we remove tautologies and redundant binary clauses. We use a time stamp to
make this procedure efficient by marking the negation of literals occurring together in Sequential
Counter encodings. For example, binary clauses formed of two negated literals from the same
XLC can be removed after encoding the Sequential Counter, and this can be done by checking
if the time stamp of both literals in the binary clause is the same. However, if a literal appears in
multiple XLCs, it will have an updated time stamp. In this case, we must delete the binary clauses
using a lookup table. Further, any binary clause added to the proof before adding the Sequential
Counter encoding is deleted. Finally, we delete all reencoded XLCs from the formula.

In the sixth step, we optionally perform variable elimination on the literals occurring in reen-
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coded ULCs. This will transform the Sequential Counter encoding into the Order encoding.
Variable elimination for all ULCs is done in a single pass over the clauses in the formula by
using a variable substitution mapping. For each clause containing a negated literal from a ULC,
literals in that clause are mapped to their replacements in a new clause, and the old clause is
deleted. Note that some negated literals from ULCs will be replaced by two literals from the
Sequential Counter encoding, and this could turn many binary clauses into clauses of length
three or four, potentially slowing down solver propagations. Then, clauses from the Sequential
Counter encodings that contain ULC literals are deleted. While we perform variable elimina-
tion by hand, it is possible that the solver would have eliminated some or all of these literals in
the bounded variable elimination (BVE) inprocessing steps. On the other hand, the solver may
eliminate auxiliary variables from the Sequential Counter encoding.

All of our clause additions and deletions use the DRAT proof API inside CADICAL. This
uses the extension stack for RAT deletions to reconstruct solutions for the original set of variables
given a solution for the encoded formula. CADICAL supports proof logging in LRAT, and in
future work, we plan to support LRAT proof production.

The reencoding preprocessor is called once before solving and checks every clause in the
formulas for the XLC criteria. In addition, this could be performed as inprocessing [59]. The
solver cannot learn a ULC directly through conflict analysis, because prior to clause learning, the
literals in the learned clause must have been pure and therefore fixed. However, techniques like
subsumption, probing, or variable elimination that remove literals from clauses and delete clauses
may produce ULCs. To detect ULCs in inprocessing, it would suffice to check the occurrence
counts for irredundant clauses. If an irredundant clause meets the ULC criteria, we delete all
redundant clauses containing the literals from the ULC. Then, this clause could be reencoded
as a ULC. Also, the solver could learn binary clauses that allow some other clause to meet the
XLC criteria. We do not implement these inprocessing procedures because the preprocessing
approach already performs well on a wide range of problems containing ULCs and does not
improve performance much on problems containing XLCs.

Table 4.3: Number of formulas reencoded, broken down by alignment type, average preprocess-
ing time, number of formulas taking longer than 20 seconds, the medium number of encoded
XLCs, and the medium of the maximum sizes of encoded XLCs. SBVA is only run on the 1739
formulas for which an XLC was detected.

Reencoded Alignable Ind. Unalign. Avg.(s) > 20s Med. # Med. Max

ULC-clash 891 415 145 331 4 29 760 45
ULC 1014 459 216 339 4 43 760 40
XLC-proper 825 305 187 333 1 9 1001 70
XLC-full 1739 791 294 654 3 49 867 52
SBVA 1616 679 314 623 30 356 - -

64



Table 4.4: Performance of ULC reencoding across different configurations, with a virtual best
solver (VBS) picking the best configuration for each formula. *SBVA uses original problem for
the 123 formulas it does not find a pattern to reencode.

Alignable (459) Independent (216) Unalignable (339)
# Solved PAR2 # Solved PAR2 # Solved PAR2

SAT UNS SAT UNS SAT UNS SAT UNS SAT UNS SAT UNS
Original 118 123 1652 3081 62 90 593 823 122 103 1534 1534
SEQSHUFF 124 122 1237 3066 58 90 1173 899 121 102 1811 1596
SEQNAT 125 137 1109 2088 56 91 1364 825 122 102 1526 1560
SEQALI 127 152 951 1159 56 91 1364 831 122 103 1544 1470
ORDALI 125 155 1149 993 58 89 1225 1011 115 90 2019 2595
SBVA* 122 137 1395 2068 61 91 o616 713 120 107 1687 1108
VBS 137 163 256 513 63 93 301 471 137 112 293 672

4.3.4 Results

In this evaluation we used the 5,355 formulas from the SAT Competition Anniversary Track. For
solving we used a 5,000 second timeout. SBVA was allowed to run for 200 seconds (if it does
not terminate by then) before solving the reencoded formula with CADICAL as in the original
paper [49]. All runtimes include reencoding time.

Extraction with Alignment Classifications

In Table 4.3 we present the extraction results for ULCs and XLCs alongside the formulas’ align-
ment classifications. Of the 1,739 formulas, 1,014 (~ 19%) contained ULCs and 459 (~ 9%) of
those are alignable. These will be the problems for which our reencoding technique yields the
biggest improvements.

We also show the number of formulas for which SBVA finds a pattern to reencode. It is no
surprise that SBVA finds patterns in many of the same formulas that contains XLCs, since XLCs
are often accompanied by sets of binary clauses that constrain the objects between them. We will
see later that while SBVA can extract and reencode some patterns in these formulas, it cannot
perform as well as our XLC extraction and reencoding framework.

ULC Reencoding

The different options for reencoding, each of which performing variable elimination on clashing
ULC:s prior to reencoding, are as follows:

* SEQSHUFF: Literals in each ULC are shuffled then reencoded with the Sequential Counter
encoding.

* SEQNAT: Literals in each ULC are sorted by the natural ordering then reencoded with the
Sequential Counter encoding.
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* SEQALI: Literals in each ULC are aligned then reencoded with the Sequential Counter
encoding.

* ORDALI: Literals in each ULC are aligned then reencoded with the Order encoding.

Table 4.4 presents the solving performance for the various reencoding options on the 1,014
formulas containing at least one ULC of size 5 or larger. Results are broken down by alignment
type and by the satisfiability of the formula. Reencoding is most effective on both satisfiable
and unsatisfiable formulas that are alignable. On the independent and unalignable formulas the
original encoding performs almost as well if not better than the reencoding configurations. This
suggests that the Sequential Counter encoding is not a one-size-fits-all solution but instead should
be applied to certain problems where relationships between constraints can be exploited. Further-
more, the encoding alone is not enough, it requires alignment to achieve superior performance.
SEQSHUFF solves far fewer unsatisfiable formulas than SEQALI on the alignable formulas. In
the previous section we showed that shuffling on AtlLeastK constraints could significantly de-
grade solver performance, but for this application suboptimal reencoding with shuffling still
performs on par with the original encoding and is often not harmful.

The impact of alignment versus shuffling on individual alignable instances can be seen in the
two plots of Figure 4.6. Alignment leads to many more solved unsatisfiable formulas (points on
the y-axis), and in some cases solving times that are thousands of times faster than the original
encoding (points on the x-axis). Many unsatisfiable formulas are solved slightly faster when
comparing the shuffled reencoding to the original encoding, again suggesting that some encoding
is better than no encoding.

Runtime comparison on aligned formulas Runtime comparison on aligned formulas
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Figure 4.6: Sequential Counter encoding on alignable instances: Aligned vs. original (left) and
shuffled vs. original (right).
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Shuffled Benchmarks

Some benchmarks submitted to the SAT competition are shuffled to encourage robust solver de-
velopment. Shuffling may involve reordering clauses, renaming variables, flipping literals, or
reordering literals within a clause. We classified a subset of competition benchmarks as shuf-
fled if the keywords “Shuffled” or “Random”™ appeared in their name. Table 4.5 shows solver
performance on this subset of benchmarks. Alignment has an outsized impact on this set of
benchmarks, solving an additional 18 unsatisfiable formulas. However, benchmarks do not need
to be artificially shuffled for alignment to have an impact. On the full set of alignable benchmarks
SEQALI solves over 30 more instances than the original encoding.

Independent and Unalignable Formulas

Figure 4.7 shows how reencoding on independent or unalignable formulas often does not im-
prove the performance of the solver on unsatisfiable instances, and in some cases, can make
performance worse. Satisfiable instances are generally more fragile, a small perturbation to the
formula could interact with solver heuristics in such a way that it gets lucky and finds a solution
quickly. Note, the alignment procedure is performed before reencoding, so in practice the our
tool can check the alignment type of the formula and forego any reencoding on unalignable and
independent formulas if we believe reencoding may worsen performance.

Order Encoding

We can take the reencoding one step further by replacing the Sequential Counter encoding with
the Order encoding. This process not only adds clauses but replaces all instances of original
variables from the ULCs with the new encoding variables through a sequence of variable elim-
inations. Even if we only add the Sequential Counter encoding, some of these variable elim-
inations may occur during BVE in the solver’s inprocessing stages. However, the solver may
choose to eliminate some of the auxiliary variables from the Sequential Counter instead, making
it impossible to delete the remaining original variables.

Table 4.5: Number solved on alignable formulas with “Shuff” or “Rand” in benchmark name
(satisfiable: 63, unsatisfiable: 76, unknown: 74)

# Solved Avg. PAR2

SAT UNSAT SAT UNSAT
ORIGINAL 62 55 159 3341
SEQSHUFF 63 57 21 3016
SEQNAT 62 58 158 2891
SEQALI 63 72 22 1018
ORDALI 63 73 30 906
SBVA 62 60 158 2458
VBS 63 76 21 566

67



Runtime comparison on independent formulas Runtime comparison on unalignable formulas

. ToSAT TTTT T \\\\:WV\ . TeSAT TTTT Hu;w v‘\v\\\‘u:v
& e UNS E: e UNS ¢ o ¥ ¥
3 . S . 5 ® ‘0’ 30 L
S 10% | joo £ S 10% | ¢ -
g & P, ] g B . ¢
q‘j L | a'j L J “
g I o& 1 é | ' ¢
e

S 10% | ¢ - S 10? | $ !
= § *7 ¢ ] I i * ¢
g o 1P | g | g *
= | S0 e, e o
& 401 i N
- 10 | - 10 1>r o ¢ (4 ¢ ¢
1 1 )
<] ] =] 4[ ¢
20 , .20 [
= ] = ¢/ 0 N

100 Lol Lo Pl Lol [ 100 \#\\\HH‘ Lol Lol [

10° 10! 10? 10° 10° 10! 10? 10?
Original encoding Original encoding

Figure 4.7: Runtime comparison between the aligned Sequential Counter encoding and the orig-
inal encoding on independent formulas (left) and unalignable formulas (right). The cluster of
UNSAT formulas in the top left of the independent plot are the shiftladd formulas mentioned in
Section 4.3.3.

Figure 4.8 shows the comparison between the Sequential Counter encoding and the Order
encoding on aligned formulas. The runtimes for both approaches appear similar with a few
deviations, but the number conflicts from each approach are almost identical. The difference
in runtimes also suggest that when the Sequential Counter encoding is applied, the solver does
not always eliminate the original variables in ULCs and sometimes it is better to keep them.
Furthermore, in Figure 4.9, the runtimes become consistently worse for the Order encoding but
the number of conflicts are mostly identical. So, the Order encoding can produce a similar
number of reasoning steps to solve a problem, but it takes longer. One cause of this might be
that the Order encoding replaces many binary clauses containing original variables with ternary
clauses containing order variables, and the ternary clauses take longer to propagate.

Comparison with Structured Bounded Variable Addition

Figure 4.10 shows a comparison between our best approach and SBVA. The Sequential Counter
encoding with alignment can solve dozens of alignable formulas that SBVA cannot solve, sug-
gesting that they reencode the formulas differently. The Sequential Counter reencoding also
improves performance on many satisfiable problems, showing that alignment can improve per-
formance across the board. On unalignable and independent formulas, the results are mixed,
where several formulas are solved faster with SBVA. Note, SBVA may find patterns that share
no correspondence to ULCs, and for these cases it is possible to run ULC reencoding then SBVA
on the reencoded formula.
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Figure 4.8: A comparison in runtime (left) and the number of conflicts (right) between the
Sequential Counter encoding and the order encoding on alignable formulas with ULCs.
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Figure 4.9: A comparison in runtime (left) and the number of conflicts (right) between the
Sequential Counter encoding and the order encoding on unalignable and independent formulas
with ULCs.

XLC Reencoding

Table 4.6 and Figure 4.11 show the performance of Sequential Counter encoding on formulas
containing proper XLCs. For this set of formulas, reencoding improves unsatisfiable instances
but harms satisfiable instances. This is consistent with the results for AtMostOne reencodings.
Proper XLCs contain the full Pairwise encoding and reencoding them using auxiliary variables
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Figure 4.10: A runtime comparison between aligned Sequential Counter encoding and SBVA on
alignable formulas (left) and unalignable and independent formulas (right). The runtime includes
the reencoding time. Formulas for which SBVA does not perform reencoding are filtered out.

can be detrimental in the satisfiable case. The impact is also less pronounced on this set of
alignable formulas than it was for alignable formulas containing only ULCs. For these formulas,
it appears that having any explicit ExactlyOne encoding whether it be Direct or the Sequential
Counter is enough to improve performance. For the independent and unalignable formulas there
is an improvement on unsatisfiable formulas when using reencoding. Again, this translates to the
AtMostOne reencoding work where a replacement of the Pairwise encoding with an encoding
containing auxiliary variables can be beneficial for unsatisfiable formulas.

Benefited Benchmark Families

In this section we take a closer look at alignable benchmark families where reencoding provided
significant benefits.

* Pigeonhole Pigeonhole formulas try to put n pigeons into m holes and consist of many
ULC:s (every pigeon must be in one hole). This problem is provably hard for resolution and

Table 4.6: Performance of XLC reencoding

Alignable (305) Independent (187) Unalignable (333)
# Solved PAR2 # Solved PAR2 # Solved PAR2

SAT UNS SAT UNS SAT UNS SAT UNS SAT UNS SAT UNS
Original 119 132 318 723 102 47 644 1461 144 135 263 471
XLC 118 134 397 525 100 48 762 936 143 138 343 229
VBS 120 135 207 433 105 49 270 783 145 138 155 206
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Figure 4.11: Performance comparison between the Sequential Counter and the original encoding
on formulas with at least one proper XLC. Left, the alignable formulas and right, the unalignable
and independent formulas.

will always have exponential growth for resolution-based learning, but the better encodings
for can significantly improve the runtime on smaller instances. For example, consider the
formula php-018-014.shuffled, ashuffled formula that tries to put 18 pigeons in 14
holes. SBVA times out whereas alignment and reencoding leads to a 192 second runtime.
Similar speed ups were found in related families, such as relativized pigeonhole formulas.

* Graph Coloring Another family is graph coloring, also having many ULCs (every vertex
has one color). Our method works remarkably well on this class of problems. For example,
our method solved queenl4_14.col.14[55]in9 seconds and 1e450_15b.col.15
in 28 seconds, while SBVA and original encoding timed out on both.

* FPGA-routing These formulas are Field-Programmable Gate Arrays routing constraints
encoded as large SAT problems, in which satisfying assignments correspond to feasible
routing solutions. The ULCs in these formulas encode connectivity constraints to ensure
the existence of a conductive path for each two-pin connection [80]. Reencoding ULCs
shows significant performance improvement on almost all such formulas. For example,
homerl9.shuffled timed out with original encoding and took SBVA 75 seconds, but
with our method it was solved in 2 seconds.

* Petri Net Concurrency Petri nets are a model for concurrent computation that uses places
and transitions [26]. Each formula represents whether there exists a valid partitioning of the
Petri net’s places into distinct subsets (units) respecting a given concurrency relation. The
ULC:s in these formulas encode that every place belongs to a unit. Our method dramatically
improved solver performance on these formulas. For example,
v1sat2.30744.3925645.dimacs[14], a formula that timed out with both the original
encoding and SBVA, was solved by our method in 177 seconds.
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We also noticed that the majority of unalignable formulas belong to the Graph/Subgraph
Isomorphism family. These formulas consider two random graphs and the question of whether
one is a subgraph of the other. This is encoded by searching for a permutation of one of the
graphs such that they overlap [9]. The formula contains many unalignable ULCs encoding the
permutations.

4.4 Remarks on Encodings

In this chapter, we presented three ways of (re)encoding cardinality constraints. First, we showed
that simply reencoding Pairwise AtMostOnes into Linear AtMostOnes could improve perfor-
mance on many unsatisfiable problems while potentially lowering performance on satisfiable
problems. Second, we presented several techniques for sorting literals within AtLeastK con-
straints, finding that a good literal ordering is more important than the choice of AtLeastK encod-
ing for improving performance. Third, we devised a technique for reencoding ExactlyOne con-
straints, and we showed that the alignment of sets of constraints prior to encoding was crucial for
enhancing solver performance. Each of these studies looked at the importance of auxiliary vari-
ables in encodings from different perspectives, first as a simple reencoding in AtMostOnes, then
as sorting within a single AtLeastK, and finally as the relationship between sets of ExactlyOnes.
In each case, encodings could be improved with our automated techniques.

It would be difficult for users to come up with these encodings by hand. Indeed, in some cases
the best encodings are hidden behind complex relationships between variables and constraints.
Using KNF allows us to move these encoding questions out of the user’s hands and into the
solver. We can let our automated tools find the best encodings, instead of hoping we can extract
and reencode a user’s suboptimal encoding.

The next steps for improving cardinality constraint encodings are to combine the ideas of the
three projects into a unified framework. We know that literal sorting within a single AtLeastK
is important, and that alignment between multiple ExactlyOnes is crucial. Next, we can ex-
plore how to align multiple AtLeastK constraints within a formula. This would likely require a
new type of encoding that could represent hierarchical relationships between groups of variables
across AtlLeastKs.
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Chapter 5

Solving

There are several ways to solve a problem presented in KNF or some similar cardinality-based
format. One of the most effective approaches, described in the previous chapter, is to use clausal
encodings then a SAT solver. Clausal encodings are not one-size-fits-all and some problems
require a stronger proof system for efficient solving; but, a typical tradeoff with cutting planes
reasoning is that solver performance degrades on many problems that CDCL is generally good
at. A minimally obstructive extension to standard CDCL is the addition of native cardinality
constraint propagation. Several solvers have implemented native cardinality constraint propaga-
tion [70, 112], and these tools have excelled on satisfiable formulas. Unfortunately, these imple-
mentations came before the development of modern inprocessing techniques, did not account for
proof generation, and were targeted at a small set of crafted instances.

We revisit native cardinality constraint propagation in the context of the modern CDCL
ecosystem. Native propagation can be seamlessly incorporated into a CDCL solver with small
changes to the clausal propagation algorithm, and the most used inprocessing techniques can be
supported with minor modifications. We will describe our implementation of native propagation
within the state-of-the-art solver CADICAL, discussing the main changes to the watched-literal
data structures and analysis algorithm, as well as updates to the local search algorithm to provide
cardinality constraint support. In addition, we will describe how native propagation can produce
proofs in the DRAT proof format.

Our work on encodings showed that group reasoning made available through encodings is
crucial for solving unsatisfiable problems. One benefit of KNF is that we can decide whether
to encode constraints or propagate natively. We show that a hybrid configuration switching be-
tween native propagation and clausal encodings can help alleviate the performance gap between
satisfiable and unsatisfiable instances.

The combination of native propagation and encoding highlights the versatility of the KNF
input format. It will allow a user to solve very large problem with cardinality constraints that
could not feasibly be encoded lest the formula become too large for a modern solver. How-
ever, our thesis also stresses usability, and providing native propagation as another option during
solving would add yet another choice that a user must make. Thus, we developed our hybrid
configuration to relieve this burden and make decisions about propagation and encoding within
the solver.
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5.1 Native Cardinality Constraint Propagation

Joseph E. Reeves, Marijn J. H. Heule, and Randal E. Bryant. From Clauses to Klauses. In
Computer Aided Verification (CAV). (2024). [91]

In this section, we describe cardinality-CDCL (CCDCL), an extension of CDCL with propa-
gation on cardinality constraints. For problems with many large cardinality constraints, handling
them natively will significantly reduce the size of the formula and increase the speed at which
cardinality constraints propagate.

K1:x1+x2+x3+f4+x523 01:331+332+333+f4+$521

The partial assignment ; = 1 2o = 0 forces the extension x3 = x5 = 1 x4, = 0 for K; to be
satisfied. The partial assignment z4, = 1 z; = x5 = x3 = 0 forces the extension x5 = 1 for
(1 to be satisfied. K can propagate at most 3 literals, whereas C; can propagate at most 1
literal.

Example 5.1 shows the added propagation power of cardinality constraints over clauses, not
to mention the many auxiliary variables that must be propagated in a clausal encoding. Cardinal-
ity constraints can be handled natively with minimal changes to a CDCL solver, and no changes
to the proof system.

CCDCL incurs a few tradeoffs. Some inprocessing techniques need to be restricted or dis-
abled, and the propagation and conflict analysis algorithms become more complicated. More
importantly, the auxiliary variables in clausal encodings may be important for learning useful
clauses. These limitations are discussed further in the experimental evaluation.

5.1.1 Native Propagation in CADICAL

K: |l - lpyq|lgso - 4, C: |t ly| by -+ 4,
7 T T 7
wy -+ Wil Wy Wo

Figure 5.1: cardinality constraint (left) of the form ¢; + --- + ¢, > k and clause (right) of the
form ¢y +- - -+ ¢, > 1, with watch pointers for the first £+ 1 literals in the cardinality constraint.

A cardinality constraint requires more watch pointers (k + 1) than a clause (Figure 5.1), since
r — k literals must be falsified in order to propagate the cardinality constraint [70]. The invariant
on a non-conflicting cardinality constraint is that at least k£ watched literals are either unassigned
or satisfied. If this is not the case, then at least  — (k + 1) literals are falsified and therefore the
cardinality constraint is falsified.

Propagation on clauses is unchanged. For a cardinality constraint, assuming the watch pointer
in question is w; for assigned literal /;, we have the three following cases:
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1. If there exists an unassigned or satisfied literal starting from ;. o, it is swapped with ¢;,
then w); is released and a new watch is created for the swapped literal.

2. If no such literal exists, the watched literals /1, ..., ¢, (not including ¢;) are assigned to
true, and their reason is all of the literals ¢;, ()0, . . ., {, that are falsified.

3. If any of the would-be propagated literals are already falsified, then there is a conflict and
the propagation algorithm exits and conflict analysis begins. The conflict clause contains
the reason literals, ¢;, and the first falsified watched literal other than ¢;.

In the case of propagation with no conflict, it could be that some or all of the watched literals
are already satisfied. There is no guarantee that £ unassigned literals will be propagated, and
often in practice only some of the watched literals are unassigned at the time of propagation. In
the case of a conflict, if there are multiple falsified watched literals other than ¢; we only need to
pick one to add to the conflict clause. Instead of selecting the first falsified watched literal, one
could evaluate the effect of each literal on the size of the learned clause or compare the depth
each of the falsified watched literals were assigned at.

Conflict analysis works the same as in CDCL, where the implication graph is traversed back-
wards from the conflict clause to the first unique implication point in order to produce a learned
clause. An implication graph is a data structure capturing the ordering and dependencies of de-
cided or propagated literals, where each node is a literal assigned to t rue and incoming edges
to a node are the falsified reason literals from the constraint that caused the propagation. Intu-
itively, the clauses learned by CDCL are RUP because they represent a cut in the implication
graph, from which unit propagation will derive a conflict. It is similar for CCDCL. Consider
a literal propagated by a cardinality constraint. In the implication graph, the reason for the lit-
eral is exactly the literals that propagated the cardinality constraint. Since important properties
of the implication graph are unchanged, clause minimization can be applied to learned clauses.
We have not considered the effect of cardinality constraints on chronological backtracking, and
therefore only allow backjumping.

5.1.2 Local Search with Cardinality Constraints

CADICAL uses Stochastic Local Search (SLS) for phase saving [23], based on the SLS solver
ProbSAT [13]. The algorithm starts by generating a random assignment. It then randomly selects
a falsified constraint and uses a heuristic to select a literal from that constraint to flip, thereby
satisfying the constraint.

To adapt the ProbSAT algorithm to cardinality constraints we need to modify the heuristic
for selecting a literal within a falsified constraint. The original heuristic is based on the break
value of literals. The break value of a literal is the number of constraints that were satisfied with
the current assignment and will be falsified if the literal is flipped. This heuristic is problematic
for cardinality constraints since flipping a single literal may not satisfy or falsify a cardinality
constraint but will still affect how close it is to being satisfied or falsified. Given a cardinality
constraint with r literals, s satisfied literals and bound k, we consider three ways to compute the
break value for cardinality constraints.

Linear: k — s
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Multiplicative : (k —s) x r
Quadratic : (k — s)?

Thei break count is only computed for cardinality constraints that are falsified after flipping a
literal within the constraint from t rue to false. A more thorough local search algorithm could
account for satisfied cardinality constraints or cardinality constraints that become less falsified.
However, since the SLS algorithm in CADICAL is used for phase-saving it is only run for a short
period of time and is not meant to be a robust standalone SLS solver.

Consider the following KNF formula:

(T1+To+ax3+x4 >2) N (T1 + 22+ 23+ Ty + 25 > 3) A (22 V 3)

Given the assignment 1 = x5 = 1, x9 = x4 = x5 = 0, The break value for literal x3 on
the first cardinality constraint is 1 (linear), 4 (multiplicative), or 1 (quadratic), for the second
cardinality constraint is 2 (linear), 10 (multiplicative), or 4 (quadratic), and for the clause is
1.

Example 5.2 shows that the multiplicative and quadratic break values deter a flip that over
falsifies a cardinality constraint. This is especially pronounced for AtMostOne constraints, since
the bound is r — 1.

In addition to break value, we may want to update the heuristics for picking a falsified con-
straint. We support three options:

1. Pick randomly from the set of falsified clauses, and if all clauses are satisfied pick a falsified
cardinality constraint.

2. Pick randomly from the set of falsified cardinality constraints, and if all cardinality con-
straints are satisfied pick a falsified clause.

3. Pick a falsified clause or cardinality constraint at random.

These options will determine if the algorithm focuses on satisfying clauses or cardinality
constraints.

In our implementation we support each option described above, and the default configuration
uses linear weighted break values and random selection from the set of both clauses and cardi-
nality constraints. The other configurations may be more valuable for problems containing many
large AtLeastK constraints.

5.1.3 In-processing Techniques and Native Propagation

To support a selection of the most important inprocessing techniques, we split the constraint
database into clauses (k = 1) and cardinality constraints (k > 1). When one clause is a subset of
another clause it can subsume (or replace) the other clause. This operation can be performed on
all clauses, without considering cardinality constraints. We allow bounded variable elimination
(BVE) [39] on all variables not occurring in cardinality constraints. Variables in cardinality
constraints are frozen [40] so they are not selected as candidates for BVE. Variable elimination
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relies on resolving the clauses containing a variable with themselves. This would not work
with cardinality constraints since we provide no corresponding inference rule for cardinality
resolution. We allow vivification [68] on all clauses. During the vivification procedure, the
literals in a clause are falsified and propagated. If a conflict is derived, conflict analysis is used
to strengthen the clause. We enable propagation on cardinality constraints during vivification.

There are additional inprocessing techniques that we plan to include in the future but are
less important than the implemented techniques. One of the candidate techniques is Equivalent
Literal Substitution (ELS). While we do not allow duplicate literals in a cardinality constraint,
ELS could be performed by adding clauses for literal equivalence, then substituting literals in all
clauses but not in cardinality constraints.

5.1.4 KNF Solving Configurations

CCDCL is our solving configuration that takes as input a formula in KNF and solves the for-
mula with native propagation on cardinality constraints. The solver enables the inprocessing
techniques described above, using the linear break values for SLS.

REENCODE is our baseline comparison for clausal encodings. It first encodes the cardinal-
ity constraints into clauses before applying standard CDCL. This uses the Linear encoding for
AtMostOnes and Sequential Counter encodings for AtLeastKs.

HYBRID a CCDCL solver that takes as input a formula in KNF as well as the clausal encodings
of all cardinality constraints from the KNF. The clausal encodings are kept throughout solving
as if they were irredundant clauses from the original formula. The solver uses the internal mode
switching heuristics to determine when native propagation is enabled. In SAT mode, cardinal-
ity constraints are watched and propagated, and in UNSAT mode, cardinality constraints are
ignored. Since the clausal encodings are included, it is safe to forego native propagation on car-
dinality constraints. When cardinality constraints are watched they can potentially speed up the
propagation algorithm and ignore auxiliary variables, helping the solver find solutions quickly
for satisfiable instances. When cardinality constraints are unwatched, the solver has direct ac-
cess to auxiliary variables from the encodings, benefitting unsatisfiable instances. In general, the
solver moves back and forth between SAT and UNSAT modes with increasing limits and will
spend roughly half of its time in either mode.

The three different solving configurations highlight the flexibility provided by the KNF for-
mat. In some cases, a smaller representation and fast propagation on cardinality constraints is
beneficial. In other cases, encoding cardinality constraints introducing auxiliary variables can
lead to a much shorter proof. And a combination of the two approaches may work best for
unknown problems.

5.1.5 Proof Production

The three solving configurations and along with their proof-producing capabilities are shown in
Figure 5.2. Currently, proofs generated by the KNF solver are checked against an arc-consistent
encoded CNF using a standard DRAT checker. To increase trust, one can use a formally verified
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REENCODE . .
Derivation
» Encoder CNF= CDCL
Encoder* \
CCDCL Y
DRAT
KNF » CCDCL > Proof
Checker
HYBRID Derivation / \
> Encoder CNF= CCDCL

Figure 5.2: Three configurations for solving a KNF formula with DRAT proof production. En-
coder* uses fresh variables and not those introduced by the solvers’ encoders.

KNF to CNF encoder [33]. Alternatively, one could verify the transformation from KNF to CNF
with a PB checker [48]. It would also be possible to export PB proofs from the solvers and user
a PB checker like VeriPB, or to modify a DRAT checker to accept and propagate natively on
cardinality constraints.

Satisfying assignments are easy to verify by checking that each constraint in the KNF is
satisfied. For configurations where cardinality constraints are reencoded, the new clauses may
contain auxiliary variables not appearing in the original KNF formula. These variables can sim-
ply be removed from the satisfying assignment produced by the solver.

Native Propagation

For configurations that propagate natively on cardinality constraints, the clauses learned by the
solvers are RUP with respect to an arc-consistent clausal encoding of the cardinality constraints.
To see this, consider when a propagation on a cardinality constraint with r literals and bound &
occurs — exactly when r — £ literals are assigned to t rue— and this will propagate the remaining
literals to false for both the native propagation and an arc-consistent clausal encoding. This
means that the speedups in propagation within the solver will be unwound in the proof checker,
since the RUP check will need to trace the cardinality constraint’s propagation over its encoded
clauses. This is often not a problem since native propagation is most useful on satisfiable formu-
las which do not require proof checking.

78



Encoding

For configurations that make use of an encoder, we must generate a derivation of the encoded
constraints proving they are redundant and can be added to the original KNF formula. To derive
the Pairwise encoding, we add the clauses from the encoding to the formula. Each binary clause
is RUP since assigning two literals in the constraint to true must propagate a conflict. The
derivation of the Linear encoding is similar to its clausal encoding, with an additional clause
for each auxiliary variable:

Deriv({y, ..., 0ls) = Pairwise({1, (o, l3,y), ({1 V la V €3V y), Deriv(y, Uy, . . ., ) 5.1

The Linear derivation makes use of RAT proof steps since new auxiliary variables are being added
to the formula. Then, the proof produced by the solver with the encoded clauses is appended to
the derivation, and this serves as a complete proof for the KNF formula.

Extraction

The proof checking procedure looks very similar when starting from a CNF formula and us-
ing AtMostOne extraction to produce a KNF formula. The original CNF is passed to the proof
checker instead of an encoded version of the KNF. As long as the extracted cardinality con-
straints were originally encoded with an arc-consistent encoding, the clauses produced by native
propagation will be RUP for the reasons stated above.

It is possible that some variables from the original formula are removed when generating the
KNF formula since certain extracted constraints use auxiliary variables that will not appear in
the corresponding cardinality constraint. Every partial assignment that satisfies a cardinality con-
straint must be extendable to an assignment that satisfies the clausal encoding of the constraint.
So, calling a secondary solver on the original CNF formula under the partial assignment given
for the extracted KNF will produce a satisfying assignment that includes the auxiliary variables.

5.1.6 Results

We implemented the CCDCL algorithm on top of the award winning CDCL solver CADI-
CAL [20]. The base CADICAL is run with all default inprocessing enabled, in contrast with
the CCDCL-based approaches that disable some reasoning techniques. Converting the KNF for-
mulas to the pseudo-Boolean input format OPB format is purely syntactical. As such, we are
able to run both ROUNDINGS AT [42] and SAT4J [19] (with cutting planes enabled). These two
solvers provide a baseline for comparing stronger reasoning techniques against our resolution-
based CDCL solvers. For this evaluation we used a 5,000 second timeout. We run the following
KNF solving configurations:

* REENCODE : run CADICAL on reencoded CNF formula.
* CCDCL : run CCDCL on the KNF formula.

* HYBRID : run CCDCL on the KNF formula plus the clausal encodings of cardinality
constraints.

* ROUNDINGSAT : run ROUNDINGS AT on the KNF formula converted to OPB.

79



Table 5.1: Top are the 1,946 (847 SAT, 716 UNSAT) formulas with at least one AtMostOne
cardinality constraint of at least size 5, bottom are the 933 (405 SAT, 345 UNSAT) formulas with
at least 10 AtMostOne cardinality constraints of at least size 10. Average PAR 2 is shown for
SAT, UNSAT, and the combination thereof.

Configuration # Solved PAR2
SAT UNSAT SAT UNSAT Combined

At least one constraint of size 5

CAaDICAL 790 619 932 1850 1353
CCDCL 789 593 953 2292 1567
HYBRID 795 585 898 2427 1598
REENCODE 787 636 966 1561 1238
ROUNDINGSAT 647 475 2592 3823 3156
SAT47J 373 240 5677 6721 6155
At least 10 constraints of size 10
CADICAL 373 269 1063 2824 1873
CCDCL 380 254 929 3316 2027
HYBRID 377 262 1018 3104 1977
REENCODE 372 282 1108 2297 1655
ROUNDINGSAT 294 185 2976 4924 3872
SAT4] 166 103 5954 7065 6465

* SAT4J : run SAT4J with combined cutting planes and resolution on the KNF formula
converted to OPB.

Sat Competition Extracted KNFs

In this section, we present a comparison of our KNF solving techniques on the formulas from
the SAT Competition Anniversary Track after applying our AtMostOne extraction tool. Only
solver runtimes are reported. We do not include the extraction time or translation time because
we intend to compare solvers as if a user had generated the input formula in KNF. From our
experience, when a user has a CNF formula generator, it is simple to modify the generator to
output both KNF or OPB formulas. In addition to the KNF solving techniques, we include the
baseline solver CADICAL run on the original CNF formula.

We present two sets of formulas in Table 5.1. The first set contains all formulas with at
least one cardinality of size 5, but the impact of KNF solving on small cardinality constraints is
vanishing. So, we also show results for the restricted set with at least 10 cardinality constraints of
at least size 10. It is expected that a reencoding approach or native cardinality propagation would
work better on problems with many large cardinality constraints, where the difference between
encodings or propagation is more pronounced.

At a high-level, the table shows the separation of our three cardinality-based configurations
from the default CDCL and PB solvers. For each of the PAR2 scores, a cardinality-based config-
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Figure 5.3: Comparison between HYBRID and other KNF solver configurations on the 933 for-
mulas with at least 10 extracted constraints of size 10 or more. The size of a mark is propor-
tional to the number of extracted constraints of size 10 or more, i.e., formulas with many large
AtMostOne constraints have large marks.
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uration has the best result. While there are some crafted instances in the formula set that SAT4J
and ROUNDINGSAT can solve instantly, neither solver performs well over all formulas. The
PB solvers are more suited for special cases where formulas contain many AtLeastK cardinality
constraints.

REENCODE performs best for unsatisfiable formulas but does not perform as well as CAD-
ICAL on satisfiable formulas. These results were described in Section 4.1. CCDCL and HY-
BRID solve the most satisfiable formulas. The native propagation is more effective when the
formula contains larger cardinality constraints, seen in the larger difference in PAR2 score be-
tween CADICAL and CCDCL in the bottom set of the table. Of course, for a much larger
AtMostOne constraint native propagation can potentially propagate all but one of the literals in
the constraint in a single step, whereas propagation on a clausal encoding would need to work
through several layers of auxiliary variables. HYBRID solves many more unsatisfiable formulas
than CCDCL on the second formula set, showing the possible benefit of a configuration that
targets both satisfiable and unsatisfiable formulas with many cardinality constraints.

The top plot in Figure 5.3 shows the tradeoff between native propagation and encodings.
HYBRID implements mode-switching that trades approximately half the time between the native
propagation and clausal encodings, leading to a slow down on average for solving unsatisfiable
formulas. This is made clear by the many unsatisfiable instances falling around the 2x’s line in
the scatter plot. On the other hand, HYBRID is able to solve the satisfiable instances with many
cardinality constraints much faster due to the native propagation. The bottom plot in Figure 5.3
shows that HYBRID can make drastic improvements for a small set of unsatisfiable instances
compared with CCDCL but incurs the a times cost on most of the formulas. This is especially
pronounced for hard formulas taking over 500 seconds to solve.

Figure 5.4 shows the KNF solving techniques using native propagation compared against the
baseline CADICAL. In general, native propagation will help solve satisfiable instances faster,
and this is true for both CCDCL and HYBRID. The encodings in HYBRID allow it to solve
several unsatisfiable instances that CADICAL cannot, and this almost never occurs for CCDCL.

Our heuristic-based extraction only works for AtMostOne constraints, so any AtLeastK car-
dinality constraints were missed. If the problems were first encoded in KNF and contained
AtleastK cardinality constraints, we expect the results to improve significantly. We explore this
possibility in the following section with two problems encoded directly in KNF.

Magic Squares and Max Squares

In this section, we consider both the Magic Squares and Max Squares problems. These problems
demonstrate the effectiveness of native propagation on satisfiable formulas with general cardi-
nality constraints, as well as the importance of good encodings for unsatisfiable formulas. Both
problems were generated in KNF.

The Magic Squares problem asks whether the integers from 1 to n? can be placed on an
n X n grid such that the sum of integers in each row, column, and diagonal all have the same
value (a.k.a. the magic number M) see Table 5.5. Problem variables denote the integer value of
a cell. We add a unary encoding of values such that the pop count of these encoded values in a
row, column, or diagonal is the corresponding sum. We use the following constraints: (a) ALO
constraints stating each cell is assigned to a value, (b) AMO constraints stating no two nodes
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Figure 5.5: Left a magic square (n = 5) and right an optimal solution of a max square (n = 10,
m = 61).

Table 5.2: Solving times for Magic Squares (top) and Max Squares (bottom), timeout of 5,000 s.

Magic Squares

Configuration n
5 6 7 8 9 10 11 12
CCDCL 0.18 1.42 6.56 12.01 46.37 460.82 164.61 766.07
HYBRID 254 37.04 107097 887.71 - - - -
REENCODE 58.75 246.55 1099.65 4487.79 - - - -
ROUNDINGS AT 3.88 8.24 441 264.83 63146 4212.7 1150.16 -
SAT4) 0.78 8.3 5.31 2345 1799 958.56 24794 3177.64

Max Squares

SAT (n,m) UNSAT (n,m)
(7,32) 8,41) (9,51) (10,61) (7,33) (8,42) (9,52) (10,62)
CCDCL 0.12 15.01 539.88 660.25 217.62 - - —
HYBRID 0.02 0.92 17.0 101.42 1.07 1.27 58.53 -
REENCODE 0.01 0.62 57.83 24.33 0.18 0.72 22.82 -
ROUNDINGSAT 0.06 1582.62 - - 2.31 1046.83 - -
SAT4] 5.75 - - - 2624 - - -

can have the same value, (c) cardinality constraints stating the sum of each row, column, and
diagonal is at least M, (d) cardinality constraints stating the difference between the total n x n
and the sum of each row, column, and diagonal is at least the total n x n — M.

When encoding the problem with the correct magic number, it is satisfiable for any n xn grid.
Table 5.2 shows the solving times on the Magic Squares formulas of increasing size. CCDCL
significantly outperforms the other solvers, finding satisfying assignments for large values of n.
Only the PB solvers SAT4J and ROUNDINGS AT get close to the performance of CCDCL. This
shows that for some crafted instances with many cardinality constraints; improved propagation
alone can perform better than a stronger reasoning system like cutting planes. Still, the addition
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of encoded constraints in REENCODE and HYBRID can significantly worsen the performance.
The mode-switching of HYBRID gives it a slight edge over REENCODE.

The Max Squares problem [113] asks whether you can set m cells to true in an n x n grid
such that no set of four true cells form the corners of a square. There exists an optimal value
opt for each grid such that the Max Squares problem on opt is satisfiable and on opt + 1 is
unsatisfiable. Problem variables denote whether a cell is in the solution. We use the following
constraints: (a) clauses with 4 literals blocking the 4 corners of each possible square in the grid,
(b) a cardinality constraint stating at least m cells are set to true.

The results in Figure 5.2 show the solving times on several configurations with satisfiable
formulas (m = opt) and unsatisfiable formulas (m = opt + 1). For these formulas, both native
propagation and PB reasoning are ineffective. The two configurations with encoded constraints,
REENCODE and HYBRID are able to solve much larger unsatisfiable formulas. This problem is
unique in that it contains one large cardinality constraint unlike Magic Squares with many car-
dinality constraints. This may explain the poor performance of CCDCL on even the satisfiable
formulas.

The problems above highlight the main difficulty with handling cardinality constraints and
reencodings: sometimes encoded constraints make the problem much easier, yet sometimes
keeping the cardinality constraints abstract makes the problems easier. We attempt to address
this dilemma with the combined configuration HYBRID, which has access to auxiliary variables
throughout solving and native propagation during SAT modes. For Magic Squares, HYBRID out-
performs REENCODE, and for Max Squares HYBRID outperforms CCDCL. Ideally, the solver
would benefit from faster propagation while also deciding on auxiliary variables and incorpo-
rating them into learned clauses. This approach works well for the Max Squares problem, with
the HYBRID performing much better than CCDCL and almost matching the performance of
REENCODE. There are also improvements over REENCODE for the Magic Squares problem but
it cannot reach the performance of CCDCL. These results suggest that the combined approach
in HYBRID can improve on the worst-case behavior between CCDCL and REENCODE, but still
cannot reach the best-case performance of either.

5.2 Conditional Cardinality Constraints
A conditional cardinality constraint has the form:
c = lLi+lo+--+0, >k
We write conditional cardinalities in KNF as:

x5:>x1+$2+x3+f422 g2-X5 X1 X9 X3 -X4O

We refer to c as the conditional literal, and ¢; + ¢ + --- + ¢,, > k as the cardinality con-
straint. A conditional cardinality is evaluated as t rue if the conditional literal c is false or
the cardinality constraint is t rue, and the conditional cardinality is evaluated as false if the
conditional literal c is t rue and the cardinality constraint is false.

There are two cases for propagation on a conditional cardinality constraint:
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* The conditional literal, c, is the propagated literal. Unless the cardinality constraint is
unit (the number of literals in the constraint is equal to the bound), we do nothing. This
may seem strange because the cardinality constraint may be in conflict or propagating, but
that will eventually be handled by the watched literals within the cardinality constraint.
However, if the cardinality constraint is unit, we need to check if it is in conflict or can
propagate. A unit cardinality constraint is only propagated once the conditional literal is
assigned to true. If it is in conflict, the conflict clause is the conditional literal and one
falsified literal from the cardinality constraint.

* A literal from the cardinality constraint, ¢;, is the propagated literal. If the conditional lit-
eral cis false, we can ignore the cardinality constraint. Otherwise, we perform standard
propagation on the cardinality constraint. The reason for the propagated literals is the con-
ditional literal, falsified unwatched literals and ¢;. If we find that the cardinality constraint
is in conflict, we attempt to propagate ¢ to false. If c was already assigned to true,
the conditional cardinality constraint is in conflict. The conflict clause is the conditional
literal, falsified unwatched literals, ¢;, and one other falsified watched literal.

Conditional cardinalities have been used to represent machine learning explainability discov-
ering abductive and counterfactual explanations for k-nearest neighbors [16] In addition, similar
work has been done for binarized neural network (BNN) verification [60, 115].

The current state of the conditional cardinality support in our solver is targeted at satisfi-
able instances. Native propagation alone is enough to achieve significant speedups. No mode-
switching or specialized inprocessing techniques are required, and the SLS was not updated to
support conditional cardinalities. However, for different classes of problems like BNN verifica-
tion, the goal is to prove formulas are unsatisfiable. For these problems, a combination of native
propagation and encoding will likely be the best solving approach, but proof checking becomes
more difficult and may require specialized checkers [115].

5.2.1 Point Discrepancy Problem

Given a set of n points, the discrepancy (dK) for any line intersecting at least two points is the
absolute difference between the number of points above and below the line. The point discrep-
ancy problem asks if for n points, there exists a graph such that the discrepancy of every line is
at least dk.

This can be encoded in CNF using geometric abstractions and pairwise relationships [103].
Conditional cardinalities present a natural way to encode the constraints setting the discrepancy
of each line. For every line segment formed from two points x;, z;,

¢ = ai+--+aj+bi+-+bj > n—2+k A ¢ = @+---+a;+bi+--+b; > n—2+k

The variables a; (respectively b;) are t rue if point i rests above (respectively below) the
line, and the conditional literal c is t rue (respectively false) if the discrepancy dk is above
(respectively below) the line.

The two conditional cardinality constraints can be encoded into CNF by first encoding the
two cardinality constraints into sequential counters with output variables oZ_,., and o®_, .
Instead of setting the output variables to t rue as would be done in the standard sequential
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Table 5.3: Runtimes for solving configurations on the point discrepancy problem with discrep-
ancy 2 and various values of n from 21 to 57. — indicates a timeout at 1,800 seconds.

number of points
Configuration 21 27 33 39 45 51 57

NATIVE PROPAGATION 4 1 6 39 45 109 31
CLAUSAL ENCODING 3 90 142 289 121 1597 -

counter encoding, the variables are placed in the clause (0f_, , V of,_,.,). This clause ensures
that at least one of the cardinality constraints will be satisfied.

It is important to note that a given solution to the formula may not by realizable. A realizable
solution is one that can produce a valid graph, and the realizability problem is hard. Therefore,
it is desirable to generate many solutions for each problem so we can check the realizability of
several solutions.

This KNF formulation enables native propagation to reason directly about discrepancy counts,
often propagating multiple literals in a single step. As shown in Table 5.3, solving times improve
dramatically with native propagation on these conditional cardinality constraints.

5.3 Remarks on Solving

In this chapter, we presented a framework for solving problems with cardinality constraints using
native propagation. We described how native propagation can be incorporated into a modern
CDCL solver while accounting for the most important inprocessing techniques. We evaluated
several configurations for applying native propagation, finding that some combination of native
propagation for satisfiable formulas and clausal encoding for unsatisfiable formulas leads to the
best performance. We extended native propagation with support for conditional cardinalities
and evaluated our tool on the point discrepancy problem, finding that native propagation widely
outperforms clausal encodings.

This work culminated in an off-the-shelf KNF solver with native cardinality propagation. The
solver has been used in several applications where native propagation produced solutions much
faster than the clausal encoding alternative. In the next phase of KNF solving research we would
like to better understand the connection between native propagation and encoding, potentially
finding ways to encode during solving. Dynamic encoding has the benefit of letting the solver
run for some time with native propagation in order to determine which cardinality constraints are
being used the most during search. These constraints can then be encoded to increase the chance
of finding a short proof. Also, the solver may learn units that shrink cardinality constraints such
that the eventual clausal encoding will be smaller and more manageable for the solver. There are
two open questions regarding dynamic solving. The first is how to generate proofs for a partial
encoding. This would likely require the use of a stronger proof system like cutting planes. The
second is what measurements should be used to determine when to encode a cardinality con-
straint. There are several options including constraint activity, the average number of decisions
in the solver, and the average size of learned clauses.
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Chapter 6

Parallel Solving

Zachary Battleman, Joseph E. Reeves, and Marijn J. H. Heule. Problem Partitioning via
Proof Prefixes. In Theory and Applications of Satisfiability Testing (SAT). (2025). [18]

In this chapter we discuss how information from cardinality constraint encodings can be used
in parallel SAT solving. The are two main paradigms for parallel solving: clause sharing port-
folios in which multiple CDCL solvers are given the same CNF as input and they share learned
clauses between each other during the solving process; and, Cube-and-conquer (CnC) [53] in
which a formula is divided into subformulas and each is solved by an independent SAT solver.
In the remainder of this chapter, we will focus on CnC, though a solver with native cardinality
propagation could certainly be added to a clause sharing portfolio.

CnC creates subproblems from an input formula through the use of splitting variables. For
example, consider a formula F' that contains a variable x;. We could create two subformulas by
splitting on z; and generating /' A x; and F' A 7;. If both formulas are unsatisfiable, then F' is
unsatsifiable, and if either formula is satisfiable then F’ is satisfiable under the found solution.
Each of these formulas could be split further by using additional variables. The selection of good
splitting variables is crucial to the success of CnC. A good set of splitting variables (also referred
to as a split) will create a set of formulas that each take approximately the same amount time
to solve and can be solved faster than the original formula. This would allow us to solve the
formulas in parallel with many independent solvers.

Automated methods for finding splits such as look-ahead techniques have trouble generaliz-
ing to a wide range of real-world problems. Indeed, finding splits for solving open problems in
discrete math has historically required expert insight and domain knowledge on a problem-by-
problem basis [52, 102].

One of the benefits of the KNF input format is that we can encode cardinality constraints
however we see fit, then solve the resulting CNF formula. This not only means we can pick a
good encoding, but also, we know the semantic meaning of the auxiliary variables introduced by
the encoding. We will show how we can select splitting variables from the Totalizer encoding,
and that these splits are effective on optimization problems.
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6.1 Cube-and-Conquer

Cube-and-Conquer (CnC) is a powerful technique for using multiple cores to solve hard SAT
formulas. CnC takes as input a formula F' and a set of sub-formulas ¢y, ..., ,, such that F’
is satisfiable if at least one of F' A 1); is satisfiable, and F' is unsatisfiable if all of F' A v); are
unsatisfiable. The sub-formulas 1); are sets of unit clauses, and the set of literals that represent
the units are referred to as cubes. CnC has each formula £’ A 1); solved by an independent CDCL
solver (see Figure 6.1).

Splits can be viewed as a tree where the root and internal nodes are variables with two
branches (t rue and false). Each leaf represents a cube that can be generated by following the
unique path from the root to the leaf, adding the literal from each node (variable) traversed, with
the literal being positive if a t rue branch is taken and negative if a false branch is taken. A
static split creates a balanced binary tree based on a set of variables {z1, xs, ..., 2, } where each
level of the tree uses one of the variables. This will create cubes representing every combination
of polarities on the variables, for a total of 2" cubes. A dynamic split creates an unbalanced tree
where different variables might appear on different levels. This can be useful if one polarity of a
splitting variable creates a much harder subformula that then needs to be split further.

F

R

FNYy F Ay FNYp1 FAYy,

b

CDCL CDCL CDCL CDCL CDCL

Figure 6.1: Cube-and-conquer heuristically splits a formula £’ into n subformulas F' A 1)y to
F' A1, and solves the subformulas using a CDCL SAT solver.

6.2 Splitting the Totalizer Encoding

The Totalizer encoding introduces auxiliary variables for each merge unit that represent the
sorted output of the input literals. We will refer to the auxiliary variables within each merge
unit as counters. A counter ¢; is t rue when at least ¢ of the inputs into the merge unit are t rue,
and ¢; is false when less than i of the inputs are t rue. Note, each merge unit will have its
own set of counters, so when we use ¢; we will be referring to the counter of a specific merge
unit.

We motivate our splitting heuristic with the Totalizer in Figure 6.2. First, let both counters at
depth D1 be assigned to their respective values. Then, selecting ¢, from the first merge unit of
depth D2 as a splitting variable will result in the following two cases:
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Figure 6.2: Visualization of a Totalizer encoding of ¢; + ¢y + --- + {14 < 7 with the bound
enforced by cs = 0 in the root merge unit. We show an example split selecting counters from
three merge units.

* If 5 is true, at least two of the data literals from the set {¢1, (s, (3, (,} are t rue. This
also means that at most one data literal from the set {/5, (s, {7, (s} is true due to the
bound on ¢, from the parent merge unit at depth D1.

* If ¢ is false, at most one of the data literals from the set {¢y, (s, {5, {4} are t rue. This
provides no information about the data literals from the set {/s, (s, (7, (s }.

Intuitively, splitting on an auxiliary variable at an internal merge unit in the Totalizer will
designate how many t rue data literals are among the merge unit’s descendants and may poten-
tially constrain its sibling merge units. Therefore, the closer the merge unit is to the root, the
more data literals it will impact.

A bad selection can create unbalanced subproblems. For example, picking cg from either
merge unit at depth D1 would create one case that is trivial to solve (cg is t rue) and another case
with no useful information given by the split (cg is false). Therefore, we focus our splitting on
counters with a large impact that also correlate with the cardinality constraint’s bound. To achieve
this, we use the ratio Rk = é for a cardinality constraint with bound £ and r data literals. We
select a counter from a merge unit with f inputs as SelectCounter(f, Rk) = | Rk x f]. To select
a set of counters from the Totalizer, we use the following procedure:

1. Select a starting depth D and desired number of splitting variables SplitCnit.
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2. Sort the merge units at depth D by their number of inputs, largest to smallest.

3. For each merge unit in D, select the counter SelectCounter( f, Rk) + 1 for odd nodes and
SelectCounter( f, Rk) for even nodes. Once SplitCnt variables are selected, break.

4. If less than SplitCnt variables have been selected, proceed to depth D + 1 and return to
step 2 to select more splitting variables.

Consider the Totalizer in Figure 6.2 with Rk = % = 0.4375. Assume that we want 3
splitting variables, starting from depth D1. Starting with the left merge unit which has 8 inputs,
the selected counter will be SelectCounter(8,0.4375) + 1 = |8 x 0.4375] + 1 = 4 (¢4). Moving
to the sibling merge unit on the right, the next counter selected will be c3. Next, we descend to
depth D2, and since all merge units have the same number of inputs we process them in order
from left to right. For the first merge unit, SelectCounter(4,0.4375) + 1 = [4 x 0.4375| +1 =2
corresponding to cs.

The reason we alternate between adding one to the counter is to ensure that the sum of the
counters within a given depth resembles the original bound of the cardinality constraint. This
reduces the number of unhelpful or trivial cubes.

The starting depth is assigned based on the number of desired splitting variables such that all
nodes in a given depth are processed if possible. In our experimental configuration we chose 12
splitting variables and therefore started at depth 2, giving 4 variables at this depth and 8 variables
at depth 3.

This technique makes no assumptions about the clauses in the formula and forms a static
partition solely by selecting auxiliary variables from the Totalizer encoding. It can be adapted
to problems containing multiple cardinality constraints by selecting splitting variables from the
largest available merge units of the largest cardinality constraints in sequence. This would max-
imize the impact of the individual splitting variables.

6.3 Alternative Splitting Methods

Proofix [18] finds static splits based on proof prefixes. A proof prefix is the initial portion of a
clausal proof generated by running a solver for a short period of time then exiting. A splitting
variable can be selected by counting positive and negative occurrences within the clause addition
steps of the proof and choosing the variable that occurs most frequently. Given an initial set
of splitting variables {z1, ..., z,}, Proofix generates proof prefixes from a sample of cubes on
{z1,...,x,} then sums occurrences across proof prefixes to determine the next splitting variable.
The sampling strategy helps to avoid an exponential blowup in the number of proof prefixes
generated in each step.

March [56] uses look-aheads to find a dynamic split. A lookahead on a literal ¢ examines
the formula under an assignment of /. For instance, ¢ can be set to t rue, then unit propagation
can be applied to the formula. If there was a conflict, ¢ is a failed literal and ¢ can be learned.
Otherwise, we can quantify how much the formula was reduced after unit propagation. There are
several metrics that can be used, but a common approach is to compute a weighted count of the
clauses that are reduced but not satisfied. The same process can be performed for literal ¢, and
the combined formula reduction will be used to determine if var(¢) is a suitable splitting variable.
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Table 6.1: Comparison of partitioning methods on combinatorial problems and MaxSAT compe-
tition benchmarks. Pre. is the preprocessing time to find a split. totalizer-split does not include
a preprocessing time because it finds splits during encoding.

formula baseline March Proofix totalizer-split
lcore | lcore 32core Pre. | lcore 32core Pre. | 1core 32 core
judge 3654 4893 3162 219 3437 2447 19 7.851 4,289
mbd 2,170 2,914 313 287 2,512 409 37 3,784 290
optic 1,236 908 195 23 708 22 45 1,150 135
uaq 2,520 1,408 453 4 970 62 43 1,960 129
mindset 2,162 18018 1372 357 16375 2252 42 10002 1,164
max10 6,282 1,939 920 0 7,645 238 29 2,498 269
cross13 > 80,000 ? > 10,000 43 64,610 2,206 71 77,664 3,125
M5(13) 2,317 2,526 181 8 1,367 84 80 2,355 543

These look-aheads are performed at each node in the splitting tree, always picking the variable
that yields the largest reduction. There are additional types of measurements and look-ahead
strategies that can affect the quality of the dynamic splits.

6.4 Results

To account for the harder problems in this section, we ran 32 solver instances in parallel per
node with 10,000 second timeouts. Therefore, each solver process held approximately 8GB of
memory. We use CADICAL as our SAT solver applied to the subformulas after splitting. We
also present the runtime of CADICAL without splitting to serve as a baseline.

In this section, we evaluate the Totalizer-based splitting (totalizer-split) against proof-based
splitting (Proofix) and look-ahead-based splitting (March) on problems containing one large
cardinality constraint. As discussed in Section 4.2, MaxSAT benchmarks serve as a good set of
KNF problems since the cardinality constraints are often quite large and the cardinality constraint
must be used in a solver’s reasoning to solve a problem. We use the unsatisfiable version of the
MaxSAT problems and encode the KNF into CNF using a Totalizer encoding. Prior to encoding
the cardinality constraint, we sort data literals using the proximity method from Section 4.2. This
step improves the default solver performance, creating a better baseline for partitioning.

We use the subset of problems from the 2023 MaxSAT competition that take at least 500
seconds to solve with CADICAL. The remaining families are judgment aggregation (judge) [61],
model-based diagnosis (mbd) [75], approximately propagation complete CNF for an all-different
encoding of pigeon hole (optic) [11], user query authorization (uaq) [11], and minimum rule set
for labeling data (mindset) [11]. For each family, we selected the hardest problem for CADICAL
to solve and present the results at the top of Table 6.1.

totalizer-split performs adequately, achieving a 10 x’s speedup on three of the five problems.
Splitting makes the problem harder for the judge benchmark, but the other two splitting tech-
niques also do not perform well on this problem. Furthermore, totalizer-split boasts little to no
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preprocessing time since the splits are generated as the constraint is encoded. This can help make
up for lower quality splits, as seen in the uaq problem. On mindset, the most difficult problem
to split, totalizer-split produces the best partitioning for 32 cores, showing that even this simple
technique can work well on some problems.

When examining the splitting variables selected by Proofix, we found that it used some
auxiliary variables from the Totalizer encoding for optic and mbd, a single auxiliary variable
for judge, and no auxiliary variables in uaq and mindset. This reinforces the intuition behind
totalizer-split, since the complex proof-based technique selects some of the same auxiliary vari-
ables. Furthermore, for problems like uaq and mindset it means that both auxiliary variables and
data variables can be used to form good partitions.

In addition to the MaxSAT benchmarks, we consider three combinatorial problems that are
much harder for the baseline CADICAL to solve. Max10 is the unsatisfiable version of the max
squares benchmark on a 10 x 10 board.

The crossing number of a graph is the lowest number of edge crossings found when drawing
a graph on the plane. The crossing number of the complete graph with 13 nodes is 225. The
benchmark crossi3 asks whether there is a drawing of a complete graph on 13 nodes with 224
crossings.

The 11, (k) problem asks to find the minimum number of convex n-gons induced by placing
k points in the plane with no three points in a line. The y5(15) benchmark asks whether it is
possible to construct only 76 convex pentagons in the plane with 15 points, one less than the
known minimum of 77.

totalizer-split is slightly worse than Proofix on each of the problems. Notably, totalizer-split
can utilize the additional cores and always improve on the CADICAL runtime. The best partition
for each problem comes from Proofix, and these partitions do not use auxiliary variables from
the Totalizer encoding. So, while totalizer-split can be an adequate approach, other variables
outside of cardinality constraints may have stronger splitting potential.

6.5 Remarks on Parallel Solving

KNF input gives us the opportunity to encode cardinality constraints ourselves, and by doing so
we can leverage the meaning of auxiliary variables we introduce in the encoding during solv-
ing. We developed a technique that builds on this idea and selects splitting variables from a
Totalizer encoding based on the meaning of the variables. We evaluated the splitting on a set of
MaxSAT benchmarks and hard combinatorial benchmarks that each contained one large cardi-
nality constraint. We found that our Totalizer splitting consistently outperformed the previous
state-of-the-art splitting tool March on these problems and was close to the performance of the
new proof-based splitting technique Proofix.

One question going forward is how to combine Proofix and totalizer-split into a single split-
ting tool. For some problems, the split found from the auxiliary variables is good enough, but
for others a good split must include variables outside the Totalizer encoding. We may be able
to speed up the preprocessing time incurred by proof-sampling in Proofix by guiding it with po-
tentially useful auxiliary variables. Alternatively, we could use Proofix to quickly measure the
value of a small set of auxiliary variables and use the result to decide whether totalizer-split will
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be a good choice for a given problem. Furthermore, we would like to incorporate ideas from the
totalizer-split into sequential solving, leveraging our understanding of auxiliary variable mean-
ings to update solver heuristics during search.
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Chapter 7

Conclusion

This core idea behind this thesis, that KNF should be the new SAT standard, started with our im-
plementation of native cardinality constraint propagation in CADICAL. After minor adjustments
to the analysis algorithm and certain inprocessing techniques, we found that native propagation
could help a solver discover solutions for certain hard combinatorial problems extremely fast, all
the while producing proofs that were immeasurably valuable for debugging. We wanted to apply
native propagation to a wider set of benchmarks, so we developed and AtMostOne extraction
tool and transformed thousands of CNF formulas from the SAT Competition Anniversary Track
into KNF formulas.

We were shocked to find that the vast majority of AtMostOne constraints extracted from the
benchmarks used suboptimal encodings, and simply introducing auxiliary variables via reencod-
ing the constraints would drastically change the solver performance on unsatisfiable formulas. It
was at this moment that our focus widened, and we saw KNF as more than a means for native
propagation but also as a tool for controlling the meaning of auxiliary variables. This led to our
first attempt at a general purpose KNF solver that could handle both satisfiable and unsatisfiable
formulas. We used native propagation in the solver’s SAT mode and only reasoned on clausal
encodings in the solver’s UNSAT mode, creating something of an internal portfolio that incurred
a moderate overhead to perform reasonably well on both satisfiable and unsatisfiable formulas.

It was around this time when the preprocessing technique SBVA hit the annual SAT com-
petition, dominating on unsatisfiable formulas and taking first overall. BVA was introduced
more than a decade prior but never took hold in the greater SAT community, that is, until SBVA
changed the story. The “structured” in “S”BVA signifies a structured approach to finding pat-
terns and adding auxiliary variables. It modified the original BVA algorithm to use a heuristic
that determined which patterns should be reencoded next, and this subtle change was enough to
make the technique a champion. The success of SBVA opened our eyes to the importance of
which auxiliary we introduce and what they mean.

Our first attempt at improving the meaning of auxiliary variables came in the form of literal
sorting for AtLeastK constraints, motivated by related work on MaxSAT solvers and incremental
encodings. It was apparent that changing the ordering of literals could impact which groups aux-
iliary variables summarized and therefore how a solver might reason. At first, we found many
ways to make an ordering worse, reinforcing the idea that ordering can have a large impact on
solving time, but we struggled to make an ordering better. Then, we expanded our field of vi-
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sion and sought out benchmarks from MaxSAT competitions with exceptionally large cardinality
constraints. A combination of our AtMostOne extractor and proximity heuristic allowed us to
improve encodings across the board simply by changing the order of literals as they were input
into the PySAT encoder.

We extended the concept of literal sorting to problems that contained sets of cardinality con-
straints, specifically ExactlyOne constraints. In reality, we did not go into our study of the ex-
traction and reencoding of ExactlyOne constraints with literal sorting in mind. We had the entire
framework developed for a straightforward reencoding but found the performance to be lacking
on several sets of shuffled formulas. After many iterations of attempting to “unshuffle” the for-
mulas, we came up with a general approach to align the encodings of every ExactlyOne constraint
within the problem. To our surprise, the alignment procedure improved performance on a wide
range of problems with no apparent shuffling, showing that the relationships between cardinality
constraints can be captured in the auxiliary variables their encodings introduce.

In an orthogonal move, we took our interest of auxiliary variables into the domain of parallel
solving. It is easy to see how branch-and-bound can split a problem in two: if a variable x
has values from 1 < x < 6, solve the problem on one core with 1 < z < 3 and on another
core with 4 < x < 6. However, our approach did more than simply split values in two, it
took a hierarchical structure and split on the internal nodes. For a cardinality constraint such as
1+ To + -+ - + x100 > k, we could create splits that read something like “half of the variables
from z; to 95 are t rue, and a third of the variables from zy( to x5 are false, and a quarter of
the variables from x5, to x19 are t rue.” We unlocked these hierarchical splits that summarized
nested groups of variables by accessing auxiliary variables at different layers of the Totalizer
encoding. It turns out that for a task that is relatively hard to automate, finding good splits is
actually quite simple when you have a problem with a large cardinality constraint.

At this point, we have found many more uses for KNF beyond our initial thrust towards
native propagation. Whether someone is trying to find solutions quickly, generate short proofs
for hard problems, or leverage a multi-core machine, if their problem has cardinality constraints,
we have techniques that can help. The KNF input format will help these techniques move into
the mainstream, where they can be hidden within solver internals, improving runtimes without a
user ever needing to know they exist.

We should not stop here. This thesis has only begun to scratch the surface of KNF solving.
We still have much more to explore in terms of auxiliary variable meaning and alignment, the
compatibility of native propagation and clausal encoding, and AtLeastK constraint extraction.
Furthermore, KNF solving is ripe for expansion into conditional cardinality solving, MaxSAT
solving, and local search solving. We see this research agenda as a long-term project, with many
known and unknown opportunities waiting to be capitalized on.

7.1 Future Work

7.1.1 Aligning AtlLeastK Encodings

In this thesis we described a technique for sorting literals within one large cardinality constraint
and separately how to align literals via sorting for many ExactlyOne constraints. These two
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ideas can be combined for alignment on AtLeastK constraints. The main challenge for AtLeastK
constraints is their hierarchical encodings. Alignment between the ExactlyOne constraints is
as simple as forming sets that contain literals from different ExactlyOne constraints but no two
literals from the same ExactlyOne constraint, then using those sets to sort literals within the
individual constraints prior to encoding. For AtlLeastK constraints we may want to preserve
relationships between literals within the constraint, as well as accomodate relationships between
literals across constraints.

Towards this end, we could develop a new Totalizer encoding tool that takes in a set of
literals and their relationships and builds a Totalizer that more closely reflects these connections.
For example, if three literals are closely related, we can create a merge unit that takes in three
literals as input. This would move us away from the balanced tree Totalizer implementations in
PySAT, and would be more suited for preserving hierarchal relationships between constraints.
Furthermore, we would need to develop a new way to characterize the relationship between
constraints, because our alignment procedure would not work when we are also trying to sort
literals within a single constraint. Using a combination of our proximity algorithm and graph
clustering may help us detect these groupings.

It may be the case that a user has some intuition for which groups of data variables are
important. It would be ideal to develop an API that allowed users to specify group relations
between variables and then created a clausal encoding that optimized for these groups. Such a
tool could be used to iteratively improve encodings with a user in-the-loop.

7.1.2 General Cardinality Constraint Extraction

Extracting high-level constraints from an encoded problem is difficult because the encoding
transformation often obfuscates the structure of the original constraint. In our work, when we
dealt with AtMostOnes and ExactlyOnes we were able to use syntactic heuristics based on vari-
able polarities. The guess-and-verify approach could effectively classify variables as auxiliary
or data based on their occurrences in binary clauses, but this would not work for AtLeastK con-
straints where auxiliary variables at inner layers in hierarchical encodings appear almost the same
as data variables.

One promising path towards a stronger guessing approach is to detect auxiliary variables at
ends of an encoding, for example, the auxiliary variables at the root and leaves of a Totalizer
encoding. Then, a closure procedure can be performed that expands the encoding from both
ends, collecting all of the inner auxiliary variables. In order classify these initial sets of auxiliary
variables, we might use a metric like the blocking count of a literal, that determines how many
clauses would need to be added to transform a literal into a definition. Auxiliary variables in
AtlLeastK encodings can often have small blocking counts, and this would hopefully distinguish
them from data variables. Alternatively, we could use pattern recognition algorithms to attempt
to differentiate data variables from auxiliary variables, trained on the set of PySAT encodings.

Verification also poses a problem since the BDD-based approach will have trouble scaling
with the size of AtLeastK constraints. We could lower our threshold for trusting that guessed
constraints are valid cardinality constraints with two new pseudo-verification techniques. First,
we can create a CNF formula that contains the guessed constraint’s clauses and a new encoding
for a negated version of the guessed cardinality constraint. If the formula is unsatisfiable, then
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the guessed constraint is redundant with respect to the encoded clauses and can be added to the
formula. This however does not imply that we can delete the encoded clauses. Second, we could
perform some sort of simulation testing on the guessed constraint, setting different numbers of
data literals to t rue and checking that the encoding clauses propagate the expected result.

While the goal of this thesis is to promote the creation of formulas in the KNF format, having
this additional general cardinality constraint extraction will allow us to experiment more with
existing sets of competition benchmarks. Furthermore, some of the extraction techniques we
develop may inform other types of constraint extraction and reencoding, for example, in finding
new patterns for SBVA.

7.1.3 MaxSAT with Native Propagation

Our solver with native cardinality constraint propagation has been most effective on large satis-
fiable problems. This is also true for optimization variants of problems. For example, we found
that native propagation was ten times faster at finding functional mappings that optimized the
number of transistors, with problems coming from the tool ABC. However, when we consider
the set of problem with successively fewer transistors, native propagation exhibits poor perfor-
mance on the first unsatisfiable problem. That is, the successive problems are satisfiable until
the optimal number of transistors is found, then the next problem is unsatisfiable, certifying the
optimal bound, and finding a proof for this final problem is hard with native propagation.

It is no surprise that native propagation does not perform well on unsatisfiable problems, but
this quirk is not ideal for users that want to certify optimality. It may be possible to incorporate
our native propagation solver within MaxSAT algorithms, such as a core-based algorithm, in or-
der to incrementally build a learned clause database that is more suited for the unsatisfiable case.
This poses two challenges. The first is to enable incremental solving in our cardinality solver.
If we only want to incrementally add cubes (sets of unit assumptions) this is a straight-forward
engineering task. However, if we want to add cardinality constraints between incremental calls
or update the bounds of cardinality constraints in-place, this would become more complicated.
Second, if a cardinality constraint occurs in an unsat core, we will have to decide whether or not
we encode the cardinality constraint before constructing an AtMostOne constraint for the core.
Answering these question may help us get closer to an optimization variant of our cardinality
solver that is good at finding optimal solutions.

7.1.4 LLMs for Automated Encodings

One of the goals of this thesis is to promote the uptake of automated reasoning tools by increas-
ing their usability. We focused on ease-of-use for cardinality constraints, taking a specific set
of encoding decisions out of a user’s hands. There are many more decisions made during the
encoding process. For example, a selection constraint can be represented with a one-hot encod-
ing, the order encoding, or a binary encoding; many high-level constraints such as all-different,
pseudo-Boolean, and exclusive or can have multiple encoding choices; and formulas in propo-
sitional logic can be transformed into CNF using the Tseytin encoding or Plaisted-Greenbaum
encoding, etc. All of these decision points are described across countless research articles, and a
new user would have difficulty coming up with an optimal encoding for a novel problem.
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One path towards greater usability is to have a tool that takes a set of high-level constraints
or a description in a higher-level logic and encodes it automatically. LLMs present an exciting
opportunity for realizing this, providing a means for subsuming several encoding choices within a
single model. However, the key feature of automated reasoning tools is trustworthy solving with
proof production, and this will need to be the focal point of any automated reasoning framework
that incorporates an untrusted tool such as an LLM.

For example, one could generate a very simple and straightforward encoding for a problem,
then use an LLM to “improve” the encoding (making it faster to solve). A separate tool could
produce a derivation from the original encoding to the one produced by the LLM. This framework
follows our reencoding framework for cardinality constraints. In this way, the LLM may be
untrusted but its output encoding will be proven to be a valid derivation of the original problem
and therefore can be used without fear of hallucinations. Such a process would likely require
a mechanism for gauging how performant a given encoding might be prior to running a solver
on the encoding, and this could benefit from other research that has looked into predicting the
hardness of a formula using various machine learning techniques.
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