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Abstract
Computational game theory has led to significant breakthroughs in AI dating back to the start of AI
as a discipline. For example, it has been instrumental in enabling superhuman AI from recreational
games such as two-player zero-sum games chess, go, and heads-up poker to multiplayer games
such as six-player poker and Hanabi, and even in games involving human language such as
Diplomacy. It has also empowered a growing range of non-recreational applications, such as
trading, machine learning robustness and safety, negotiation, conflict resolution, mechanism (e.g.,
auction) design, information design, security, political campaigning, and self-driving cars.

This thesis pushes the boundary on computational game theory, especially in imperfect-information
sequential (extensive-form) games, which are most prevalent in practical applications both in
zero-sum games and beyond. We will present new theoretical concepts and frameworks, state-
of-the-art and often provably optimal algorithms for computing and learning equilibria, and new
ways to apply such algorithms to real-world problems, including problems in economics such as
mechanism and information design. We will also draw connections to the broader literature on
optimization, yielding new and more efficient algorithms for solving variational inequalities.

The thesis contains two parts. We now highlight selected significant results from each part.

Part I covers the computation of optimal solutions to extensive-form games. We derive new
scalable algorithms, solution concepts, and complexity results for computing optimal equilibria in
a variety of extensive-form settings including two-player zero-sum games, team games, extensive-
form correlated equilibria, and mechanism design. Though seemingly unrelated, the solutions
to several of these problems turn out to rest on similar ideas surrounding the construction of
a mediator that facilitates correlation or communication among the players, and often involve
reductions to two-player zero-sum games—enabling the toolbox of zero-sum techniques, including
those in this part, to be applied much more broadly. Among other results, we use our algorithm
for hidden-role games to implement the first superhuman agent for Fog of War chess (also known
as “dark chess”), a popular imperfect-information variant of chess in which common-knowledge
closures are too large to be tackled by prior subgame-solving techniques; and to compute exact
optimal strategies for several variants of The Resistance: Avalon.

Part II covers algorithms for learning agents in games, as well as novel connections to optimiza-
tion more broadly speaking. The performance of a learning algorithm can be measured by the
agent’s regret. Different notions of regret can be characterized by different sets of strategy trans-
formation functions (“deviations”)—larger sets result in tighter notions of regret. We develop new
algorithms that achieve more robust notions of equilibrium, in particular robustness to arbitrary
low-dimensional sets of deviations, along with matching lower bounds. We also show how to
use techniques from the theory of learning in games to solve variational inequalities—leading
to, among other results, the first polylog(1/𝜖)-time algorithm for solving variational inequalities
assuming only the Minty property. We also connect our earlier methods for computation of
optimal equilibria to the theory of learning in games, resulting in the first algorithms for steering
no-regret learning agents to desirable equilibria.
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Chapter 1

Summary

Intelligent agents—abundant across many domains such as artificial intelligence (AI), economics,
e-commerce, social science, and distributed computing—need to make strategic decisions when
interacting with each other. These strategic decision-making processes are fundamentally games.
Hence, vital to the success of multi-agent systems is the ability to tackle game-theoretic challenges,
such as computing strategies (equilibria), developing algorithms for learning in games, designing
games to achieve desired outcomes (mechanism design), and steering learning agents to such
outcomes.

To this end, computational game theory has led to numerous breakthroughs in AI dating back to
the start of AI as a discipline. Perhaps most notably, it has led to the first superhuman-level AI
agents for various games including classic two-player zero-sum games such as chess (e.g., [150]),
go [271], and heads-up poker [37]; multiplayer games such as multiplayer poker [39]; identical-
interest games such as Hanabi [196]; and even expert-level play in games involving human
language such as Diplomacy [18]. Despite these major advances, there remain many interesting
problems to resolve in computational game theory, both in theory and in practice. This thesis aims
to address some of these important outstanding problems.

This thesis is partitioned into two parts by general topic area. However, many of the results, even
in different parts, are closely related to each other. We will point out relationships between the
sections as they arise throughout this summary.

1.1 Part I: Computing Optimal Solutions to Extensive-Form
Games

Unlike most efforts that focus on single-step or perfect-information games, the real world typically
features agents that interact over multiple timesteps and lack perfect information about each
other. In the game theory literature, these are conventionally modeled as imperfect-information
extensive-form games (hereafter simply extensive-form games).

In two-player zero-sum (2p0s) games, the Nash equilibrium is the standard solution concept.
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Moreover, many of the algorithms developed throughout the remainder of the thesis in particular
for hidden-role games and optimal mechanism design (which we will introduce later) result in
reductions to 2p0s games. As such, 2p0s games are important to study not only in their own right
but also for their particular importance to the practical application of algorithms discussed in this
thesis.

Outside two-player zero-sum games, notions of equilibrium run into issues of non-exchangeability
and multiplicity: games can have more than one equilibrium, and if two players in a game
independently compute (for example) Nash equilibria, their joint strategy may be arbitrarily bad
unless they happen to have computed the same equilibrium, and there is no general way to pick
a “best equilibrium”. This phenomenon limits the ability to apply natural equilibrium concepts
beyond two-player zero-sum games. This part of the thesis will focus on the following overarching
question:

In what extensive-form games, and for what solution concepts,
is there a reasonable notion of optimal or best solution, and

when is such an solution efficiently computable?

This part will give several answers to this question, both positive and negative.

1.1.1 Subgame Solving in Zero-Sum Games
As mentioned above, the most basic setting in which a reasonable notion of optimal solution exists
is the two-player zero-sum game, where Nash equilibria are optimal solutions. Indeed, zero-sum
games are the starting point of this thesis.

In computational equilibrium finding, subgame solving is the idea that one should refine a strategy
online while playing the game, instead of playing solely from some precomputed strategy such as
a policy network. As an idea, it is perhaps older than AI as a field1.1 and has been vital in all of the
breakthroughs mentioned in the first paragraph. In perfect-information settings, it has been used
since the beginnings of AI as a field and has been fundamental to the success of strong agents—for
example, the superhuman chess agent Leela Chess Zero drops to “only” human expert level without
subgame solving, but is easily superhuman with subgame solving. However, the application of
subgame solving to imperfect-information settings, especially in a game-theoretically safe manner,
is much more challenging, and has only been studied recently [36, 43, 221]. These techniques
were one of the core ingredients of the superhuman breakthroughs in no-limit Texas hold’em
(NLTH) poker [37, 39].

All prior techniques for safe subgame solving suffer from a shared weakness that limits their
applicability: they require reasoning about the common-knowledge closure of the player’s current
information set—that is, the smallest set of states in which it is common knowledge that the
current state lies. In NLTH, this set is manageable; however, in many other games, it is not.

1.1For example, Alan Turing and David Champernowne wrote a chess engine Turochamp in 1948 using minimax
search and node heuristics, which can be considered a form of subgame solving.
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In Chapter 3, we develop knowledge-limited subgame solving (KLSS), which is the first known
technique that does not have this weakness. Instead, this technique can work by only expanding
the nodes that are still reachable in the game tree from the player’s current information set. We
demonstrate that, although our algorithm is not generally game-theoretically sound in theory, it
is reasonably sound in practice and therefore can be used to create strong practical agents. We
use our techniques to implement the first superhuman agent for Fog of War chess1.2, a popular
imperfect-information variant of chess in which common-knowledge closures are too large to be
tackled by prior subgame-solving techniques.

1.1.2 Adversarial Team Games
In Chapter 4, we will discuss adversarial (i.e., zero-sum) team games, that is, games in which
there are two teams competing against each other, and their utilities are opposite (e.g., one team
wins and the other team loses). In such games, the key challenge is asymmetric information
between different members of the same team—if all team members had the same information,
we could simply treat the team as a single player with that common information. The most
natural solution concept for adversarial team games is the correlated team max-min equilibrium
(TMECor) [19]. TMECor represents the solution concept in which team members are allowed to
discuss their strategy before the game (including flipping random coins which are not observed by
the opposing team), but are not allowed to communicate once the game begins except as explicitly
permitted by the game rules. We develop parameterized algorithms for computing TMECor in
extensive-form adversarial team games. Our algorithm is based on the enumeration of the possible
common-knowledge belief states for a given team, and its time complexity scales accordingly. In
particular, our algorithm scales at 𝑂∗((𝑏 + 1)𝑘 ), where

• 𝑏 is the branching factor,

• 𝑘 is the information complexity, a natural parameter that we define that characterizes in a
sense the extent to which the information states of different members of the same team are
asymmetric, and

• 𝑂∗ hides factors polynomial in the game size.

We show that these bounds are in a sense optimal: setting 𝑏 = 𝑂 (1) and 𝑘 = 𝑂 (𝑛) can solve
𝑛-variable SAT, and the dependence on 𝑑 for EFCCE and EFCE cannot be removed under ETH.

Our algorithm also enables the use of regret minimization for adversarial team games with the
same time complexity. This is important in practice because regret minimizers are the fastest
practical game solvers, and indeed we empirically show state-of-the-art performance across a
wide variety of games using modern regret minimization techniques in combination with our
construction.

Adversarial team games are equivalent to (timeable) two-player zero-sum games of imperfect
recall. Thus, our results above can be thought of as a way of representing the strategy space of an
imperfect-recall player with a size that is parameterized by the amount of asymmetric information.

1.2also known as “dark chess”
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Along the way, we also make two other contributions of independent interest in Zhang et al. [306].

• We classify precisely the complexity of TMECor and TME in adversarial team games.
In particular, we show that computing the TME value1.3 is ΣP

2 -complete, and computing
the TMECor value is ΔP

2 -complete1.4, thus exhibiting a strict separation between the two
problems assuming that the polynomial hierarchy does not collapse.

• We define a notion of DAG-form decision problem that generalizes tree-form decision
problems in a way that the strategy set is still a polytope and regret minimization is still
possible. Our notion of DAG-form decision problem will be used multiple times throughout
the remainder of this thesis in various settings that may at first seem unrelated.

1.1.3 Hidden Team Assignments (Hidden-Role Games)
The above results about adversarial team games assume that both teams know the identities of
their teammates. But this is frequently not the case in the real world. For example consider
a group of computers performing a task that requires information sharing among them. Some
computers may have been corrupted by an adversary, but each computer may not know which
other computers have been corrupted. Inadvertently sharing information with the adversary could
lead to negative outcomes. How should the computers communicate and collaborate to achieve
the best possible outcome? This discussion motivates the study of hidden-role games, which
are games in which one team does not know the identity of its teammates. Hidden-role games
also include well-known recreational games such as Mafia or The Resistance. Although hugely
popular, this class of games has lacked formal study: it was previously not even clear how to
define a solution concept. A reasonable solution concept should take into account that teams need
to collaborate, and that intra-team communication can be compromised due to the presence of
hidden roles. For example, the team-correlated equilibrium is unsuitable because it is unreasonable
to allow players to correlate with teammates whose identities they do not even know.

In Chapter 5, we develop a solution concept, which we call the hidden-role equilibrium, that
addresses these issues. Informally, the hidden-role equilibrium is the best strategy for the unin-
formed team to commit to playing. We prove that hidden-role equilibria can—surprisingly—be
found in polynomial time, by reduction to a two-player zero-sum game. We also show bounds
on the price of hidden roles, which we define as the factor by which a team would benefit if it
knew the identities of all the adversaries. (This is analogous to the price of anarchy and price
of stability that are common quantities to study in more traditional games.) From a practical
standpoint, we use our techniques to exactly solve five- and six-player variants of the popular
game The Resistance: Avalon. Our techniques therefore draw heavily from the literature on both
team games (such as in the previous section) and cryptography (secure multi-party computation).

1.3i.e., deciding whether the value is at least some threshold 𝑡, up to exponentially-small error tolerance
1.4even with no error tolerance
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1.1.4 A Unified Framework for Optimal Correlated Equilibria and Mecha-
nism Design in Extensive-Form Games

In Chapter 6, we develop a framework that unifies a large family of game-theoretic problems for
extensive-form games under a single umbrella. An incomplete list of the problems that fall under
the framework is the following.

• Computing an optimal (e.g., social welfare-maximizing) correlated equilibrium in a general-
sum game: specifically, optimal extensive-form correlated equilibrium (EFCE) [291],
extensive-form coarse correlated equilibrium (EFCCE) [102], or normal-form coarse
correlated equilibrium (NFCCE) [226].1.5

• Computing an optimal communication equilibrium [109, 228]. This problem includes—
among others—the popular economic settings of optimal sequential mechanism design and
Bayesian persuasion (information design) [167] as special cases, and can be referred to as
generalized mechanism design1.6.

The framework is based on the observation that all of these problems essentially boil down to
representing the strategy space for a certain “meta-agent”, or “mediator”. (For example: for
mechanism design, the mediator is the mechanism designer. For correlated equilibria, the mediator
is the correlation device.)

We develop techniques for the problems in this framework that allowed for the first time the
application of deep reinforcement learning (RL) to this large family of problems, thus allowing
for the possibility of far greater scalability. Our techniques are based on reducing the general
family of problems, via a Lagrangian relaxation, to a zero-sum game—two-player in the case
of communication equilibria, and team-vs-player in the case of correlated equilibria. Thus, if
one can solve zero-sum games in extensive form, one can also compute solutions in the general
framework described above, including optimal sequential generalized mechanisms.

Our techniques here can be thought of as a generalization of the framework of mechanism design
with deep learning first introduced by Dütting et al. [90]. Compared to that line of work, our
techniques make two improvements. The first is, as above, generality: our techniques work for
arbitrary communication equilibria (“generalized mechanisms”) and in sequential settings. The
second is an improved Lagrangian formulation that does not depend on a Lagrange multiplier
that needs to either be known a priori or grow arbitrarily large. This results in a method that is
significantly easier to work with, especially in a deep learning setting where a large Lagrange
multiplier would correspond to the need for deep RL to achieve extremely precise results. In
experiments, we show that the the improved Lagrangian formulation is critical to performance
with deep RL.

1.5In particular, we purposefully exclude the normal-form correlated equilibrium [15], which is more difficult to
reason about in extensive-form games and which we will discuss more in Part II.

1.6For example, Forges and Ray [111] uses “generalized mechanism design” to refer to the special case of a
single-stage generalized mechanism design problem, i.e., a communication equilibrium problem for a single-stage
Bayesian game. Our use in this thesis is even more general, encompassing multi-stage problems as well and aligned
with the setup of Forges [109] and Myerson [228]
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Correlated equilibria are special in the above discussion in that the LP-based algorithm described
above is not necessarily efficient. In our framework, this is justified by the fact that the mediator
for correlated equilibrium has imperfect recall, and representing imperfect-recall decision spaces
is hard in general (since solving adversarial team games is hard). The relationship between
imperfect-recall mediators and correlated equilibria gives rise to a different interpretation of
correlated equilibria as generalized mechanism design with privacy constraints: in a sense, the
imperfect recall of the mediator represents precisely the constraint that the mediator cannot leak
information between players. Indeed, we use this and other observations to write down an entire
family of equilibria that include the three above bullets as special cases.

In Section 6.6, we conduct a more in-depth study of correlated equilibrium notions specifically.
In particular, the parameter of information complexity that we discussed in the context of team
games can be generalized to also capture general games and optimal correlated equilibria. In this
setting, we prove the bounds 𝑂∗((𝑏 + 1)𝑘 ) for NFCCE, 𝑂∗((𝑏 + 𝑑)𝑘 ) for EFCCE, and 𝑂∗((𝑏𝑑)𝑘 )
for EFCE, where 𝑏 and 𝑘 are the same as the parameters for team games, and 𝑑 is the game’s
depth. Like the general imperfect-recall bounds for team games, we show that these bounds are
in a sense optimal: setting 𝑏 = 𝑂 (1) and 𝑘 = 𝑂 (𝑛) can solve NP-complete problems, and the
dependence on 𝑑 for EFCCE and EFCE cannot be removed under ETH.

An overarching technical theme throughout this part is the notion and usage of a revelation
principle. Informally, the revelation priniciple, in the broadest sense, is the notion that unstructured
communication between agents, under the pressure of optimal strategic behavior, can often be
assumed to be structured. In particular, even though the messages that can be sent among players
(and the mediator) are usually arbitrary, the revelation principle allows us to assume without loss
of generality that, at optimality, messages have meaning. Indeed, we will crucially rely on this
principle, directly or indirectly, in multiple chapters in this part.

1. For hidden-role games, the revelation principle allows us to assume that messages between
players amount to (encrypted) reports of private information or action recommendations.

2. For communication equilibria, the revelation principle allows us to assume that, in equi-
librium, players report honest information to the mediator, and the mediator replies with
action recommendations that should be followed.

3. For correlated equilibria, the revelation principle allows us to assume that the mediator’s
messages to the players are action recommendations.

In all three cases above, the revelation principle is crucial in developing efficient algorithms, and
whether or not a version of the revelation principle holds will often precisely demarcate the line
between what is computable efficiently and what is not.
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1.2 Part II: Learning Agents in Games, Correlated Equilibria,
and Optimization

So far, we have discussed a centralized model of computational game theory: there is a fixed,
known game, and the algorithmic task is for a central authority to, given the game, compute an
equilibrium. But, in many practical settings, it is unrealistic to assume the existence of such a
central authority; instead, the players are simply playing the game repeatedly and learning from
their observations, rewards, and experience. The players are not necessarily even aware of the
existence of other players in the game, and they adapt their response only in respose to the rewards
that they receive as a function of their play. This setting is known as uncoupled learning, and one
frontier of research in computational game theory studies how such agents behave over time.

The performance of a learning algorithm faced with a strategy set X ⊂ R𝑑 can be measured by its
regret—that is, the improvement in reward that the agent would have experienced had it played
other strategies instead. Different notions of regret therefore can be characterized by different
sets of deviations Φ ⊆ XX mapping the strategy played by the agent to other strategies that could
have been more profitable—accommodating larger sets Φ results in more robust notions of regret.
Different notions of regret correspond to notions of correlated equilibrium in games: if agents
play algorithms achieving no Φ-regret, then they will converge the set of Φ-equilibria.

This part will cover new algorithms for learning agents in games, both better algorithms for the
learning agents themselves (i.e., algorithms achieving better notions of Φ-regret), as well as novel
algorithms for steering the dynamics of learning agents to desirable outcomes. It will also explore
the deep connection between learning in games and optimization more broadly, leading to novel
algorithms for solving variational inequalities. The overarching questions for this section is the
following:

How can we design better algorithms for learning agents in games?
What implications do the general techniques involved in the proofs

of such results have for optimization problems beyond games?

Learning algorithms in games are fundamental to this thesis in several ways. In Part I, we were
interested in learning algorithms primarily as tools for equilibrium computation, because they
are the fastest-known algorithms both in theory1.7 and in practice for solving games. In this part,
learning algorithms will play a more fundamental role: we are interested in learning algorithms
for their own sake, that is, we seek to answer questions regarding what happens when learning
agents play games.

In a further departure from the previous part, this section will sometimes tackle convex games,
which contain extensive-form games as a special case but are significantly more general. (We will,
however, still mention specific applications to extensive-form games where these are relevant.)
We will also generally not be interested in computing optimal equilibria in this part: indeed,
optimal correlated equilibria in general cannot be reached by independent learning algorithms,
and moreover, as we have seen in the previous part, they are often hard to compute.

1.7at least, with respect to dependence on the game size
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1.2.1 Steering Learning Agents to Optimal Equilibria
Having established algorithms to compute optimal equilibria in general-sum games, and having
established that independent learning algorithms in general cannot hope to find such equilibria,
we now ask the question of how we can ever get learning agents to play desirable equilibria.

In Chapter 7, we ask whether a mediator can steer players to an arbitrary equilibrium of its choice.
We show that a mediator with the power to provide payments to the players can accomplish such
steering, and we show that the ability of the mediator to succeed in steering depends on how
much budget the mediator has as a function of the time. If the mediator’s budget is constant, no
steering is possible; if the mediator’s budget grows linearly with time, the mediator can trivially
steer the players toward any behavior by simply providing large enough payments. The case of
sublinearly growing payments is therefore the most interesting case, and indeed we show that,
with reasonable assumptions, a mediator can steer any no-regret players toward any equilibrium
of its choice with only a total budget that increases sublinearly with the time horizon.

1.2.2 Φ-Regret and Φ-Equilibria in General Convex Domains
In Chapter 8, we develop general Φ-regret minimization algorithms for arbitrary convex sets
and arbitrary sets Φ. In particular, we develop a general Φ-regret minimization algorithm that
achieves average regret 𝜖 after poly(𝑑, 𝑘)/𝜖2 rounds of play, where 𝑑 is the dimension of the
strategy set X, and 𝑘 is the dimension of the deviation set Φ. We also give an algorithm for
computing (𝜖-approximate) Φ-equilibria in time poly(𝑑, 𝑘, log(1/𝜖)).

Technically, our results build on earlier upper bounds for the special case where Φ contains
only linear functions [96]. At the heart of our approach is a polynomial-time algorithm for
computing an expected fixed point of any 𝜙 : X → X—that is, a distribution 𝜇 ∈ Δ(X) such
that Ex∼𝜇 [𝜙(x) − x] ≈ 0—based on the seminal ellipsoid against hope (EAH) algorithm of
Papadimitriou and Roughgarden [237]. This definition of fixed point and efficient algorithm
allows us to circumvent the (PPAD-hard) fixed-point computation inherent to most past attempts
at Φ-regret minimization, such as Gordon et al. [132]. In particular, our algorithm for computing
Φ-equilibria in time poly(𝑑, 𝑘, log(1/𝜖)) is based on executing EAH in a nested fashion—each
step of EAH itself being implemented by invoking a separate call to EAH!

In Section 8.8, we will discuss the special case when the game is extensive form and Φ contains
only linear functions. In this case, we develop a perhaps-surprising relationship between the set of
linear functions and the set of untimed communication deviations, which intuitively resemble the
set of deviations in a communication equilibrium (as in Section 1.1.4), except that players are not
constrained to send a single message at every timestep. We show that the set of linear deviations
corresponds exactly to the set of untimed communication deviations, and we use this connection
to develop faster algorithms for regret minimization in this special case, based on DAG regret
minimization as established in Section 1.1.2.

In Section 8.10, we establish nearly-matching information-theoretic lower bounds on Φ-regret
minimization. In particular, we show that achieving average swap regret 𝜖 against an oblivious
adversary in a general convex game (in fact, even an extensive-form game) requires at least
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Ω(min{𝑘, exp(𝑑1/14), exp(𝜖−1/6)}) rounds, providing a nearly-matching lower bound. Techni-
cally, our approach builds on earlier lower bounds [71, 242] that were developed for the special
case when the game is normal form (i.e., X is the simplex Δ(𝑑)), and Φ consists of all functions
X → X (“swap regret”).

1.2.3 Game Theory and Variational Inequalities
We finally investigate a connection between correlated equilibria in games and variational in-
equalities (VIs). Informally, variational inequalities (which will be formally defined in Part II)
are a broad class of optimization problems that capture, among other things, first-order function
optimization, fixed points of arbitrary functions, and Nash equilibria in games. The connection
between games and VIs allows us to adapt several ideas from computational game theory to the
more general setting of VIs, leading to new results for that setting.

The expressivity of the general VI problem comes, of course, at the cost of computational
hardness. As a result, most research has focused on carving out specific subclasses that elude
those intractability barriers. A classical property that goes back to the 1960s is the Minty condition,
which postulates that the Minty VI problem—the weak dual of the VI problem—admits a solution.

In Chapter 9 we establish the first polynomial-time algorithm—that is, with complexity grow-
ing polynomially in the dimension 𝑑 and log(1/𝜖)—for solving VIs for Lipschitz continuous
mappings under the Minty condition. Prior approaches either incurred an exponentially worse
dependence on 1/𝜖 (and other natural parameters of the problem) or made overly restrictive
assumptions—such as strong monotonicity. To do so, we introduce a new variant of the ellipsoid
algorithm wherein separating hyperplanes are obtained after taking a gradient descent step from
the center of the ellipsoid. It succeeds even though the set of VI solutions can be nonconvex and
not full-dimensional. Moreover, when our algorithm is applied to an instance with no MVI solu-
tion and fails to identify an VI solution, it produces a succinct certificate of Minty infeasibility. We
also show that deciding whether the Minty condition holds is coNP-complete, thereby establishing
that the disjunction of those two problems—computing VI solutions and ascertaining Minty
infeasibility—is polynomial-time solvable even though each problem is individually intractable.

We provide several extensions and new applications of our main results. Specifically, we obtain the
first polynomial-time algorithms for i) solving monotone VIs, ii) globally minimizing a (potentially
nonsmooth) quasar-convex function, iii) computing Nash equilibria in multi-player harmonic
games, and iv) computing either a Nash equilibrium or a strict coarse correlated equilibrium in
two-player general-sum concave games.

In Section 9.6, we take a deeper look at the aforementioned certificates of Minty infeasibility.
In particular, these take the form of solutions to an in-expectation version of the VI problem,
which we coin the expected VI (EVI) problem. These EVIs, informally, are to VIs what correlated
equilibria are to Nash equilibria in games. Like correlated equilibria, we show that the expected VI
problem can be parameterized by a set of deviations Φ. By extending the aforementioned ellipsoid
against hope and Φ-regret frameworks beyond game theory, we show that the Φ-expected VI
problem can be solved efficiently in two ways, at least when Φ consists only of linear functions:
they can be learned by a Φ-regret-minimizing algorithm in time poly(𝑑)/𝜖2, or computed directly
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using a generalization of the EAH algorithm in time poly(𝑑, 1/𝜖). We also employ our framework
to capture and generalize several existing disparate results, including from settings such as smooth
games, and games with coupled constraints or nonconcave utilities, and to develop a novel solution
concept for games which we call the anonymous correlated equilibrium and which lies between
linear correlated equilibria and Nash equilibria in the inclusion hierarchy.

1.3 Research Covered in This Thesis
This thesis includes work that has appeared in the literature and that has been completed in
collaboration with others, as follows. (*: Equal contribution; 𝛼𝛽: alphabetial ordering of authors)

Chapter 3:

• Brian Hu Zhang and Tuomas Sandholm. Subgame solving without common knowledge.
Neural Information Processing Systems (NeurIPS), 2021 [301]

• Brian Hu Zhang and Tuomas Sandholm. General-purpose search techniques without
common knowledge for imperfect-information games, and application to superhuman Fog
of War chess. Under submission, 2025 [304]

Chapter 4:

• Luca Carminati*, Brian Hu Zhang*, Federico Cacciamani, Junkang Li, Gabriele Farina,
Nicola Gatti, and Tuomas Sandholm. Efficient representations for team and imperfect-recall
equilibrium computation. Under submission, 2025 [55] (Subsumes Zhang et al. [306]
and Zhang and Sandholm [303])

Chapter 5:

• Luca Carminati*, Brian Hu Zhang*, Gabriele Farina, Nicola Gatti, and Tuomas Sandholm.
Hidden-role games: Equilibrium concepts and computation. ACM Conference on Economics
and Computation (EC), 2024 [54]

Chapter 6:

• Brian Hu Zhang and Tuomas Sandholm. Polynomial-time optimal equilibria with a mediator
in extensive-form games. Neural Information Processing Systems (NeurIPS), 2022 [302]

• Brian Hu Zhang*, Gabriele Farina*, Ioannis Anagnostides, Federico Cacciamani, Stephen
McAleer, Andreas Haupt, Andrea Celli, Nicola Gatti, Vincent Conitzer, and Tuomas Sand-
holm. Computing optimal equilibria and mechanisms via learning in zero-sum extensive-
form games. Neural Information Processing Systems (NeurIPS), 2023 [316]

• Brian Hu Zhang, Gabriele Farina, Andrea Celli, and Tuomas Sandholm. Optimal correlated
equilibria in general-sum extensive-form games: Fixed-parameter algorithms, hardness,
and two-sided column-generation. Mathematics of Operations Research, 2025 [308]
(Subsumes Zhang et al. [305])

Chapter 7:
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• Brian Hu Zhang*, Gabriele Farina*, Ioannis Anagnostides, Federico Cacciamani, Stephen Mar-
cus McAleer, Andreas Alexander Haupt, Andrea Celli, Nicola Gatti, Vincent Conitzer, and
Tuomas Sandholm. Steering no-regret learners to optimal equilibria. ACM Conference on
Economics and Computation (EC), 2024 [318]

• Brian Hu Zhang*, Tao Lin*, Yiling Chen, and Tuomas Sandholm. Learning a game by
paying the agents. arXiv:2503.01976, 2025 [321]

Chapter 8:

• Brian Hu Zhang*, Ioannis Anagnostides*, Emanuel Tewolde, Ratip Emin Berker, Gabriele
Farina, Vincent Conitzer, and Tuomas Sandholm. Learning and computation of Φ-equilibria
at the frontier of tractability. ACM Conference on Economics and Computation (EC),
2025 [320]

• Brian Hu Zhang*, Ioannis Anagnostides*, Gabriele Farina, and Tuomas Sandholm. Efficient
Φ-regret minimization with low-degree swap deviations in extensive-form games. Neural
Information Processing Systems (NeurIPS), 2024 [317]

• (𝛼𝛽) Constantinos Daskalakis, Gabriele Farina, Noah Golowich, Tuomas Sandholm, and
Brian Hu Zhang. A lower bound on swap regret in extensive-form games. arXiv:2406.13116,
2024 [80]

• Brian Hu Zhang, Gabriele Farina, and Tuomas Sandholm. Mediator interpretation and
faster learning algorithms for linear correlated equilibria in general sequential games.
International Conference on Learning Representations (ICLR), 2024 [307]

Chapter 9:

• (𝛼𝛽) Ioannis Anagnostides, Gabriele Farina, Tuomas Sandholm, and Brian Hu Zhang. A
polynomial-time algorithm for variational inequalities under the Minty condition. arXiv:2504.03432,
2025 [13]

• Brian Hu Zhang*, Ioannis Anagnostides*, Emanuel Tewolde, Ratip Emin Berker, Gabriele
Farina, Vincent Conitzer, and Tuomas Sandholm. Expected variational inequalities. Inter-
national Conference on Machine Learning (ICML), 2025 [319] (A part of this paper also
appears in Section 8.8.)
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Chapter 2

Preliminaries

Here, we introduce the various pieces of background information that will be repeatedly referenced
throughout this thesis. Background information that is more specialized to a single section of the
thesis is deferred to that section.

2.1 General Notation and Terminology
Unless otherwise stated, we will use the following notation:

• Vectors x ∈ R𝑛 will be in italic boldface, as will generic indices into such vectors, which
will be denoted either x(𝑖) or x𝑖. Matrices will be in non-italic boldface, e.g., A.

• ∥·∥ denotes the ℓ2-norm of a vector and the Frobenius norm of a matrix.

• B𝑟 (x) is the (closed) Euclidean ball centered at x with radius 𝑟 > 0.

• 𝑓 ≲ 𝑔 means 𝑓 = 𝑂 (𝑔). Similarly, 𝑓 ≳ 𝑔 means 𝑓 = Ω(𝑔), and 𝑓 ∼ 𝑔 means 𝑓 = Θ(𝑔).
• ◦ denotes element-wise multiplication of vectors or matrices.

• If 𝐴, 𝐵 are sets then 𝐴𝐵 is the set of functions 𝑓 : 𝐵→ 𝐴, and 2𝐴 is the power set of 𝐴.

• Δ(𝑆) is the set of finite-support probability distributions on set 𝑆. In particular, for finite
𝑆 we have Δ(𝑆) := {x ∈ R𝑆≥0 :

∑
𝑠∈𝑆 x(𝑠) = 1}. If x ∈ Δ(𝑆) then suppx ⊆ 𝑆 denotes the

support of x. We will never need to deal with probability distributions of infinite support.

• 𝛿(𝑠) for 𝑠 ∈ 𝑆 is the Dirac delta distribution on 𝑠, that is, the distribution that determinstically
returns 𝑠.

• If 𝑓 : 𝐵 → 𝐴 is a function and 𝜇 ∈ Δ(𝐵) is a probability measure, then 𝑓 (𝜇) is the
pushforward measure, that is, 𝑓 (𝜇) ∈ Δ(𝐴) is the distribution given by sampling 𝑏 ∼ 𝜇 and
returning 𝑓 (𝑏) ∈ 𝐴.
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• If 𝜇 ∈ Δ(𝐴) and 𝜈 ∈ Δ(𝐵), then 𝜇 × 𝜈 ∈ Δ(𝐴) × Δ(𝐵) is the product distribution, that
is, the distribuition for which sampling 𝐴 × 𝐵 ∋ (𝑥, 𝑦) ∼ 𝜇 × 𝜈 results in 𝑥 and 𝑦 being
independent variables with marginals 𝜇 and 𝜈.

• conv 𝑆 denotes the convex hull of a set 𝑆.

• 𝑂̃, Ω̃, Θ̃ hide logarithmic factors. That is, 𝑓 = 𝑂̃ (𝑔) if 𝑓 = 𝑂 (𝑔 log𝑘 𝑔); 𝑓 = Ω̃(𝑔)
if 𝑓 = Ω(𝑔 log−𝑘 𝑔) (where in both cases 𝑘 is an absolute constant), and 𝑓 = Θ̃(𝑔) if
𝑓 = 𝑂̃ (𝑔) and 𝑓 = Ω̃(𝑔).

• 𝑂𝑥 (and similar symbols, such as Ω𝑥 or Θ̃𝑥) is used to hide dependence on all parameters
except 𝑥.

• For any set 𝑆, Id : 𝑆 → 𝑆 is the identity function.

• 1{𝑏} is the indicator of the condition 𝑏

• [𝑛] = {1, . . . , 𝑛}.
• [𝑥]+ = max(𝑥, 0).

2.2 Imperfect-Information Extensive-Form Games
Imperfect-information extensive-form games are the focus of the majority of this thesis. They
model games in which the players interact over time, and may have imperfect information about
each others’ actions.

A finite extensive-form game (hereafter simply game) Γ with 𝑛 players (also known as agents)
is modeled via a game tree. The game tree consists of a tree of histories, or nodes, H , rooted
at a root history ∅ ∈ H . Histories ℎ ∈ H represent states of the game. Leaves of the tree are
called terminal nodes, and the set of such leaves isZ. Edges are identified by actions 𝑎, and the
set of actions legal at node ℎ is denoted A(ℎ). The child of ℎ reached by following action 𝑎 is
denoted ℎ𝑎, so that a history ℎ may also be denoted as ℎ = 𝑎1𝑎2 . . . 𝑎ℓ where 𝑎1, . . . , 𝑎ℓ ∈ A
are the actions leading from ∅ to ℎ. The branching factor of a game, often denoted 𝑏, is the
maximum number of legal actions at any node. That is, 𝑏 = maxℎ∈H |A(ℎ) |. Each player 𝑖 ∈ [𝑛]
has a utility function 𝑢𝑖 : Z → R that indicates how much reward player 𝑖 receives if the game
ends in node 𝑧 ∈ Z.

The game tree induces a natural ordering ⪯ on sets of nodes: we will write 𝑆 ⪯ 𝑆′ if there are
histories ℎ ∈ 𝑆, ℎ′ ∈ 𝑆′ such that ℎ′ is a descendant of ℎ. If either 𝑆 or 𝑆′ is a singleton, we will
omit the braces: for example, ℎ ⪯ ℎ′ denotes that ℎ′ is a descendant of ℎ. We will use |ℎ | to
denote the depth of history ℎ: that is, |∅| = 0 and |ℎ𝑎 | = |ℎ | + 1. The depth of game Γ is the
maximum depth of any history.

At each (non-terminal) history ℎ ∈ H \ Z, either a player, or chance (also known as nature) has
the right to select the action 𝑎 that is taken at ℎ. That is, the set of nonterminal nodes H \ Z
is partitioned as H \ Z = HC ⊔ H1 ⊔ · · · ⊔ H𝑛, where H𝑖 is the set of nodes at which player 𝑖
acts, and player C is chance (or nature). Chance plays according to a fixed distribution: for every
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history ℎ ∈ HC, there is a probability distribution 𝑝(·|ℎ) ∈ Δ(A(ℎ)) denoting how chance selects
its action.

Imperfect information. To model imperfect information, each player 𝑖 ∈ [𝑛] has a partition I𝑖
of its set of decision pointsH𝑖 into information sets (or infosets for short). Any two nodes ℎ, ℎ′

in the same infoset 𝐼 ∈ I𝑖 are indistinguishable to player 𝑖, who must therefore play the same
action at each infoset. In particular, this implies that the set of legal actions must depend only
on the infoset and not on the action, that is, A(ℎ) = A(ℎ′) =: A(𝐼). For simplicity, we will
assume unless otherwise stated that actions at different infosets have different labels—that is,
A(𝐼) ∩ A(𝐼′) = ∅ for 𝐼 ≠ 𝐼′.

The extensive-form setup above does not natively allow for simultaneous moves. This follows
the standard notational convention for extensive-form games. However, simultaneous moves can
be simulated using imperfect information: if player 𝑗 moves after player 𝑖 and does not observe
player 𝑖’s move, then the two players are in effect moving simultaneously.

Timeability. An extensive-form game is timeable if any path from the root to any node in the
same infoset has the same length (i.e. all histories belonging to the same infoset have the same
depth). Formally, the game is is timeable if for every infoset 𝐼 ∈ I and every ℎ, ℎ′ ∈ 𝐼, we have
|ℎ | = |ℎ′|.

Timeability is a natural condition that is equivalent to stating that there is a shared clock that is
always visible to all the players (the depth of a node ℎ corresponds to the time indicated by the
clock). It is thus a very natural condition on the information structure of a game.

This thesis will often restrict attention to timeable games; for example, all the results in Part I
work only for timeable games. Moreover, even the results in Part II that do not explicitly assume
timeability are already interesting for timeable games; therefore, unless otherwise explicitly
indicated by the text, or unless the reader is explicitly interested in games that are not timeable,
it is safe for purposes of reading this thesis to assume that all games discussed in this thesis are
timeable.

Perfect recall. Perfect recall is, intuitively, the condition that no player ever forgets any infor-
mation. At a history ℎ ∈ H , the sequence 𝜎𝑖 (ℎ) of player 𝑖 is the list of information sets 𝐼 ∈ I𝑖
encountered by player 𝑖 on the path to ℎ, and actions taken at those information sets, not including
at ℎ itself. Intuitively, 𝜎𝑖 (ℎ) indicates the things that player 𝑖 has observed so far. We say that a
player 𝑖 has perfect recall if nodes with different sequences always belong to different infosets.
Formally, player 𝑖 has perfect recall if for every infoset 𝐼 ∈ I𝑖, every history ℎ ∈ 𝐼 has the same
sequence, which we will denote 𝜎𝑖 (𝐼) and call the parent sequence of 𝐼. The game Γ has perfect
recall if all of its players do. We will denote by Σ𝑖 the set of sequences of a player 𝑖.

Like timeability, perfect recall is a natural condition on players’ actions. However, it will often be
useful to us to discuss games without perfect recall. In particular, imperfect-recall games will be
used in this thesis to model teams of players with aligned interests (identical utility functions)
but asymmetric information, in the following intuitive fashion: a team of players 𝑇 ⊆ [𝑛] is
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modeled as a single player, the team coordinator. When play reaches a node ℎ ∈ H𝑖 for any team
player 𝑖 ∈ 𝑇 , the team coordinator forgets all information except player 𝑖’s information, and then
plays an action for player 𝑖. In this fashion, any strategy implementable by the team coordinator
is also implementable by the players on the team working with their own private information.
This intuition will be used repeatedly throughout Part I, most prominently in Chapter 4 which is
specifically about team games.

Strategies. A pure strategy of player 𝑖 is a choice of one action per infoset of player 𝑖. That
is, a pure strategy is a selection 𝜋𝑖 ∈

>
𝐼∈I𝑖 A(𝐼), where 𝜋𝑖 (𝐼) ∈ A(𝐼) indicates the action that

player 𝑖 plays at infoset 𝐼. Working with pure strategies in the above form is cumbersome; instead,
a more convenient representation is the realization form of a pure strategy, which is the vector
x𝑖 ∈ {0, 1}Z where x𝑖 (𝑧) = 1 if and only if the player plays all the actions on the ∅ → 𝑧 path,
that is,

x𝑖 (𝑧) :=
∏
ℎ∈𝐼∈I𝑖
ℎ𝑎⪯𝑧

1{𝜋𝑖 (𝐼) = 𝑎}.

We will use Π𝑖 to denote the set of realization-form pure strategies.

A mixed strategy of player 𝑖 is a distribution 𝜇𝑖 ∈ Δ(Π𝑖). In many cases, we will only care about
the realization form of a mixed strategy, which is simply defined to be Ex𝑖∼𝜇𝑖 x𝑖. The set of
realization-form mixed strategies is hence X𝑖 := convΠ𝑖. A mixed strategy is behavioral if its
action choices at different information sets are independent.

A correlated strategy profile (or simply correlated profile) is a distribution 𝜇 ∈ Δ(Π1 × · · · × Π𝑛).
If 𝜇 factors as a product distribution 𝜇 = (𝜇1, . . . , 𝜇𝑛) ∈ Δ(Π1) × · · · × Δ(Π𝑛), we will drop the
word correlated and simply call 𝜇 a strategy profile or profile. If the word correlated is not used,
all profiles are assumed to be uncorrelated. For uncorrelated profiles, we will usually circumvent
writing the distribution at all, by experessing each player’s mixed strategy 𝜇𝑖 as a realization-form
mixed strategy and thus expressing 𝜇 as a tuple x = (x1, . . . ,x𝑛) ∈ X1 × · · · × X𝑛.

Every profile induces a distribution over terminal nodes, that results from sampling a pure profile
x ∼ 𝜇 and following those actions through the game, sampling chance actions where needed. We
will use 𝑧 ∼ 𝜇 (or 𝑧 ∼ x) to denote a sample from this distribution. The expected value of player 𝑖
under profile 𝜇, denoted 𝑢𝑖 (𝜇), is defined in the natural manner:

𝑢𝑖 (𝜇) := E
𝑧∼𝜇

𝑢𝑖 (𝑧) = E
x∼𝜇

∑︁
𝑧∈Z

𝑢𝑖 (𝑧)𝑝(𝑧)
∏
𝑖∈[𝑛]

x𝑖 (𝑧)

where

𝑝(𝑧) :=
∏

ℎ∈HC,ℎ𝑎⪯𝑧
𝑝(𝑎 |ℎ)

is the probability that chance plays all the actions on the path to 𝑧. In particular, it is critical to
note that players’ utilities depend only on the realization forms of their strategies, and that the
dependence is linear in x𝑖.
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Multiple strategies can have the same realization form. If so, we will call those strategies
(realization-)equivalent. Unless otherwise stated, since it is not relevant for utility, we will not
distinguish between realization-equivalent strategies. Kuhn’s theorem [188] guarantees that, for
players with perfect recall, every mixed strategy is realization-equivalent to a behavioral strategy,
and thus for perfect-recall players it is usually without loss of generality to work with behavioral
strategies (although we will see in Part II that it is not always the case!)

Two-player zero-sum games. A game is two-player zero-sum, if there are two players (which
will always be denoted ▲ and ▼), and 𝑢▲ = −𝑢▼. In this case, we will generally use the notation
𝑢 := 𝑢▲, Π = Π▲, and Y = Π▼.

Normal-form games. A normal-form game is the special case of an extensive-form game in
which each player takes a single action simultaneously, and then the game ends. In normal-form
games, the (realization-form, mixed) strategy sets X𝑖 are isomorphic to simplices, X𝑖 = Δ(A𝑖).
Normal-form games are usually much more simple than extensive-form games, and most of the
results in this paper are trivial in the normal-form case. Moreover, any extensive-form game
is equivalent to a normal-form game whose action set is equal to the pure strategy set of the
extensive-form game. However, this equivalence incurs an exponential blowup, since |Π𝑖 | is in the
general case exponential in |H |. Thus, for computational purposes, converting a game to normal
form should be avoided.

2.2.1 Equilibria
For our purposes, to solve a game will mean to find an equilibrium of it, for some equilibrium
concept of interest. Here we identify some equilibrium concepts that we will use throughout this
thesis.

The Nash equilibrium [230] is the oldest and best-known notion of equilibrium for general games.
An 𝜖-Nash equilibrium is an uncorrelated strategy profile x = (x1, . . . ,x𝑛) ∈ X1 × · · · × X𝑛 such
that no player can improve by more than 𝜖 using any unilateral deviation:

𝑢𝑖 (x′𝑖,x−𝑖) ≤ 𝑢𝑖 (x𝑖,x−𝑖) + 𝜖

for every 𝑖 ∈ [𝑛] and x′
𝑖
∈ Π𝑖. A Nash equilibrium is a 0-Nash equilibrium. Every game has a

Nash equilibrium in mixed strategies [230].

Throughout this thesis, in various places we will also be interested in various notions of correlated
equilibria. In the greatest possible generality, a notion of correlated equilibrium is defined by a
tuple of sets of transformations Φ = (Φ1, . . . ,Φ𝑛), where Φ𝑖 ⊆ XΠ𝑖

𝑖
is a set of transformations of

player 𝑖’s strategies. Then an 𝜖-approximate Φ-equilibrium is a correlated profile for which

E
x∼𝜇
[𝑢𝑖 (𝜙𝑖 (x𝑖),x−𝑖) − 𝑢𝑖 (x𝑖,x−𝑖)] ≤ 𝜖

for every 𝑖 ∈ [𝑛] and x′
𝑖
∈ Π𝑖. Two extremes of this definition are the normal-form coarse-

correlated equilibrium (NFCCE), for which Φ𝑖 is the set of all constant transformations {𝜙x∗
𝑖

:
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x𝑖 ↦→ x∗
𝑖
| x∗

𝑖
∈ Π𝑖}, and the normal-form correlated equilibrium (NFCE), for which Φ𝑖 = XΠ𝑖

𝑖

is the set of all possible transformations. Other common notions include the extensive-form
correlated equilibrium (EFCE) [291] and extensive-form coarse correlated equilibrium [102],
which will be defined precisely in Section 6.6.

In zero-sum games, all the notions of correlated equilibria collapse to Nash equilibria2.1, and the
Nash equilibria are precisely the saddle-point solutions (x,y) to the convex bilinear saddle-point
problem

max
x∈X

min
y∈Y

𝑢(x,y) = max
x∈X

min
y∈Y

∑︁
𝑧∈Z

𝑝(𝑧)𝑢(𝑧)x(𝑧)y(𝑧) = max
x∈X

min
y∈Y

x⊤Ay (2.1)

where 𝑝(𝑧) is again the probability that chance plays all actions on the path to 𝑧, and the matrix A
is defined by

A(𝑖, 𝑗) =
∑︁

𝑧∈Z:𝜎▲ (𝑧)=𝑖,𝜎▼ (𝑧)= 𝑗
𝑝(𝑧)𝑢(𝑧).

We will call the saddle-point value of (2.1) the equilibrium value of Γ, and denote it 𝑢∗. Nash
equilibria in zero-sum games are hence exchangeable: if (x1,y1) and (x2,y2) are Nash equilibria,
then so are (x1,y2) and (x2,y1).

2.2.2 Tree-Form Decision Making
It will be convenient at various points in this thesis to abstract away the majority of a game
and focus solely on the decision problem faced by a single player. When this happens, we will
generally omit the subscript 𝑖; for example, x will denote a generic strategy for the player. For a
perfect-recall player, this decision problem can be described as a tree-form decision problem. A
tree-form decision problem consists of a tree of nodes T , that are each one of two types:

• decision points 𝑗 ∈ J , at which the player must select an action 𝑎 ∈ 𝐴( 𝑗), and

• observation points 𝜎 ∈ Σ, at which the player makes an observation.

For a perfect-recall player in an extensive-form game, the decision and observation points corre-
spond respectively to the information sets and sequences of that player. Unless otherwise stated,
we will assume that decision and observation points alternate, and that the root ∅ is an observation
point—both of these are without loss of generality. The observation point child of 𝑗 reached
by taking action 𝑎 is denoted 𝑗𝑎, and the parent of 𝑗 is denoted 𝑝 𝑗 . The set of children of 𝜎 is
denoted 𝐶𝜎. For notational simplicity, when x ∈ RΣ is any vector indexed by observation points
and 𝑗 is a decision point, we will use x( 𝑗∗) ∈ RA( 𝑗) to denote the subvector of x indexed only
by the children of 𝑗 .

We now define strategies in tree-form decision problems analogously to strategies in games. A
pure strategy is a choice of one action at every decision point. The sequence form of a pure
strategy is the vector x ∈ Π indexed by sequences 𝜎 ∈ Σ, for which x𝑖 (𝜎) = 1 if and only if the

2.1In particular, one can show that, for any 𝜖-NFCCE, the product distribution with the same marginals is a 2𝜖-Nash
equilibrium
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player plays all actions on the ∅ → 𝜎 path in T . The sequence-form mixed strategies are then,
once again, the convex hull of Π. Conveniently, the sequence-form mixed strategies are precisely
the strategies obeying a natural family of linear constraints [177, 253, 290]:

X =

x ∈ RS≥0

������ x(∅) = 1, x(𝑝 𝑗 ) =
∑︁
𝑎∈𝐴( 𝑗)

x( 𝑗𝑎) ∀ 𝑗 ∈ Σ
.

Clearly, the sequence-form and realization-form representations are equivalent: given a sequence-
form vector x𝑖 for a player 𝑖, one recovers the realization form by x𝑖 (𝑧) := x𝑖 (𝜎𝑖 (𝑧)). Which we
choose to use will depend on which is most convenient. In both cases we will denote the set of
pure strategies by Π𝑖.

2.3 No-Regret Learning
No-regret learning is a popular framework for decision making in repeated settings. As we will
see, algorithms based on no-regret learning are the most popular and fastest practical algorithms
for equilibrium computation. In this section we will discuss only algorithms for so-called external
regret minimization in extensive-form games; we defer the extension to the more general notion
of Φ-regret to Part II.

A decision maker is faced with the following interation with an adversary. There is a convex
compact strategy set X, which will often be the set of mixed sequence-form strategies of some
tree-form decision problem. The interaction lasts for 𝑇 timesteps. At each timestep 𝑡, the decision
maker selects a point x𝑡 ∈ X. The adversary, observing x𝑡 , selects a utility vector u𝑡 ∈ R𝑛 such
that

〈
u𝑡 ,x

〉
∈ [−1, 1] for all x ∈ X. After 𝑇 timesteps, the (averaged, external) regret is defined

as

REG(𝑇) := max
x∈X

1
𝑇

𝑇∑︁
𝑡=1

〈
u𝑡 ,x − x𝑡

〉
.

That is, the regret is the difference between the utility that the decision maker has actually achieved,
and the utility that the decision maker could have achieved in hindsight by playing a fixed action
x in all timesteps.

2.3.1 Relation to Equilibrium Finding
There is a well-known, tight connection between no-regret learning and equilibria in games.
In particular, we have the following folk result whose proof follows almost directly from the
definitions of NFCCE and regret:

Proposition 2.1 (No-regret learning converges to CCE). In any game, if all players run
no-regret learning algorithms over their strategy sets X𝑖 with utilities 𝑢𝑡

𝑖
(x𝑖) := 𝑢𝑖 (x𝑖,x𝑡−𝑖),

then after 𝑇 rounds, the correlated average strategy profile 𝜇 := unif ({x1, . . . ,x𝑇 }) is an
𝜖-NFCCE, where 𝜖 = max𝑖∈[𝑛] REG𝑖 (𝑇) and REG𝑖 (𝑇) is the external regret of player 𝑖.
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Algorithm 2.1 (MWU): Multiplicative weight update on Δ(𝑛).
1: initialize z1 ← 1, 𝑡 ← 0
2: procedure NEXTSTRATEGY(): return x𝑡 := z𝑡/∥z𝑡 ∥1
3: procedure OBSERVEUTILITY(u𝑡): z𝑡+1 ← z𝑡 ◦ exp(𝜂u𝑡)

Algorithm 2.2 (RM+): Regret matching plus on Δ(𝑛).
1: initialize z1 ← 0, 𝑡 ← 0
2: procedure NEXTSTRATEGY():
3: if z𝑡 = 0 then return x𝑡 := z𝑡/∥z𝑡 ∥1
4: else return x𝑡 := any strategy
5: procedure OBSERVEUTILITY(u𝑡): z𝑡+1 ← [z𝑡 + u𝑡 −

〈
u𝑡 ,x𝑡

〉
]+

In zero-sum games, using the fact that NFCCEs collapse to Nash, we have the following analogous
result.

Proposition 2.2 (No-regret learning in zero-sum games converges to Nash equilibrium). In
any zero-sum game, if both players run no-regret learning algorithms, then after 𝑇 rounds,
the uncorrelated average strategy profile (x̄, ȳ), where x̄ = 1

𝑇

∑𝑇
𝑡=1 x

𝑡 (and analogous for
ȳ) is an 𝜖-equilibrium, where 𝜖 = REG▲ (𝑇) + REG▼ (𝑇).

Any no-regret learning algorithm for zero-sum games can be run with either simultaneous or
alternating updates. While the above theoretical results apply only to the simultaneous versions,
certain algorithms are also known to converge with alternating updates2.2.

We will now introduce many fundamental algorithms for no-regret learning in normal- and
extensive-form games, which will be referenced repeatedly throughout the remainder of the thesis.

2.3.2 Regret Minimization on Simplices
The most basic setting for no-regret learning is the setting in which X is the simplex Δ(𝑛). Here,
we introduce two simple no-regret learning algorithms on the simplex. Here, we review two
common regret minimization algorithms which we will refer to repeatedly throughout this thesis,
and some important variants of them.

Multiplicative Weight Update. The multiplicative weights (MWU) algorithm is parameterized
by a single hyperparameter 𝜂 > 0, called the step size. Multiplicative weights satisfies the
following regret bound.

2.2For example, this is known to be true for CFR+ [44], but is nontrivial to show: the original proof attempt by
Tammelin et al. [283] was flawed.
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Algorithm 2.3 (GD): (Projected) gradient descent on a general convex compact set X
1: initialize x1 ∈ X arbitrarily
2: procedure NEXTSTRATEGY(): return x𝑡

3: procedure OBSERVEUTILITY(u𝑡): x𝑡+1 ← ΠX (x𝑡 + 𝜂u𝑡)

Proposition 2.3. The average external regret of MWU satisfies:

REGMWU(𝑇) ≲
log 𝑛
𝜂𝑇
+ 𝜂 ≲

√︂
log 𝑛
𝑇

where the second inequality follows by taking the step size 𝜂 =
√︁
(log 𝑛)/𝑇 .

Regret Matching Plus. The regret matching algorithm [143] is a simple, hyperparameter-free
no-regret learning algorithm. Here, we will introduce a better, more recent variants of it, known
as regret matching plus (RM+) [282].

Proposition 2.4 ([282]). The average external regret of RM+ satisfies REGRM+(𝑇) ≲√︁
𝑛/𝑇 .

As alluded to above, a major advantage of RM+ is that (unlike MWU) it is hyperparameter-free:
there are no step sizes or other hyperparameters to tune. Similarly, RM+ is also scale-invariant:
if given utility sequence u1, . . . ,u𝑇 , it would produce the same iterates as if it had been given
𝐶u1, . . . , 𝐶u𝑇 for any constant 𝐶 > 0. These properties make RM+ extremely powerful in
practice. In particular, despite a worse theoretical dependence on 𝑛, RM+ is almost always
practically superior to MWU. Therefore, we will use it in almost all our experiments.

2.3.3 Regret Minimization in General Convex Domains
We now discuss regret minimization in arbitrary convex sets X. The most standard regret
minimization algorithm for such a setting is (projected) gradient descent (GD). Like multiplicative
weights, it takes a single parameter, the step size 𝜂, and has the following regret guarantee.

Proposition 2.5. The average external regret of GD satisfies

REGGD(𝑇) ≲
𝐵2

𝜂𝑇
+ 𝜂𝐺2 ≲

𝐵𝐺
√
𝑇

where 𝐵 = maxx∈X ∥x∥ bounds the diameter of X, 𝐺 = max𝑡∈[𝑇] ∥u𝑡 ∥ bounds the norm of
the utility vectors, and the last inequality comes from setting 𝜂 = 𝐵/𝐺

√
𝑇 .
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Algorithm 2.4 (OMWU): Predictive (optimistic) multiplicative weight update on Δ(𝑛).
1: initialize z1 ← 1, 𝑡 ← 0
2: procedure NEXTSTRATEGY(ũ𝑡)
3: z̃𝑡 ← z𝑡 ◦ exp(𝜂û𝑡)
4: return x𝑡 := z̃𝑡/∥z̃𝑡 ∥1
5: procedure OBSERVEUTILITY(u𝑡): z𝑡+1 ← z𝑡 ◦ exp(𝜂u𝑡)

Algorithm 2.5 (OGD): Predictive (optimistic) gradient descent.

1: initialize z1 ∈ X arbitrarily
2: procedure NEXTSTRATEGY(ũ𝑡): return x𝑡 := ΠX (z𝑡 + 𝜂ũ𝑡)
3: procedure OBSERVEUTILITY(u𝑡): z𝑡+1 ← ΠX (z𝑡 + 𝜂u𝑡)

2.3.4 Predictive (Optimistic) Algorithms
Predicitions can be used to speed up regret minimization algorithms even further. In essence,
predictive algorithms take an additional input on every timestep 𝑡, which is a prediction ũ𝑡 of
the utility vector that it will observe. The algorithm then uses the predicted utility vector to
perform a temporary update before returning its strategy. The predictive variants of MWU and
RM+ are known respectively as optimistic multiplicative weights (OMWU, [61, 250, 252, 281]),
optimistic gradient descent (OGD, [246]), and predictive regret matching plus (PRM+, [104]).2.3

Note that by setting ũ𝑡 = 0, the predictive variants collapse to the non-predictive variants.
Conventionally (i.e., unless otherwise stated), the predicition is set to the previous observed utility,
that is, ũ𝑡 = u𝑡−1.

Predictive regret matching has the same worst-case guarantee as non-predictive regret matching,
but can be significantly faster, both in theory and in practice, if the predictions are accuarate.

2.3.5 Regret Minimization in Extensive-Form Games: Counterfactual Re-
gret Minimization

In this section, we will introduce counterfactual regret minimization (CFR) [323], following
the more recent exposition of Farina et al. [100]. Intuitively, CFR allows one to build a regret
minimizer on a tree-form strategy set X by running local regret minimizers at each decision point,
and combining them in a clever way. The guarantee given by CFR can be expressed as follows.
Call a subset 𝑃 ⊆ J playable if there is a pure strategy that reaches every decision point in 𝑃,
that is, there is a pure strategy x ∈ X such that x(𝑝 𝑗 ) = 1 for every 𝑗 ∈ 𝑃. Then:

2.3We use different wording (optimistic vs predictive) to be consistent with usage of past authors.

23



Algorithm 2.6 (PRM+): Predictive (optimistic) regret matching plus on Δ(𝑛).
1: initialize z1 ← 0, 𝑡 ← 0
2: procedure NEXTSTRATEGY(ũ𝑡):
3: z̃𝑡 ← [z𝑡 + ũ𝑡 −

〈
ũ𝑡 ,x𝑡−1〉]+

4: if z̃𝑡 = 0 then return x𝑡 := z̃𝑡/∥z̃𝑡 ∥1
5: else return x𝑡 := any strategy
6: procedure OBSERVEUTILITY(u𝑡): z𝑡+1 ← [z𝑡 + u𝑡 −

〈
u𝑡 ,x𝑡

〉
]+

Algorithm 2.7 (CFR): Counterfactual regret minimization on tree-form decision problems T .
For each decision point 𝑗 , R 𝑗 is a regret minimizer on Δ(A( 𝑗)).

1: initialize 𝑡 ← 0
2: procedure NEXTSTRATEGY()
3: x𝑡 (∅) ← 1
4: for each decision point 𝑗 , in top-down order do
5: r𝑡

𝑗
← R 𝑗 .NEXTSTRATEGY()

6: x𝑡 ( 𝑗∗) ← x𝑡 (𝑝 𝑗 )r𝑡𝑗
7: return x𝑡

8: procedure OBSERVEUTILITY(u𝑡)
9: v𝑡 ← u𝑡

10: for each decision point 𝑗 , in bottom-up order do
11: R 𝑗 .OBSERVEUTILITY(v𝑡 ( 𝑗∗))
12: v𝑡 (𝑝 𝑗 ) ← v𝑡 (𝑝 𝑗 ) + ⟨r𝑡𝑗 , v𝑡 ( 𝑗∗)⟩

Proposition 2.6 ([100, 323]). The average external regret of CFR satisfies

REGCFR(𝑇) ≤ max
𝑃

∑︁
𝑗∈𝑃

REG 𝑗 (𝑇) ≤
∑︁
𝑗∈J

REG 𝑗 (𝑇)

where the max is taken over all playable sets 𝑃, and REG 𝑗 (𝑇) is the regret of the local
regret minimizer at decision point 𝑗 .

In particular, with (O)MWU and (P)RM+ as the regret minimizers, we get the regret bounds

REGCFR-(O)MWU(𝑇) ≲ |J |
√︂

log 𝑏
𝑇
≤ |Σ |√

𝑇
and REGCFR-(P)RM+(𝑇) ≲ |J |

√︂
𝑏

𝑇
≤ |Σ |√

𝑇

where 𝑏 is the branching factor. Several variants of CFR with specific choices of local regret
minimizer have special common names. In particular, CFR with RM+ or PRM+ is known as
CFR+ or PCFR+ respectively. The latter is currently the fastest regret minimizer in practice in
most settings, including game solving [103]2.4.

2.4A notable exception is poker and variants thereof, where discounted CFR [38], which we will not need for this
thesis, is sometimes faster.
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Part I

Computing Optimal Solutions to
Extensive-Form Games
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Chapter 3

New Algorithms for Subgame Solving in
Two-Player Zero-Sum Games, and
Application to Superhuman Fog of War
Chess

3.1 Introduction
Subgame solving is the standard technique for playing perfect-information games that has been
used by strong agents in a wide variety of games, including chess [51, 276] and go [271]. Methods
for subgame solving in perfect-information games exploit the fact that a solution to a subgame
can be computed independently of the rest of the game. However, this condition fails in the
imperfect-information setting, where the optimal strategy in a subgame can depend on strategies
outside that subgame.

Recently, subgame solving techniques have been extended to imperfect-information games [121,
157]. Some of those techniques are provably safe in the sense that, under reasonable conditions,
incorporating them into an agent cannot make the agent more exploitable [36, 40, 41, 43, 181, 221,
222, 279]. These techniques formed the core ingredient toward recent superhuman breakthroughs
in AIs for no-limit Texas hold’em poker [37, 39]. However, all of the prior techniques have a
shared weakness that limits their applicability: as a first step, they enumerate the entire common-
knowledge closure of the player’s current infoset, which is the smallest set of states within which
it is common knowledge that the current node lies. In two-player community-card poker (in
which each player is dealt private hole cards, and all actions are public, e.g., Texas hold’em), for
example, the common-knowledge closure contains one node for each assignment of hole cards
to both players. This set has a manageable size in such poker games, but in other games, it is
unmanageably large.

We introduce a different technique to avoid having to enumerate the entire common-knowledge
closure. We enumerate only the set of nodes corresponding to 𝑘th-order knowledge for finite
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𝑘—in the present work, we focus mostly on the case 𝑘 = 1 and 𝑘 = 2, for it already gives us
interesting results. This allows an agent to only conduct subgame solving on still-reachable states,
which in general is a much smaller set than the whole common-knowledge subgame.

We prove that, as is, the resulting algorithm, 1-KLSS, does not guarantee safety, but we develop
three avenues by which safety can be guaranteed. First, safety is guaranteed if the results of
subgame solves are incorporated back into the blueprint strategy. Second, we provide a method by
which safety is achieved by limiting the infosets at which subgame solving is performed. Third,
we prove that our approach, when applied at every infoset reached during play, achieves a weaker
notion of equilibrium, which we coin affine equilibrium and which may be of independent interest.
We show that affine equilibria cannot be exploited by any Nash strategy of the opponent: an
opponent who wishes to exploit an affine equilibrium must open herself to counter-exploitation.
Even without these three safety-guaranteeing additions, experiments on medium-sized games
show that 1-KLSS always reduced exploitability in practical games even when applied at every
infoset.

We used these techniques to create Obscuro, an AI that achieved superhuman performance in
Fog of War (FoW) chess (aka. dark chess), the most popular variant of imperfect-information
chess. Over 120 games against humans of varying skill levels—including the #1-ranked human—
and 1,000 games against the previous state-of-the-art FoW chess AI from the previous chapter,
we conclusively demonstrate that Obscuro is stronger than any other current agent—human or
artificial—for FoW chess. FoW chess is now the largest (measured by amount of imperfect
information, that is, the typical size of an information set) turn-based game in which superhuman
performance has been achieved and the largest game in which imperfect-information search
techniques have been successfully applied.

3.1.1 Challenges in Imperfect-Information Games such as Fog of War Chess
Imperfect-information versions of chess have captured the imagination of chess players and
scientists alike for over a century. To our knowledge, the first imperfect-information version of
chess was Kriegspiel, invented in 1899 and based on the earlier game Kriegsspiel, a war game
used by the Prussian army in the early 19th century for training [247]. In the modern day, there are
multiple imperfect-information variants of chess, including Kriegspiel, reconnaissance blind chess
(RBC), and Fog of War (FoW) chess.3.1 Imperfect-information chess is a recognized challenge
problem in AI. Although there has been AI research in Kriegspiel [64, 240, 260] and RBC [126],
strong performance has not been achieved in Kriegspiel, and RBC is not played competitively
by humans. By comparison, FoW chess has surged in popularity due to its implementation on
the major chess website chess.com, and strong human experts have emerged among thousands of
active players.3.2 It is the most popular variant of imperfect-information chess by far, and strong
human experts exist who can serve as challenging benchmarks of progress.

FoW chess presents a unique combination of challenges that did not exist in prior superhuman AI

3.1Despite its similar name, Chinese dark chess has no private information, and thus does not require the types of
reasoning that are required in FoW chess.

3.2As of April 2025, the Fog of War chess leaderboard on chess.com [3] listed 19,150 active players.
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milestones.3.3 First, chess itself is a highly tactical game often requiring careful lookahead, and
FoW chess is no different: there are often positions where one player has perfect or near-perfect
information and can execute a sequence of moves that results in an advantage. Thus, a strong
agent must have solid lookahead capability. Lookahead in other games is usually accomplished
by subgame solving. Thus it would be desirable to be able to conduct subgame solving in FoW
chess too.

Second, private information is rapidly gained and lost. It is possible for the size of a player’s
information set (infoset)—i.e., set of indistinguishable positions given a player’s observations—to
rapidly increase and then decrease again, for example, from hundreds up to millions and then
back down to hundreds, in a matter of a few moves. Thus, a strong agent must have the ability to
reason about this rapidly-changing information.

Third, a strong agent must at least somewhat play a mixed strategy—that is, it must randomize its
actions. Otherwise, an adversary who knows the strategy, or has learned the strategy from past
observation, can easily exploit that knowledge.

Finally, in games like FoW chess, reasoning about common knowledge is difficult. This is a key
challenge because most algorithms for subgame solving—including those that led to breakthroughs
in no-limit Texas hold’em poker—rely on the ability to reason about common knowledge, or
often even the ability to enumerate the entire common-knowledge set—that is, the smallest set of
histories 𝐶 with the property that it is common knowledge that the true history lies in 𝐶 [37, 39].
So, to prepare for solving a subgame, prior algorithms need to reason about what the agent knows
about what the opponent knows about what the agent knows, and so on. This need can dramatically
expand the set of states that need to be incorporated into the subgame solving algorithm, making
such methods impractical for games much larger than no-limit Texas hold’em.

For example, consider the two FoW chess positions in Figure 3.1.3.4 Although seemingly
completely distinct, it is possible to show (see Section 3.9) that these two positions are connected
by no fewer than nine levels of “I think that you think that...” reasoning. Prior techniques would
require the ability to generate this complex connection before starting subgame solving from
either of the two positions.

Such intricacies make it difficult to reason about common knowledge efficiently. For example,
common-knowledge sets in FoW chess can quickly grow prohibitively large, so they cannot be
held directly in memory. In FoW chess, individual infosets often have size as large as 106 and
can have size 109. Common-knowledge sets can have size 1018—far too large to be enumerated
in reasonable time or space during search.3.5 Perhaps even more troubling is the fact that it is
not even clear that it is possible to efficiently decide whether two histories can be distinguished
by common knowledge, so in some sense reasoning about common knowledge may require
enumerating the common-knowledge set in the worst case.

This is in sharp contrast to poker, which has special structure that has driven the success of past

3.3The complete rules of FoW chess can be found in Section 3.9
3.4The sequence of moves in the figure is purely for the purpose of illustrating common knowledge, and does not

represent strong play. For example, Obscuro never plays 1... g5 or 2... Qh4.
3.5Detailed calculations for these lower bounds can be found in Section 3.9.
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A B

Figure 3.1: Two FoW chess positions in the same common-knowledge set. (A)
position after moves 1. Nc3 g5 2. Nh3 d5; (B) position after moves 1. Nf3 e5
2. h3 Qh4. The boxed squares mark pieces visible to the opponent.

efforts in that game. First, at least in two-player (heads-up) Texas hold’em poker, common-
knowledge sets are not very large. They have size at most

(52
2
) (50

2
)
≈ 1.6× 106, and can thus easily

be held in memory. Moreover, thanks to poker-specific optimizations [163], subgame solving
in poker can be implemented in such a way that its complexity depends not on the size of the
common-knowledge set but merely on the size of the infoset, enabling feasible subgame solving
even when the common-knowledge sets are large, as is the case in multi-player poker.3.6 In more
general games where these domain-specific techniques do not apply—such as FoW chess—the
complexity of traditional subgame-solving techniques for imperfect-information games would
scale with the size of the common-knowledge set, which in our case renders such techniques
totally infeasible.

3.2 Preliminaries
In this section, we consider timeable two-player zero-sum games of imperfect recall with explicitly-
defined observations. That is, each player has a function 𝑜𝑖 : H → R defining the observation that
player 𝑖 makes at history ℎ. The sequence 𝑠𝑖 (ℎ) consists of all observations made by the player at
nodes up to and including ℎ. The set of sequences of player 𝑖 is Σ𝑖.

We say that two states ℎ = ∅𝑎1 . . . 𝑎𝑡 and ℎ′ = ∅𝑏1 . . . 𝑏𝑡 are indistinguishable to player 𝑖,
denoted ℎ ∼𝑖 ℎ′, if 𝑠𝑖 (ℎ) = 𝑠𝑖 (ℎ′). An equivalence class of nodes ℎ ∈ H under ∼𝑖 is an infoset.
Notice that infosets are well-defined here even for the player not moving—this will be critical
later on.

3.6Specifically, Pluribus [39] would not have been feasible without these poker-specific optimizations.

29



If 𝑢, 𝑢′ are nodes or sequences, 𝑢 ⪯ 𝑢′ means 𝑢 is an ancestor of 𝑢′ (or 𝑢′ = 𝑢). If 𝑆 is a set of
nodes, ℎ ⪰ 𝑆 means ℎ ⪰ ℎ′ for some ℎ′ ∈ 𝑆, and 𝑆 = {𝑧 : 𝑧 ⪰ 𝑆}.

The conditional value 𝑢(x,y |𝑆) is the conditional expectation given that some node in the set 𝑆
is hit. The (conditional) best-response value 𝑢∗(x|𝐽𝑎) to a ▲-strategy x ∈ X upon playing action
𝑎 at ▼-infoset 𝐽 is the best possible conditional value that ▼ against 𝑥 after playing 𝑎 at 𝐽:

𝑢∗(x|𝐽𝑎) = min
y∈Y:y(𝐽𝑎)=1

𝑢(x,y |𝐽).

The best-response value 𝑢∗(x) (without specifying an infoset) is the best-response value at the
root, i.e., miny∈Y 𝑢(x,y). Analogous definitions hold for ▼-strategy y and ▲-infoset 𝐼.

The counterfactual value 𝑢cf(x,y; 𝐽𝑎) for ▼ is the conditional value, scaled by the probability
that ▲ (and nature) plays to reach 𝐽:

𝑢cf(x,y; 𝐽𝑎) = 𝑢(x,y |𝐽𝑎)
∑︁
ℎ∈𝐽

𝑝(ℎ)x(ℎ).

The counterfactual best-response values are defined as the analogously scaled versions of the
conditional best response values.

We will distinguish between states and histories. A state is a sufficient statistic for future play
of the game. That is, all data about the subtree rooted at a history ℎ is uniquely determined by
the state at ℎ. Multiple histories can have the same state; such histories are called transpositions.
For example, ignoring draw rules, two chess positions are transpositions if they have equal piece
locations, castling rights, and en passant rights.

3.3 Common-Knowledge Subgame Solving
In this section we discuss prior work on subgame solving. First, ▲ computes a blueprint strategy x
for the full game. During a playthrough, ▲ reaches an infoset 𝐼, and would like to perform subgame
solving to refine her strategy for the remainder of the game. All prior subgame solving methods
that we are aware of require, as a first step, constructing [36, 40, 41, 43, 181, 221, 222, 279], or at
least approximating via samples [280], the common-knowledge closure of 𝐼.

Definition 3.1. The infoset hypergraph G of a game Γ is the hypergraph whose vertices are the
nodes of Γ, and whose hyperedges are information sets.

Definition 3.2. Let 𝑆 be a set of nodes in Γ. The order-𝑘 knowledge set 𝑆𝑘 is the set of nodes that
are at most distance 𝑘 − 1 away from 𝑆 in G. The common-knowledge closure 𝑆∞ is the connected
component of G containing 𝑆.

Intuitively, if we know that the true node is in 𝑆, then we know that the opponent knows that the
true node is in 𝑆2, we know that the opponent knows that we know that the true node is in 𝑆3,
etc., and it is common knowledge that the true node is in 𝑆∞. After constructing 𝐼∞ (where 𝐼,
as above, is the infoset ▲ has reached), standard techniques then construct the subgame 𝐼∞ (or

30



an abstraction of it), and solve it to obtain the refined strategy. In this section we describe three
variants: resolving [43], maxmargin [221], and reach subgame solving [36].

LetHtop be the set of root nodes of 𝐼∞, that is, the set of nodes ℎ ∈ 𝐼∞ for which the parent of
ℎ is not in 𝐼∞. In subgame resolving, the following gadget game is constructed. First, nature
chooses a node ℎ ∈ Htop with probability proportional to 𝑝(ℎ)x(ℎ). Then, ▼ observes her infoset
𝐼▼ (ℎ), and is given the choice to either exit or play. If she exits, the game ends at a terminal node
𝑧 with 𝑢(𝑧) = 𝑢∗cf(x; 𝐼▼ (ℎ)). This payoff is called the alternate payoff at 𝐼▼ (ℎ). Otherwise, the
game continues from node ℎ. In maxmargin solving, the objective is changed to instead find a
strategy x′ that maximizes the minimum margin 𝑀 (𝐼) := 𝑢∗cf(x

′; 𝐼) − 𝑢∗cf(x; 𝐼) associated with
any ▼-infoset 𝐼 intersecting Htop. (Resolving only ensures that all margins are positive). This
can be accomplished by modifying the gadget game. In reach subgame solving, the alternative
payoffs 𝑢∗cf(x; 𝐼) are decreased by the gift at 𝐼, which is a lower bound on the magnitude of error
that ▼ has made by playing to reach 𝐼 in the first place. Reach subgame solving can be applied on
top of either resolving or maxmargin.

The full game Γ is then replaced by the gadget game, and the gadget game is resolved to produce
a strategy x′ that ▲ will use to play to play after 𝐼. To use nested subgame solving, the process
repeats when another new infoset is reached.

3.4 Knowledge-Limited Subgame Solving
In this section we introduce the main contribution of this chapter, knowledge-limited subgame
solving. The core idea is to reduce the computational requirements of safe subgame solving
methods by discarding nodes that are “far away” (in the infoset hypergraph G) from the current
infoset.

Fix an odd positive integer 𝑘 . In order-𝑘 knowledge-limited subgame solving (𝑘-KLSS), we fix ▲’s
strategy outside 𝐼 𝑘 , and then perform subgame solving as usual. This carries many advantages:

1. Since ▲’s strategy is fixed outside 𝐼 𝑘 , ▼’s best response outside 𝐼 𝑘+1 is also fixed. Thus, all
nodes outside 𝐼 𝑘+1 can be pruned and discarded.

2. At nodes ℎ ∈ 𝐼 𝑘+1 \ 𝐼 𝑘 , ▲’s strategy is again fixed. Thus, the payoff at these nodes is only a
function of ▼’s strategy in the subgame and the blueprint strategy. These payoffs can be
computed from the blueprint and added to the row of the payoff matrix corresponding to
▲’s empty sequence. These nodes can then also be discarded, leaving only 𝐼 𝑘 .

3. Transpositions can be accounted for if 𝑘 = 1 and we allow a slight amount of incorrectness.
Suppose that ℎ, ℎ′ ∈ 𝐼 are transpositions. Then ▲ cannot distinguish ℎ from ℎ′ ever again.
Further, ▼’s information structure after ℎ in 𝐼 𝑘 is identical to her information structure in
ℎ′ in 𝐼 𝑘 . Thus, in the payoff matrix of the subgame, ℎ and ℎ′ induce two disjoint sections
of the payoff matrix 𝐴ℎ and 𝐴ℎ′ that are identical except for the top row (thanks to Item 2
above). We can thus remove one (say, at random) without losing too much. If one section
of the matrix contains entries that are all not larger than the corresponding entries of the
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other part, then we can remove the latter part without any loss since it is weakly dominated.

The transposition merging may cause incorrect behavior (over-optimism) in games such as poker,
but we believe that its effect in a game like FoW chess, where information is transient at best and
the evaluation of a position depends more on the actual position than on the players’ information,
is minor. Other abstraction techniques can also be used to reduce the size of the subgame, if
necessary. We will denote the resulting gadget game Γ[𝐼 𝑘 ].

In games like FoW chess, even individual infosets can have size 107, which means even 𝐼2 can
have size 1014 or larger. This is wholly unmanageable in real time. Further, very long shortest
paths can exist in the infoset hypergraph G. As such, it may be difficult to even determine whether
a given node is in 𝐼∞, much less expand all its nodes, even approximately. Thus, being able to
reduce to 𝐼 𝑘 for finite 𝑘 is a large step in making subgame solving techniques practical.

The benefit of KLSS can be seen concretely in the following parameterized family of games
which we coin 𝑁-matching pennies. We will use it as a running example in the rest of this chapter.
Nature first chooses an integer 𝑛 ∈ {1, . . . , 𝑁} uniformly at random. ▲ observes ⌊𝑛/2⌋ and ▼
observes ⌊(𝑛 + 1)/2⌋. Then, ▲ and ▼ simultaneously choose heads or tails. If they both choose
heads, ▲ scores 𝑛. If they both choose tails, ▲ scores 𝑁 − 𝑛. If they choose opposite sides, ▲
scores 0. For any infoset 𝐼 just after nature makes her move, there is no common knowledge
whatsoever, so 𝐼∞ is the whole game except for the root nature node. However, 𝐼 𝑘 consists of only
Θ(𝑘) nodes.

On the other hand, in community-card poker, 𝐼∞ itself is quite small: indeed, in heads-up Texas
Hold’Em, 𝐼∞ always has size at most
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≈ 1.6× 106 and even fewer after public cards have

been dealt. Furthermore, game-specific tricks or matrix sparsification [163, 300] can make game
solvers behave as if 𝐼∞ ≈ 103. This is manageable in real time, and is the key that has enabled
recent breakthroughs in AIs for no-limit Texas hold’em [37, 39, 222]. In such settings, we do not
expect our techniques to give improvement over the current state of the art.

The rest of this section addresses the safety of KLSS. The techniques in Section 3.3 are safe in the
sense that applying them at every infoset reached during play in a nested fashion cannot increase
exploitability compared to the blueprint strategy [36, 43, 221]. KLSS is not safe in that sense:

Proposition 3.3. There exists a game and blueprint for which applying 1-KLSS at every
infoset reached during play increases exploitability by a factor linear in the size of the
game.

Proof. Consider the following game. Nature chooses an integer 𝑛 ∈ {1, . . . , 𝑁}, and tells ▲
but not ▼. Then the two players play matching pennies, with ▼ winning if the pennies match.
Consider the blueprint strategy for ▲ that plays heads with probability exactly 1/2 + 2/𝑁 ,
regardless of 𝑛. This strategy is a Θ(1/𝑁)-equilibrium strategy for ▲. However, if maxmargin
1-KLSS is applied independently at every infoset reached, ▲ will deviate to playing tails for all
𝑛, because she is treating her strategy at all 𝑚 ≠ 𝑛 as fixed, and the resultant strategy is more
balanced. This strategy is exploitable by ▼ always playing tails. □
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Despite the above negative example, we now give multiple methods by which we can obtain safety
guarantees when using KLSS.

3.4.1 Safety by Updating the Blueprint
Our first method of obtaining safety is to immediately and permanently update the blueprint
strategy after every subgame solution is computed. Proofs of the results in this section can be
found in the appendix.

Theorem 3.4. Suppose that whenever 𝑘-KLSS is performed at infoset 𝐼 (e.g., it can be
performed at every infoset reached during play in a nested manner), and that subgame
strategy is immediately and permanently incorporated into the blueprint, thereby overriding
the blueprint strategy in 𝐼 𝑘 . Then the resulting sequence of blueprints has non-increasing
exploitability.

Proof. We begin with a lemma that will be useful for many of the remaining theoretical results.

Lemma 3.5. Let (𝑥, 𝑦) be a blueprint strategy, and 𝐼 be an infoset for player 1 with x(𝐼) > 0.
Then fixing strategies for both players at all nodes ℎ ⪰̸ 𝐼; performing resolving, maxmargin,
or reach subgame solving at only 𝐼 𝑘; and then playing according to that strategy in 𝐼 𝑘 and x
elsewhere, results in a strategy x′ that is not more exploitable than 𝑥.

Proof. Identical to the proof of safety of subgame resolving [43]: we always have access to
our blueprint strategy, which by design makes all margins nonnegative. □

The theorem now follows by applying the lemma repeatedly. □

To recover a full safety guarantee from Theorem 3.4, the blueprint—not the subgame solution—
should be used during play, and the only function of the subgame solve is to update the blueprint
for later use. One way to track the blueprint updates is to store the computed solutions to all
subgames that the agent has ever solved. In games where only a reasonably small number of paths
get played in practice (this can depend on the strength and style of the players), this is feasible. In
other games this might be prohibitively storage intensive.

It may seem unintuitive that we cannot use the subgame solution on the playthrough on which
it is computed, but we can use it forever after that (by incorporating it into the blueprint), while
maintaining safety. This is because, if we allow the choice of information set 𝐼 in Theorem 3.4 to
depend on the opponent’s strategy, the resulting strategy is exploitable due to Proposition 3.3. By
only using the subgame solve result at later playthroughs, the choice of 𝐼 no longer depends on
the opponent strategy at the later playthrough, so we recover a safety guarantee.

One might further be concerned that what the opponent or nature does in some playthrough of
the game affects our strategy in later playthroughs and thus the opponent can learn more about,
or affect, the strategy she will face in later playthroughs. However, this is not a problem. If
the blueprint is an 𝜖-NE, the opponent (or nature) can affect which 𝜖-NE we will play at later
playthroughs, but because we will always play from some 𝜖-NE, we remain unexploitable.
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In the rest of this section we prove forms of safety guarantees for 1-KLSS that do not require the
blueprint to be updated at all.

3.4.2 Safety by Allocating Deviations from the Blueprint
We now show that another way to achieve safety of 1-KLSS is to carefully allocate how much it is
allowed to deviate from the blueprint. Let G′ be the graph whose nodes are infosets for ▲, and in
which two infosets 𝐼 and 𝐼′ share an edge if they contain nodes that are in the same ▼-infoset. In
other words, G′ is the infoset hypergraph G, but with every ▲-infoset collapsed into a single node.

Theorem 3.6. Let x be an 𝜖-NE blueprint strategy for ▲. Let I be an independent set in
G′ that is closed under ancestor (that is, if 𝐼 ⪰ 𝐼′ and 𝐼 ∈ I, then 𝐼′ ∈ I). Suppose that
1-KLSS is performed at every infoset in I, to create a strategy x′. Then x′ is also an 𝜖-NE
strategy.

Proof. By induction on the infoset structure. Assume WLOG that ▲ has a root infoset 𝐼0.

Base case. If ▲ has only one infoset, then Lemma 3.5 applies.

Inductive case. Let I′ ⊂ I1 be the collection of infosets that could be the next infosets reached
after 𝐼0. Formally, I′ = {𝐼 ∈ I1 : 𝐼 ≻ 𝐼0 and there is no 𝐼′ such that 𝐼 ≻ 𝐼′ ≻ 𝐼0}. Since I is
closed under ancestors, for each infoset 𝐼 ∈ I′ \ I, the downward closure 𝐼 does not intersect
with I. Thus, the strategy in 𝐼 will be left untouched, and is treated as fixed by all subgame
solves.

Subgame solving is then performed at every information set 𝐼 ∈ I∩I′. By inductive hypothesis,
for each 𝐼, this gives a Nash equilibrium x𝐼 of Γ[𝐼], which, by definition of Γ[𝐼], makes all
margins in that subgame nonnegative. Since I is an independent set, the margin of each
▼-infoset is only dependent on at most one of the subgame solves. Thus, replacing the strategy
in 𝐼 with x𝐼 for each 𝐼 ∈ I ∩I′ still leaves all nonnegative margins in the original game, which
completes the proof. □

To apply this method safely, we may select beforehand a distribution 𝜋 over independent sets
of G′, which induces a map 𝑝 : 𝑉 (G′) → R where 𝑝(𝐼) = PrI∼𝜋 [𝐼 ∈ I]. Then, upon reaching
infoset 𝐼, with probability 1 − 𝑝(𝐼), play the blueprint until the end of the game; otherwise, run
1-KLSS at 𝐼 (possibly resulting in more nested subgame solves) and play that strategy instead. It
is always safe to set 𝑝(𝐼) ≤ 1/𝜒(𝐼∞) where 𝜒(𝐼∞) denotes the chromatic number of the subgraph
of G′ induced by the infosets in the common-knowledge closure 𝐼∞. For example, if the game is
perfect information, then G′[𝐼∞] is the trivial graph with only one node 𝐼, so, as expected, it is
safe to set 𝑝(𝐼) = 1, that is, perform subgame solving everywhere.
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3.4.3 Affine Equilibrium, which Guarantees Safety against All Equilibrium
Strategies

We now introduce the notion of affine equilibrium. We will show that such equilibrium strategies
are safe against all NE strategies, which implies that they are only exploitable by playing non-NE
strategies, that is, by opening oneself up to counter-exploitation. We then show that 1-KLSS finds
such equilibria.

Definition 3.7. A vector x is an affine combination of vectors x1, . . . ,x𝑘 if x =
∑𝑘
𝑖=1 𝛼𝑖x𝑖 with∑

𝑖 𝛼𝑖 = 1, where the coefficients 𝛼𝑖 can have arbitrary magnitude and sign.

Definition 3.8. An affine equilibrium strategy is an affine combination of NE strategies.

In particular, if the NE is unique, then so is the affine equilibrium. Before stating our safety
guarantees, we first state another fact about affine equilibria that illuminates their utility.

Proposition 3.9. Every affine equilibrium is a best response to every NE strategy of the
opponent.

Proof. Let y∗ be a ▼-NE strategy. Let x be an affine equilibrium for ▲, and write x =
∑
𝑖 𝛼𝑖x

∗
𝑖

where x∗
𝑖

are Nash equilibria, and
∑
𝑖 𝛼𝑖 = 1 (but 𝛼𝑖 are not necessarily positive). Then we have

𝑢(x,y∗) =
∑︁
𝑖

𝛼𝑖𝑢(x∗𝑖 ,y∗) = 𝑢∗. □

In other words, every affine equilibrium is an NE of the restricted game Γ′ in which ▼ can only
play her NE strategies in Γ. That is, affine equilibria are not exploitable by NE strategies of the
opponent, not even by safe exploitation techniques [122]. So, the only way for the opponent to
exploit an affine equilibrium is to open herself up to counter-exploitation. Affine equilibria may
be of independent interest as a reasonable relaxation of NE in settings where finding an exact or
approximate NE strategy may be too much to ask for.

Theorem 3.10. Let x be a blueprint strategy for ▲, and suppose that x happens to be an
NE strategy. Suppose that we run 1-KLSS using the blueprint x, at every infoset in the
game, to create a strategy x′. Then x′ is an affine equilibrium strategy.

Proof. By induction on the infoset structure. As above, assume WLOG that ▲ has a root infoset
𝐼0.

Base case. If ▲ has only one infoset, then Lemma 3.5 applies.

Inductive case. Let I′ be as in the previous proof. By inductive hypothesis, for each 𝐼 ∈ I′,
running subgame solving on 𝐼 yields a strategy x𝐼 that is an affine equilibrium in Γ[𝐼]. By
definition of affine equilibrium, write x𝐼 =

∑
𝑗 𝛼𝐼, 𝑗x𝐼, 𝑗 where x𝐼, 𝑗 are Nash equilibria of Γ[𝐼].

Let x′
𝐼

be the strategy in Γ defined by playing according to x𝐼 in 𝐼, and the blueprint everywhere
else.
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Then each x′
𝐼

is an affine equilibrium, because it is an affine combination of the strategies
x′
𝐼, 𝑗

, which by Lemma 3.5 are Nash equilibria of Γ. But then the strategy created by running
subgame solving at every 𝐼 ∈ I′, which is x + ∑

𝐼∈I′ (x′𝐼 − x), is an affine combination of
affine equilibria, and hence itself an affine equilibrium. □

The theorem could perhaps be generalized to approximate equilibria, but the loss of a large factor
(linear in the size of the game, in the worst case) in the approximation would be unavoidable:
the counterexample in the proof of Proposition 3.3 has a Θ(1/𝑁)-NE becoming a Θ(1)-NE, in a
game where the Nash equilibria are already affine-closed (that is, all affine combinations of Nash
equilibria are Nash equilibria). Furthermore, it is nontrivial to even define 𝜖-affine equilibrium.

Theorem 3.10 and Proposition 3.3 together suggest that 1-KLSS may make mistakes when x
suffers from systematic errors (e.g., playing a certain action 𝑎 too frequently overall rather than
in a particular infoset). 1-KLSS may overcorrect for such errors, as the counterexample clearly
shows. Intuitively, if the blueprint plays action 𝑎 too often (e.g., folds in poker), 1-KLSS may try
to correct for that game-wide error fully in each infoset, thereby causing the strategy to overall
be very far from equilibrium (e.g., folding way too infrequently in poker). However, we will
demonstrate that this overcorrection never happens in our experiments in practical games, even if
the blueprint contains very systematic errors.

Strangely, the proofs of both Theorem 3.10 and Theorem 3.6 do not work for 𝑘-KLSS when 𝑘 > 1,
because it is no longer the case that the strategies computed by subgame solving are necessarily
played—in particular, for 𝑘 > 1, 𝑘-KLSS on an infoset 𝐼 computes strategies for infosets 𝐼′ that
are no longer reachable, and such strategies may never be played. For 𝑘 = ∞—that is, for the case
of common knowledge—it is well known that the theorems hold via different proofs [36, 43, 221].
We leave the investigation of the case 1 < 𝑘 < ∞ for future research.

3.4.4 2-KLUSS: Unfreezing the Order-2 Subgame

We now introduce one additional change to KLSS: we allow ▲-nodes in 𝐼2 \ 𝐼 to be unfrozen
and hence re-optimized in the subgame. We call this variant 2-knowledge-limited unfrozen
subgame solving (KLUSS),3.7 since its complexity depends on the order-2 subgame 𝐼2. 2-KLUSS
essentially amounts to pretending that 𝐼2 = 𝐼∞.

We now make a few remarks about KLUSS, as it is applied to our FoW chess agent Obscuro:

1. Like 1-KLSS, 2-KLUSS lacks safety guarantees in the worst case. However, KLSS is
often safe in practice, and KLUSS outperforms KLSS in FoW chess as we will show in the
ablation experiments in Section 3.7. There are two further considerations:

(a) Obscuro does not have a full-game blueprint: its blueprint is simply the strategy
from the previous timestep, which is depth limited. Thus, we must use some form of
subgame solving to play the game. KL(U)SS is currently the only variation of subgame

3.7This can be easily generalized to 𝑘-KLUSS for any 𝑘 .

36



solving that is both somewhat game-theoretically motivated for imperfect-information
games and computationally feasible in a game like FoW chess.

(b) Although both KLSS and KLUSS are unsafe in the worst case, it should be heuristically
intuitive that they should improve performance more when the blueprint itself is of low
quality. Indeed, we expect our “blueprints” (strategies carried over from the previous
timestep) to have rather low quality, especially deep in the search tree where such
strategies are based on very low-depth search! So, we believe heuristically that using
KL(U)SS in this manner should usually be game-theoretically sound.

2. Since our equilibrium-finding module for Obscuro is based on CFR instead of linear
programming—in particular, it uses the full game tree Γ̃ instead of a sequence-form
representation—it does not benefit from freezing the ▲-nodes in 𝐼2 \ 𝐼1, since those nodes
would still need to be maintained. Thus, there is less reason for us to freeze those nodes.
Further, with straightforward pruning techniques (namely, partial pruning [35]), CFR itera-
tions usually take sublinear time in the size of the game tree (unlike linear programming,
which takes at least linear time in the representation size), reducing the need to optimize the
size of the game representation.

3. Again since we use CFR, the solutions that are computed by the equilibrium-finding module
are inherently approximate, and especially at levels deep in the tree, their approximation can
be relatively poor. As such, allowing these infosets to be unfrozen gives them the chance to
learn better actions.

4. 1-KLSS removes the nodes in 𝐼2 \ 𝐼1, folding them into the sequence-form representation
for efficiency. In contrast, our approach of maintaining these nodes allows them to be
selected for expansion. This fixes a weakness of KLSS when applied in the fashion that we
apply it in Obscuro: if we removed these nodes, we would only capable of searching for
bluff opportunities “locally”, since any ▲-node in 𝐼2 \ 𝐼1 would cease to be in the tree once
the search horizon was passed. In contrast, Obscuro is capable of maintaining ▲-nodes in
𝐼2 \ 𝐼1 for a long time, allowing deeper bluff opportunities.

5. Liu et al. [201] introduced a safe variant of KLSS, which they call safe KLSS, in which
the subgame solver attempts to find a subgame strategy x′ that maintains at least the same
value for every opponent strategy 𝑦, instead of against every infoset 𝐽. This is a much
stricter condition that is much more difficult to satisfy and thus substantially constrains
the strategy to be close to the blueprint. Therefore, the safety requirement significantly
decreases the power and value of subgame solving, especially when the blueprint is bad.
Moreover, safe KLSS drops all nodes outside 𝐼1, which once again introduces the problem
of the previously-listed item: if we were to use safe KLSS in our setting, our AI would not
be capable of exploiting long bluff opportunities.
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Figure 3.2: A simple game that we use in our example. The game is a modified
version of 4-matching pennies. Circles are nature or terminal; terminal nodes
are labeled with their utilities. Nodes will be referred to by the sequence of edges
leading to that node; for example, the rightmost terminal node is 1𝑡𝑡. The details
of the subgame at 𝑒 are irrelevant. Nature’s strategy at the root node is uniform
random.
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Figure 3.3: The common-knowledge subgame at 𝐴1, Γ[𝐴∞1 ]. Nature’s strategy at
all its nodes, once again, is uniform random. The nodes 𝑐′0 and 𝑐′4 are redundant
because nature only has one action, but we include these for consistency with the
exposition.
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Figure 3.4: The subgame for 1-KLSS at 𝐴1. Once again, both nature nodes are
redundant, but included for consistency with the exposition. The counterfactual
value at 𝑐′2 is scaled up because the other half of the subtree is missing. In addition
to this, ▼ gains value 3/2 for playing ℎ and 1 for playing 𝑡 at 𝐵2, accounting for
that missing subtree.
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Figure 3.5: The subgame for 1-KLUSS at 𝐴1.
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3.5 Example of How KL(U)SS Works
Figure 3.2 shows a small example game. Suppose that the ▲-blueprint is uniform random, and
consider an agent who has reached infoset 𝐴1 and wishes to perform subgame solving. Under the
given blueprint strategy, ▼ has the following counterfactual values: 1/2 at 𝐵′0 and 𝐶′4, and 5/2 at
𝐵′2.

The common-knowledge maxmargin gadget subgame Γ[𝐴∞1 ] can be seen in Figure 3.3. The
1-KLSS and 2-KLUSS maxmargin gadget subgames can be seen in Figure 3.4 and Figure 3.5
respectively.

The advantage of KL(U)SS is clearly demonstrated in this example: while both KLSS and
common-knowledge subgame solving prune out the subgame at node 5, KL(U)SS further prunes
the subgames at node 4 (because it is outside the order-2 set 𝐴2

1 and thus does not directly
affect 𝐴1), and KLSS further prunes node 3 (because it only depends on ▼’s strategy in the
subgame—and not on ▲’s strategy—and thus can be added to a single row of 𝐵).

3.6 Description of our AI Agent Obscuro and the New Algo-
rithms Therein

The technical innovations of Obscuro are in its search algorithms. At a high level, they operate
as follows. At all times, the program maintains the full set 𝑃 of possible positions3.8 given the
observations that it has seen so far in the game, as well as a partial game tree Γ̂ consisting of
its calculations from the previous move. At the beginning of the game, 𝑃 contains only the
starting position 𝑠0, and Γ̂ consists of a single node 𝑠0, since the program has done no calculation.
Although 𝑃 is small enough to fit in memory (usually |𝑃 | ≤ 106), it is too large to feasibly allow
nontrivial reasoning about every single position in 𝑃 on every move. Therefore, the program
instead samples a small subset 𝐼 ⊆ 𝑃 at random, whose size is no more than a few hundred
positions.

Given a subset 𝐼, the program at a high level executes the following steps.

1. Construct an imperfect-information subgame Γ incorporating the saved computation from
the previous move (Γ̂), as well as the positions in the sampled subset 𝐼.

2. Compute an (approximately) optimal strategy profile (i.e., an approximate Nash equilibrium)
of Γ.

3. Use the Nash equilibrium to expand the game tree Γ.

4. Repeat the above two steps until a time budget is exceeded.

5. Select a move.

We now elaborate on each step individually. Full detail can be found in Section 3.8.

3.8A position describes where pieces are as well as the castling and en passant rights.

40



3.6.1 Step 1: Generating the Initial Game Tree at the Beginning of a Turn
The imperfect-information subgame Γ is constructed from the old game tree Γ̂ and the sampled
additional positions 𝑠 ∈ 𝐼 according to KLUSS.

3.6.2 Step 2: Equilibrium Computation
The remaining steps are inspired by the growing-tree counterfactual regret minimization (GT-CFR)
algorithm [267]: a game tree Γ is simultaneously solved using an iterative equilibrium-finding
algorithm and expanded using an expansion policy.

For equilibrium finding we PCFR+. At all times 𝑡, PCFR+ maintains a profile (x𝑡 ,y𝑡), where x𝑡

is our strategy and y𝑡 is the opponent’s strategy.

PCFR+ has only been proven to converge in average strategies. That is, the empirical strategy
profile (x̄𝑡 , ȳ𝑡) := ( 1

𝑡

∑𝑡
𝑠=1 x

𝑠, 1
𝑡

∑𝑡
𝑠=1 y

𝑠) converges to Nash equilibrium as 𝑡 → ∞. However,
instead of computing the empirical average strategy, we circumvent this step and maintain only the
last iterate (x𝑡 ,y𝑡). There are several reasons for this choice, which are detailed in Section 3.8.

3.6.3 Step 3: Expanding the Game Tree
Nodes are selected for expansion by using carefully-designed expansion policies that balance
exploration and exploitation. Our program chooses a node to expand by the following process. Fix
one player to be the exploring player. (The choice of which player is exploring alternates: on odd-
numbered iterations, P1 is the exploring player; on even-numbered iterations, P2 is the exploring
player.) For this exposition, we will take P1 to be the exploring player. The non-exploring player
will play according to its current strategy as computed by PCFR+, in this case y𝑡 . The exploring
player will play a perturbed version x̃𝑡 of its current strategy x𝑡 . The strategy x̃𝑡 is designed to
balance between exploitation and exploration. Exploitation here means playing actions with high
possible reward, that is, actions that have positive probability in x𝑡 . Exploration means assigning
positive probability to every possible action, to hedge against the possibility that the current tree
incorrectly estimates the value of the action due to lacking search depth. For this, we use a method
based on the polynomial upper confidence bounds for trees (PUCT) algorithm [271]. Finally, a
leaf node of the current tree Γ is selected for expansion according to the strategy profile (x̃𝑡 ,y𝑡).

One major difference between our algorithm and the GT-CFR algorithm lies in having only one
player use the exploring strategy x̃𝑡 , rather than both. Intuitively, this remains sound, because tree
nodes that neither player plays to reach are irrelevant to equilibrium play. Thus, allowing one
player to play directly from their equilibrium strategy (here, y𝑡) allows the tree expansion to be
more focused.

Once a leaf node 𝑧 is chosen by the above process, its children are evaluated by a node heuristic
and added to the game tree. The node heuristic is an estimate of the perfect-information value of
𝑧, as evaluated by the chess engine Stockfish 14 [276]. If 𝑧 is the first node in its infoset that has
been expanded, a local regret minimizer is created for PCFR+, and it is initialized to pick the

41



action with highest value according to the node heuristic.3.9

3.6.4 Step 4: Repeat
The above two steps are repeated, in parallel using a multi-threaded implementation, until a time
budget is exceeded. Our implementation uses one thread running CFR and two threads expanding
the game tree, which is shared across all three threads. The node expansion threads use locks to
avoid expanding the same node, but the equilibrium computation thread uses no locks and only
works on the already-expanded portion of the game tree. The time budget is set heuristically based
on the amount of time remaining on the player’s clock. Once the time budget is exceeded, the tree
expansion threads (Step 3) are stopped first, and then, after a delay, the equilibrium computation
thread (Step 2). The added time allocated to equilibrium computation is present so that a more
precise equilibrium can be computed without the tree constantly changing.

3.6.5 Step 5: Selecting a Move
After those computations have stopped, a move is selected based on the (possibly mixed) strategy
that PCFR+ has computed. Instead of directly sampling from this distribution, we first purify
it [123]—that is, we limit the amount of randomness. In particular, we sample from only the 𝑚
highest-probability actions, where 1 ≤ 𝑚 ≤ 3 is chosen based on the computed strategies. We only
allow mixing (𝑚 > 1) when the algorithm believes that its computed strategy is safe—intuitively,
this is when the algorithm’s final strategy x𝑡 can guarantee expected value at least as good as
what the algorithm thought to be possible before the turn. This purification technique made a
significant difference in practice, detailed via an ablation test in Section 3.7.

3.7 Experimental Evaluation
To evaluate our techniques, we conducted several experiments. The first was a 1,000-game match
against an early version of Obscuro, which we will refer to as ZS21 in reference to its date of
publication [301]. Our new AI scored 85.1% (+834 =33 -133)3.10, confidently establishing its
superiority. ZS21 used KLSS instead of KLUSS, iterative-deepening linear programming instead
of GT-CFR, and none of the techniques against which we perform ablations in Section 3.7.2.

We then ran two experiments against human players. The first of these was a series of games
against human players of varying skill levels. Obscuro played a total of 117 games (with time
control 3 minutes + 2 seconds per move).3.11 The skill levels of the players, measured by their
chess.com Fog of War chess ratings, ranged from 1450 to 2006. We excluded 17 of the games

3.9Theoretically, the guarantees of PCFR+ do not depend on the initialization, which can be arbitrary. However,
practically, we find that initializing to a “good guess” of a good action leads to faster empirical convergence to
equilibrium. More details can be found in Section 3.8.

3.10This notation means 834 wins, 33 draws, and 133 losses.
3.11This time control was selected because it was the most popular time control played on the most popular website

for FoW chess (chess.com) at the time of the experiment. While in regular chess both fast and slow games are
common, in FoW chess slow games are typically not played.
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for various reasons such as disconnections, the opponent leaving before the game finished, or the
opponent clearly losing on purpose, leaving 100 completed games. Obscuro scored 97% (+97 =0
-3), establishing conclusively that it is stronger than humans of this level.

Finally, we invited the top FoW chess player to a 20-game match (again at 3+2 time control). At
the time of our match,3.12 this player was rated 2318 and ranked #1 on the chess.com Fog of War
blitz leaderboard. In this match, Obscuro scored 80% (+16 =0 -4), a conclusive and statistically
significant3.13 victory against the world’s strongest player. We thus conclude that Obscuro is
superhuman.

The 20 games played against the top human are available at this link. A curated sample of
particularly interesting games from our 100 games played against humans of varying skill levels,
including all three games lost by Obscuro, is available at this link.

3.7.1 Hardware
Obscuro, for its human matches, ran on a single desktop machine with a 6-core Intel i5 CPU.
Ablations and further matches were run on an AMD EPYC 64-core server machine using 10 cores
(5 per side). We now report statistics about the computational performance of Obscuro. These
statistics were collected over the course of a 1,000-game sample, at a time control of 5 seconds
per move.3.14

• Average game length: 116.6 plies (58.3 full moves)

• Average search depth: 10.7 plies

• Average search tree size: 1,070,552 nodes, 14,404 infosets

• Average search tree size carried over from previous search: 181,421 nodes, 3,162 infosets

• Average number of possible positions: 17,264

3.7.2 Ablations
In addition to the experiments described earlier in this chapter, we conducted multiple experiments
with Obscuro as follows. In each of these experiments, we turned off one or more of the
new techniques introduced in this chapter in order to evaluate the contributions of the different
techniques to the performance of Obscuro. All ablations were run at a time control of 5 seconds
per move. Recall that Obscuro with all techniques turned on scored 85.1% against ZS21 and 80%
against the top human.

1. Purification off. This version allowed mixing among all stable actions, even if the current
margin is negative or there are more than three of them.

3.12I.e., as of the rating list on August 16, 2024 [1]
3.13𝑝 = 0.011 using an exact binomial test.
3.14For this and all other AI-vs-AI matches in this chapter, the stated time control, usually 5 seconds per move, is the

time limit allocated to the main search loop, and does not include the time it takes to enumerate the set of all legal
positions.
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In a 1,000-game match, Obscuro scored 70.2% (+662 =79 -259).

2. KLUSS off. In this version, the strategies in infosets not touching our infoset were frozen, as
in 1-KLSS.

In a 1,000-game match, Obscuro scored 58.0% (+532 =96 -372).

3. Non-uniform Resolve distribution off. In this version, when using Resolve, the distribution
over root nodes is set uniformly to 𝛼𝐽 = 1/𝑚, as in ZS21.

In a 10,000-game match, Obscuro scored 53.3% (+4595 =1478 -3927).

4. One-sided GT-CFR off. In this version we use the two-sided node expansion algorithm
proposed by the original GT-CFR paper [267].

In a 10,000-game match, Obscuro scored 53.3% (+4535 =1583 -3882).

5. Two-sided GT-CFR only, against ZS21. In this ablation, we turned off all the above
improvements 1, 2, 3, and 4, and matched the resulting agent against that of ZS21. This
serves to isolate the effect of using GT-CFR compared to using the LP-based equilibrium
computation and iterative deepening node expansion as in ZS21.

In a 1,000-game match, the GT-CFR version scored 72.6% (+711 =30 -259).

All results are highly statistically significant (𝑧 > 5). The results suggest that each improvement
played a significant role in the improvement of Obscuro over the previous state-of-the-art AI.

3.7.3 Further experiments
Finally, we conducted several other experiments to test different properties of Obscuro.

1. Weaker evaluation function. To test the impact of the evaluation function, we hand-crafted a
simple evaluation function that takes into account only the material difference and number
of squares visible to each player. We substituted this evaluation function in place of Stockfish
14’s neural network-based evaluation function, creating a new agent that we call simple-eval
Obscuro. This evaluation function is very simplistic, and would not be well-suited to regular
chess. We tested simple-eval Obscuro against both Obscuro and ZS21.

In a 1,000-game match, Obscuro scored 81.9% (+787 =63 -150) against simple-eval Ob-
scuro.

In a 10,000-game match, simple-eval Obscuro scored 55.0% (+5258 =486 -4256) against
ZS21.

This experiment shows that the evaluation function has a significant impact on the perfor-
mance of Obscuro. Yet, the search algorithm is also vital: even a simplistic evaluation
function with our improved search techniques is enough to be superior to ZS21.

2. Random agent. As a sanity check, we also tested Obscuro against a random opponent.3.15

3.15The only realistic way for Obscuro to lose to a random opponent is by not defending against Qa4+ or Qa5+
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In a 1,000-game match, Obscuro scored 100% (+1000 =0 -0).

3. Time scaling. To test the effect of the time limit on the performance of Obscuro, we tested
versions of Obscuro with different time limits against each other. The results were as
follows. All matches consisted of 10,000 games.

Obscuro with 1
8 s/move scored 56.4% (+5162 =943 -3895) against Obscuro with 1

16 s/move.

Obscuro with 1
4 s/move scored 56.5% (+5031 =1231 -3738) against Obscuro with 1

8 s/move.

Obscuro with 1
2 s/move scored 56.7% (+4923 =1503 -3574) against Obscuro with 1

4 s/move.

Obscuro with 1 s/move scored 54.0% (+4617 =1566 -3817) against Obscuro with 1
2 s/move.

Obscuro with 2 s/move scored 53.7% (+4589 =1561 -3850) against Obscuro with 1 s/move.

Obscuro with 4 s/move scored 52.3% (+4463 =1530 -4007) against Obscuro with 2 s/move.

Obscuro with 8 s/move scored 52.4% (+4501 =1482 -4017) against Obscuro with 4 s/move.

Obscuro with 16 s/move scored 52.3% (+4448 =1563 -3989) against Obscuro with 8 s/move.

These results, converted to the standard Elo scale, are visualized in Figure 3.6. As expected and in
line with known results for other settings (e.g., for regular chess [272]), increasing search time
has a significant impact on playing strength, but with diminishing returns.

3.7.4 Exact tabular experiments with 1-KLSS
We conducted experiments on various small and medium-sized games to test the practical per-
formance of 1-KLSS. To do this, we created a blueprint strategy for ▲ that is intentionally weak
by forcing ▲ to play an 𝜖-uniform strategy (i.e., at every infoset 𝐼, every action 𝑎 must be played
with probability at least 𝜖/𝑚 where 𝑚 is the number of actions at 𝐼). The blueprint is computed as
the least-exploitable strategy under this condition. During subgame solving, the same restriction
is applied at every infoset except the root, which means theoretically that it is possible for any
strategy to arise from nested solving applied to every infoset in the game. The mistakes made
by playing with this restriction are highly systematic (namely, playing bad actions with positive
probability 𝜖); thus, the argument at the end of Section 3.4 suggests that we may expect order-1
subgame solving to perform poorly in this setting.

We tested on a wide variety of games, including some implemented in the open-source library
OpenSpiel [192]. All games were solved with Gurobi 9.0 [139], and subgames were solved
in a nested fashion at every information set using maxmargin solving. We found that, in all
practical games (i.e., all games tested except the toy game 100-matching pennies) 1-KLSS in
practice always decreases the exploitability of the blueprint, suggesting that 1-KLSS decreases
exploitability in practice, despite the lack of matching theoretical guarantees. Experimental
results can be found in Table 3.7. We also conducted experiments at 𝜖 = 0 (so that the blueprint

in the opening as previously discussed, which happens with only very small probability. As previously discussed,
occasionally losing to a weak (here, random) player would not in itself evidence that Obscuro is playing suboptimally,
since even an exact equilibrium player should lose to a random player with positive probability.
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Figure 3.6: Visualization of time scaling of Obscuro. The 𝑦-axis is relative to the
playing strength of Obscuro with 5 seconds per move.

is an exact NE strategy, and all the subgame solving needs to do is not inadvertently ruin the
equilibrium), and found that, in all games tested, the equilibrium strategy was indeed not ruined
(that is, exploitability remained 0). Gurobi was reset before each subgame solution was computed,
to avoid warm-starting the subgame solution at equilibrium.

All games in this subsection, except 𝑘-matching pennies (which is described in the paper body),
are implemented in OpenSpiel [192].

Kuhn poker [187] and Leduc poker [275] are small variants of poker. In Kuhn poker, each player
is dealt one of three cards, and a single round of betting ensues with a fixed bet size and a one-bet
limit. There are no community cards. In Leduc poker, there is a deck of six cards. Each player
is dealt a hole card, and there is a single community card. There are two rounds of betting, one
before and one after the community card is dealt. There is a two-bet limit per round, and the raise
sizes are fixed.

Abrupt dark hex is the board game Hex, except that a player does not observe the opponent’s
moves. If a player attempts to play an illegal move, she is notified, and she loses her turn.

𝑘-card Goofspiel is played as follows. At time 𝑡 (for 𝑡 = 1, . . . , 𝑘), players simultaneously place
bids for a prize of value 𝑣𝑡 . The possible bids are the integers 1, . . . , 𝑘 . Each player must use each
bid exactly once. The higher bid wins the prize; in the event of a tie, the prize is split. The players
learn who won the prize, but do not learn the exact bid played by the opponent. In the random
card order variant, the list {𝑣𝑡} is a random permutation of {1, . . . , 𝑘}. In the fixed increasing
card order variant, 𝑣𝑡 = 𝑡.
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exploitability
game blueprint after 1-KLSS ratio

2x2 Abrupt Dark Hex 0.07 0.06 1.09
4-card Goofspiel, random order 0.17 0.08 2.2
4-card Goofspiel, increasing order 0.17 0.0 ∞
Kuhn poker 0.01 1.5 8.3
Kuhn poker (𝜖-bet) 3.5 0.0 ∞
3-rank limit Leduc poker 0.02 0.02 1.09
3-rank limit Leduc poker (𝜖-fold) 6.5 5.7 1.09
3-rank limit Leduc poker (𝜖-bet) 9.7 9.6 1.01
Liar’s Dice, 5-sided die 0.18 0.13 1.45
100-Matching pennies 1.3 9.8 0.13

Table 3.7: Experimental results in medium-sized games. Reward ranges in
all games were normalized to lie in [−1, 1]. Ratio is the blueprint exploitability
divided by the post-subgame-solving exploitability. The value 𝜖 was set to 0.25 in
all experiments, but the results are qualitatively similar with smaller values of 𝜖
such as 0.1. In the 𝜖-bet/fold variants, the blueprint is the least-exploitable strategy
that always plays that action with probability at least 𝜖 (Kuhn poker with 0.25-fold
has an exact Nash equilibrium for P1, so we do not include it). Descriptions and
statistics about the games can be found in the appendix.

Liar’s dice. Two players roll independent dice. The players then alternate making claims about the
value of their own die (e.g., “my die is at least 3”). Each claim must be larger than the previous
one, until someone calls liar. If the last claim was correct, the claimant wins.

The experimental results suggest that despite the behavior of 1-KLSS in our counterexample to
Proposition 3.3, in practice 1-KLSS can be applied at every infoset without increasing exploitabil-
ity despite lacking theoretical guarantees.

3.8 Further Details about Obscuro

3.8.1 Dealing with Lost Particles
Upon reaching a new infoset 𝐼 in a playthrough, because we are performing non-uniform iterative
deepening, it is likely that some nodes in 𝐼 do not appear in the subgame search tree. It is even
possible that no node in 𝐼 appears in the subgame search tree. For this reason, in addition to nested
subgame solving, we maintain the exact set 𝐼 (up to transpositions, as per Section 3.4). The set 𝐼
rarely exceeds size 107, making it reasonable to maintain and update in real time. Let 𝐼′ be the set
of game nodes currently being considered by the player. We set a lower limit 𝐿 on the number of
“particles” (subgame root states) being considered. If |𝐼′| ≤ 𝐿 and 𝐼′ ⊊ 𝐼, then we sample at most
𝐿 − |𝐼′| nodes uniformly at random without replacement from 𝐼 \ 𝐼′, and add them as roots of the
subgame tree. At such nodes ℎ, our agent assumes that the opponent knows the exact node. The

47



average
��𝐼𝑘 �� for 𝑘 = . . .

game nodes infosets diameter 1 2 3 4 ∞

2x2 Abrupt Dark Hex 471 94 13 5.23 12.00 18.17 22.04 29.58
4-card Goofspiel, random 26773 3608 4 5.84 8.90 9.19 9.20
4-card Goofspiel, increasing 1077 162 4 5.83 9.05 9.31 9.32
Kuhn poker 58 12 3 2.50 3.50 4.00
3-rank limit Leduc poker 9457 936 3 6.14 14.71 15.40
Liar’s Dice, 5-sided die 51181 5120 2 7.00 15.00
100-Matching pennies 701 101 99 3.63 4.29 4.93 5.57 35.97

Table 3.8: Game statistics of games in this subsection. The averages are taken
over nodes; that is, they are the average size of 𝐼 𝑘 for uniformly-sampled nodes ℎ
in the game tree, where 𝐼 is the infoset containing ℎ. “diameter” is the diameter of
the infoset hypergraph—equivalently, the smallest 𝑘 such that 𝐼 𝑘 = 𝐼∞ for all 𝐼. We
note that the main purpose of the experiments on these games was to demonstrate
practical safety, not necessarily to exhibit games of large diameter or in which the
average common-knowledge size is necessarily large.

alternate payoff at ℎ is defined to be min(𝑢̃(ℎ), 𝑢̂) where 𝑢̂ is the estimate of our current value in
the game, as deduced from the previous subgame solve. This alternate payoff setting prevents the
agent from over-valuing states with 𝑢̃(ℎ) values that are unattainable due to lack of information.

We set 𝐿 = 200, which we find gives a reasonable balance between achievable depth in subgame
solving and representative coverage of root nodes. To prevent the set 𝐼 from growing too large to
manage, we explicitly incentivize the agent to discover information: for each action 𝑎 available
to the agent at the root infoset of the subgame, let 𝐻 (𝑎) denote the binary entropy of the next
observation after playing action 𝑎, assuming that the true root is uniformly randomly drawn from
𝐼′. Then we give an explicit penalty of 2−𝐻 (𝑎) |𝐼 |/𝑀 if the agent plays action 𝑎, where 𝑀 is a
tunable hyperparameter. In our experiments, we set 𝑀 = 107. The only purpose of this explicit
penalty is to prevent the agent from running out of memory or time trying to compute 𝐼; typically
|𝐼 | is small enough that it is a non-factor and the agent is able to seek information without much
explicit incentive.

Performing particle filtering over 𝐼∞ was suggested as an alternative in parallel work [280]. We
believe that particle filtering would not work as well as our method in FoW chess. If we maintained
𝐼∞ instead of 𝐼, the 𝐿 particles would have to cover the entire common-knowledge closure 𝐼∞,
not just 𝐼, which means a coarser and thus inferior approximation of 𝐼∞. In a domain like FoW
chess where managing one’s own uncertainty of the position is a critical part of playing good
moves (since good moves in chess are highly position dependent), this will degrade performance,
especially when 𝐼∞ is large compared to 𝐼 (which will typically be the case in FoW chess).

3.8.2 Choice of Subgame Solving Variant
The choice of subgame solving variant is a nontrivial one in our setting. Due to the various ap-
proximations and heuristics used, it is often impossible to make all margins positive in a subgame.
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Thus, we make a hybrid decision: we first attempt reach-maxmargin subgame solving [36], which
is a generalization of maxmargin subgame solving that incorporates the fact that we can give back
the gifts the opponent has given us and still be safe (Section 3.3). Using reach reasoning (i.e.,
mistakes reasoning) gives us a larger safe strategy space to optimize over and thus larger margins.
If all margins in that optimization are positive, we stop. Otherwise, we use reach-resolving instead.
This makes our agent pessimistic on offense (if margins are positive, it assumes that the opponent
is able to exactly minimize the margin), and optimistic on defense (in the extreme case when
all margins are negative, the distribution of root nodes is assumed to be uniform random). This
guarantees that all margins are made positive whenever possible, and thus, that at least modulo all
the approximations, the theoretical guarantees of Theorem 3.10 are maintained. We find that this
gives the best practical performance in experiments.

3.8.3 Better Alternate Values and Gift Values
For alternate values in both Resolve and Maxmargin, in Obscuro we use 𝑢(x,y |𝐽) instead of the
best-response value 𝑢∗(x|𝐽) which is more typically used in subgame solving as we described
before. Similarly, we use the counterfactual values 𝑢cf(x,y; 𝐽𝑎) and 𝑢cf(x,y; 𝐽) to define the gift
instead of the counterfactual best responses 𝑢∗(x|𝐽𝑎) and 𝑢∗(x|𝐽), resulting in the gift estimate

𝑔̂(𝐽) :=
∑︁
𝐽′𝑎′⪯𝐽

[𝑢cf(x,y; 𝐽′𝑎′) − 𝑢cf(x,y; 𝐽′)]+

These changes are for stability reasons: especially late in the tree, the current strategy 𝑥 may be
inaccurate, and the best-response value 𝑢∗(x|𝐽) may not be an accurate reflection of the quality
of the blueprint strategy 𝑥, especially near the top of the tree. Of course, if (x,y) is actually an
equilibrium of the constructed subgame, then these values are the same.

3.8.4 Better Root Distribution for Resolve
When using Resolve3.16 for the subgame solve in games with no chance actions, the standard
algorithm for Resolve will choose an opponent infoset 𝐽 uniformly at random from the distribution
of possible infosets. In reality, the correctness of Resolve does not depend on the distribution
chosen, so long as it is fully mixed. To be more optimistic, we therefore use a different distribution.
We choose an infoset 𝐽 via an even mixture of a uniformly random distribution and the distribution
of infosets generated from the opponent strategy in the blueprint. That is, the probability of the
subgame root being infoset 𝐽 is

𝛼(𝐽) :=
1
2

(
y(𝐽)∑
𝐽′ y(𝐽′)

+ 1
𝑚

)
,

where 𝑚 is the number of ▼-infosets in the current subgame and the sum is taken over those same
infosets. In other words, the Resolve objective becomes

max
x′

∑︁
𝐽∈J0

𝛼(𝐽) [𝑀 (x′, 𝐽)]−.

3.16For Maxmargin, there is no prior distribution because the adversary picks the distribution.
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In this manner, more weight is given to those positions that were found to be likely in the previous
iteration, while maintaining at least some positive weight on every strategy.

3.8.5 Better Node Expansion via GT-CFR
Growing-tree CFR (GT-CFR) [267] is a general technique for computing good strategies in games.
Intuitively, it works, like PUCT, by maintaining a current game Γ̃ and simultaneously executing
two subroutines: one that attempts to solve the game Γ̃, and one that expands leaf nodes of Γ̃. As
mentioned in the body, we use PCFR+ for game solving.

For expansion, we use a new variant of GT-CFR which we call one-sided GT-CFR, which, unlike
PUCT and GT-CFR, may only expand a small fraction of nodes in the tree. As stated in the body,
our one-sided GT-CFR algorithm selects the node to expand according to the profile (x̃𝑡 ,y𝑡),
where y𝑡 is the non-expanding player’s current CFR strategy and x̃𝑡 is an exploration profile
constructed from the expanding player’s current strategy.3.17 As in GT-CFR, the expanding
player’s strategy x̃𝑡 is a mixture of a strategy x̃𝑡Max(𝑎 |𝐼) derived from the player’s current strategy
x𝑡 and an exploration strategy x̃𝑡PUCT(𝑎 |𝐼) derived from PUCT [271]. In particular, we define

x̃𝑡Max(𝑎 |𝐼) ∝ 1{x𝑡 (𝑎 |𝐼) > 0}

to be the uniform distribution over the support of the current CFR strategy, and

x̃𝑡PUCT(𝑎 |𝐼) = 1{𝑎 = argmax
𝑎′

𝑄̄(𝐼, 𝑎)}

where

𝑄̄(𝐼, 𝑎) = 𝑢(x𝑡 ,y𝑡 |𝐼, 𝑎) + 𝐶𝜎𝑡 (𝐼, 𝑎)
√︁
𝑁 𝑡 (𝐼)

1 + 𝑁 𝑡 (𝐼, 𝑎) .

Here, 𝐶 is a tuneable parameter (which we set to 1); 𝜎𝑡 (𝐼, 𝑎) is the empirical variance of
𝑢(x𝑡 ,y𝑡 |𝐼, 𝑎) over the previous times we have visited 𝐼 during expansion (with two prior samples
of −1 and +1 to ensure it is never zero); 𝑁 𝑡 (𝐼) is the number of times infoset 𝐼 has been visited
during expansion; and 𝑁 𝑡 (𝐼, 𝑎) is the number of times action 𝑎 has been selected. Finally, as in
GT-CFR, we define

x̃𝑡sample(𝑎 |𝐼) =
1
2
x̃𝑡Max(𝑎 |𝐼) +

1
2
x̃𝑡PUCT(𝑎 |𝐼).

Unlike GT-CFR as originally described [267], our one-sided GT-CFR works on the game tree
itself, not the public tree. The public tree in our setting would be difficult to work with since the
amount of common knowledge is very low.

Our one-sided GT-CFR, unlike PUCT and GT-CFR [175, 267], is not guaranteed to eventually
expand the whole game tree. For example, suppose that our game Γ̃ is as in Figure 3.2, and that

3.17In this presentation, ▲ is the expanding player. When ▼ is the expanding player, the roles of 𝑥 and 𝑦 are also
flipped. As stated in the body, the expanding player alternates between ▲ and ▼ after every node expansion.
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both players are currently playing the strategy “always play left”. Then node 1ℎℎ is reached by
both players, nodes 1ℎ𝑡 and 1𝑡ℎ are reached by only one of the two players (▲ and ▼ respectively),
and node 1𝑡𝑡 is reached by neither player. As such, 1𝑡𝑡 will not be expanded, and if the current
strategy is an equilibrium, this can be proven without knowing the details of any subtree that may
exist at 1𝑡𝑡.

Nonetheless, we can still show an asymptotic convergence result:

Theorem 3.11. For any given 𝜖 > 0, the average strategy profile (x̄, ȳ) in one-sided
GT-CFR eventually converges to an 𝜖-Nash equilibrium of any finite two-player zero-sum
Γ.3.18

Proof. Since Γ is finite, eventually one-sided GT-CFR stops expanding nodes. At this time, let
Γ̃ be the expanded game tree. Since no more nodes are expanded, and CFR is correct, one-sided
GT-CFR eventually converges to an approximate Nash equilibrium (x̄, ȳ) of Γ̃. At this time, it
is perhaps the case that there remain unexpanded nodes in the current tree Γ̃. However, any
such nodes must have been played with asymptotic probability 0 by both players; otherwise, if
(say) ▼ plays to an unexpanded node ℎ with asymptotically positive probability, then ℎ would
have been expanded at some point when ▲ was the expander. Thus, best-response values in Γ̃

are the same as they are in Γ, and therefore (x̄, ȳ) is also an approximate equilibrium in Γ. □

3.8.6 Evaluating New Leaves
When a (non-terminal) leaf node 𝑧 of Γ̃ is selected, it is expanded. That is, all of its children
are added to the tree. To assign utility values the children of 𝑧, we run the open-source engine
Stockfish 14 [276], in MultiPV mode, at depth 1 on node 𝑧, which gives evaluations for all children
of 𝑧 in a single call,3.19 and clamp its result to [−1,+1] in the same manner as in Chapter 3.

When the children of 𝑧 are added to the tree, 𝑧 becomes a nonterminal node and hence will be
placed in an infoset. If 𝑧 is the first node of its infoset to be expanded in Γ̃, we also need to
initialize a new regret minimizer to be used by PCFR+ at this new infoset. Doing so naively
would cause a sort of instability: the evaluation of 𝑧 will be (approximately) equal to the largest
evaluation of any child of 𝑧 (due to how regular perfect-information evaluation functions work),
but PCFR+ normally would initialize its strategy uniformly at random. Thus, the evaluation
of 𝑧 would suddenly change to being the average of the evaluations of the children of 𝑧, which
could be very different from the maximum (for example, if the move at 𝑧 is essentially forced).
To mitigate this instability, we exploit the property that, in CFR (and all its variants, including
PCFR+), the first strategy can be arbitrary. Conventionally it is set to the uniform random strategy,
but we instead set it by placing all weight on the best child of 𝑧 as evaluated by Stockfish.

3.18Technically, (x̄, ȳ) is only a partial strategy in Γ, since it does not specify how to play after any unexpanded
nodes. However, this is fine: any extension of (x̄, ȳ) will be an equilibrium of Γ, and unexpanded nodes are not
reached by either player.

3.19Using a single call has two minor advantages: first, it takes advantage of slight extensions that may be used in
Stockfish at low depth; second, it reduces the overhead of calling Stockfish to one call per node being expanded,
instead of one call per child of that node.
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3.8.6.1 Selecting an Action

As mentioned in the body, Obscuro selects its action using the last iterate of PCFR+, rather than
the average iterate which is known to converge to a Nash equilibrium. We do this for two reasons.

1. The stopping time of the algorithm, due to the inherent randomness of processor speeds, is
already slightly randomized. Thus, stopping on the last iterate does not actually stop at the
same timestep 𝑇 every time: it in effect mixes among the last few strategies. Thus, we do
not need to actually randomize ourselves to gain the benefit of randomization.

2. PCFR+ is conjectured (e.g., [107]) to exhibit last-iterate convergence as well. Indeed, we
measured the Nash gap of the last iterate (x𝑡 ,y𝑇 ) (in the expanded game Γ̃), and the typical
Nash gap was approximately equivalent to half a pawn—much less than the reward range
of the game. This suggests that assuming last-iterate convergence is not unreasonable for
our setting.

3.8.6.2 Strategy Purification

As mentioned in the body, we partially purify our strategy before playing. When Maxmargin is
used as the subgame solving algorithm (i.e., when the margins are all nonnegative), we allow
mixing between 𝑘 = 3 actions; when Resolve is used, we deterministically play the top action.
Moreover, we only allow mixing among actions other than the highest-probability action if they
have appeared continuously in the support of x𝑡 for every iteration 𝑡 > 𝑇1/2, where 𝑇1/2 is chosen
to be the iteration number when half the time budget elapsed.3.20 We call such actions “stable”.
These restrictions reduce the chance that transient fluctuations in the strategy of the player, which
occur commonly during game solving especially with an algorithm like PCFR+, would affect the
final action that is played. Any probability mass that was assigned to actions that are excluded in
the above manner is shifted to the action with highest probability.

3.9 Further Detail and Rules of FoW chess

3.9.1 Rules of FoW chess
FoW chess is identical to regular chess, except for the following differences [4].

• A player wins by capturing the opposing king. There is no check or checkmate. Thus:

Moving into (or failing to escape) a check is legal and thus results in immediate loss.

Castling into, out of, or through check is legal (though, of course, castling into check
loses immediately).

Stalemate is a forced win for the stalemating player.

3.20It will almost always be the case that 𝑇1/2 < 𝑇/2. This is because, as the game tree grows larger, PCFR+
iterations, whose time complexity scales with the size of the game tree, get slower.
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There is no draw by insufficient material. In particular, KN vs K is a strong position
for the KN, and even K vs K is not an immediate draw (although K vs K is drawn in
equilibrium except in some literal edge cases where one king is on the edge of the
board and cannot immediately escape.)

• After every move, each player observes all squares onto which her pieces can legally move.

• If a pawn is blocked from moving forward by an opposing piece (or pawn), the square on
which the opposing piece/pawn sits is not observed. Thus, the player knows that the pawn
is blocked, but not what is blocking it (unless, of course, some other piece can capture it.)

• If a pawn can capture en passant, the pawn that can be captured en passant is visible.

In particular, the above rules imply that both players always know their exact set of legal
moves.

• Threefold repetition and 50-move-rule draws do not need to be claimed. In particular, a
draw under either rule can happen without either player knowing for certain until it happens
and the game ends.

3.9.2 Size of Infosets and Common-Knowledge Sets
Here we elaborate on the discussions about common-knowledge sets and infosets, alluded to in
the introduction.

Consider the family of positions in which both sides have spent the first eight moves playing
1. a4 a5 2. b4 b5 ... 8. h4 h5, and subsequently shuffle all their remaining pieces around
their first three ranks. An example of such a position is in Figure 3.9. Each player must have one
bishop on a light square (12 ways), one bishop on a dark square (12 ways), one queen, one king,
two knights, and two rooks (22 · 21 · 20 · 19 · 18 · 17/22 ways). When multiplied, this gives a total
of approximately 𝑀 = 2 × 109 ways. This is a lower bound on the maximum size of an infoset.
For common-knowledge sets, both players can arrange their pieces arbitrarily along the first three
ranks, yielding approximately 𝑀2 ≈ 4 × 1018 different arrangements, which provides a lower
bound on the maximum size of a common-knowledge set.3.21

Although infosets can get this large, they almost never do in practical games, because both sides
are making effort to obtain information.

We now elaborate on Figure 3.1. In particular, we will show that the two positions in that figure
are in the same common-knowledge set. Consider the sequence of positions in Figure 3.10, read
in order from top-left to bottom-right. The positions marked A and B are the same as those in in
Figure 3.1. Each position is connected to the next one by an infoset of one of the players: the first
pair by a White infoset, the second pair by a Black infoset, and so on. A computer search showed
that the depicted path, which has length 9, is the shortest path between these two positions.3.22

3.21These common-knowledge sets are measured with respect to states, not histories. Measuring common-knowledge
sets with histories would result in a significantly larger number, because the order of the moves would matter.

3.22A similar computer search shows that this is nearly the longest possible shortest path between any pair of nodes
after two moves from each side: there is a shortest path of length 10, but no shortest paths longer than that.
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8 qZ0j0Z0s
7 Z0Z0s0Zb
6 0Z0mna0Z
5 opopopop
4 POPOPOPO
3 ZNZ0Z0SB
2 QZ0Z0ZRZ
1 Z0J0ZNA0

a b c d e f g h

Figure 3.9: FoW chess position illustrating the existence of large infosets and
common-knowledge sets. A full explanation is given in the text.

Hence, if the true position is A, then the statement 𝑌 = “The true position is not B” is 8th-order
knowledge for both players. That is, it is true that

everyone knows everyone knows ... everyone knows︸                                                                ︷︷                                                                ︸
8 repetitions

𝑌

yet the same statement would be false if there were 9 repetitions, so 𝑌 is not common knowledge.

3.9.3 Mixed strategies
Playing a mixed strategy is a fundamental part of strong play in almost any imperfect informa-
tion game, and it is particularly important in games like FoW chess where there is no private
information assigned by chance, such as private cards in poker. Indeed, in small poker endgames,
deterministic strategies exist for playing near-optimally [98]. However, in FoW chess, if a player
plays a pure strategy that the opponent knows, the opponent would essentially be playing regular
chess, because the opponent can predict with full certainty what the player would play. This is a
significant disadvantage that will result in a rapid loss against any competent opponent.

Consider, for example, the position in Figure 3.11A. White can win almost a full pawn (in
expectation) by mixing between the moves 2. Qa4 with low probability and 2. Nc3 with high
probability. No move for Black simultaneously defends the threats against both the king and the
pawn. (2... c6 may look like it does, but after 3. cxd5, Black cannot recapture the pawn without
risking hanging a king or queen.)3.23

This necessity of playing a mixed strategy explains why we do not adopt full purification of our
strategy and instead opt to allow mixing.

3.23Obscuro prefers to also include 3. Nf3 and 3. e3 in its mixed strategy to dissuade 2... d4.
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8 rmblkans
7 opo0opZp
6 0Z0Z0Z0Z
5 Z0ZpZ0o0
4 0Z0Z0Z0Z
3 Z0M0Z0ZN
2 POPOPOPO
1 S0AQJBZR

a b c d e f g h

8 rmblkans
7 opo0opZp
6 0Z0Z0Z0Z
5 Z0ZpZ0o0
4 0Z0Z0Z0Z
3 M0Z0Z0ZN
2 POPOPOPO
1 S0AQJBZR

a b c d e f g h

8 rmblkans
7 ZpopopZp
6 0Z0Z0Z0Z
5 o0Z0Z0o0
4 0Z0Z0Z0Z
3 M0Z0Z0ZN
2 POPOPOPO
1 S0AQJBZR

a b c d e f g h

8 rmblkans
7 ZpopopZp
6 0Z0Z0Z0Z
5 o0Z0Z0o0
4 0Z0Z0Z0Z
3 M0Z0Z0Z0
2 POPOPOPO
1 ZRAQJBMR

a b c d e f g h

8 rmblkans
7 Zpopopop
6 0Z0Z0Z0Z
5 Z0Z0Z0Z0
4 pZ0Z0Z0Z
3 M0Z0Z0Z0
2 POPOPOPO
1 ZRAQJBMR

a b c d e f g h

1. Nc3 g5 2. Nh3 d5 1. Na3 g5 2. Nh3 d5 1. Na3 g5 2. Nh3 a5 1. Na3 g5 2. Rb1 a5 1. Na3 a5 2. Rb1 a4
A

8 rmblkans
7 Zpopopop
6 0Z0Z0Z0Z
5 Z0Z0Z0Z0
4 pZ0Z0Z0Z
3 M0Z0Z0ZN
2 POPOPOPO
1 S0AQJBZR

a b c d e f g h

8 rmblkans
7 opopopo0
6 0Z0Z0Z0Z
5 Z0Z0Z0Z0
4 0Z0Z0Z0o
3 M0Z0Z0ZN
2 POPOPOPO
1 S0AQJBZR

a b c d e f g h

8 rmblkans
7 opopopo0
6 0Z0Z0Z0Z
5 Z0Z0Z0Z0
4 0Z0Z0Z0o
3 Z0M0Z0ZP
2 POPOPOPZ
1 S0AQJBMR

a b c d e f g h

8 rmbZkans
7 opopZpop
6 0Z0Z0Z0Z
5 Z0Z0o0Z0
4 0Z0Z0Z0l
3 Z0M0Z0ZP
2 POPOPOPZ
1 S0AQJBMR

a b c d e f g h

8 rmbZkans
7 opopZpop
6 0Z0Z0Z0Z
5 Z0Z0o0Z0
4 0Z0Z0Z0l
3 Z0Z0ZNZP
2 POPOPOPZ
1 SNAQJBZR

a b c d e f g h

1. Na3 a5 2. Nh3 a4 1. Na3 h5 2. Nh3 h4 1. Nc3 h5 2. h3 h4 1. Nc3 e5 2. h3 Qh4 1. Nf3 e5 2. h3 Qh4
B

Figure 3.10: Sequence of positions illustrating the connectivity between the
two positions in Figure 3.1. Circles mark squares that the opponent knows are
occupied by some piece, but not by which piece. A full explanation is given in the
text.

3.9.4 First-Mover Advantage
We evaluated the first-mover advantage in FoW chess by running 10,000 games with Obscuro
playing against itself at a time control of 5 seconds per move. Of these games, White scored 57.5%
(+4935 =1623 -3442). This is, with statistical significance (𝑧 > 5), larger than the empirical first-
move advantage in regular chess, which is about 55% [2]. We believe that the fundamental reason
for this discrepancy is the weakness of the a4-e8 diagonal, as already exhibited in Figure 3.11A,
discussed above. This risk presents Black from developing in a natural manner against 1. c4 or
1. d4, allowing White a healthy opening lead.

Indeed, our 10,000-game sample included 10 games with length 12 ply (6 moves from each
player) or fewer; all 10 of these games ended with either Black failing to cover Qa4+ or White
failing to cover Qa5+:

• 1. c4 d5 2. Qa4+ d4 1-0

• 1. c4 c6 2. d4 d5 3. cxd5 Qa5+ 4. Qa4 0-1

• 1. c4 Nc6 2. d4 d5 3. Qa4 dxc4 4. d5 Nb8 1-0

• 1. d4 c6 2. c4 d5 3. cxd5 Bf5 4. Qa4 cxd5 1-0 (This play-through occurred three
times.)

• 1. d4 c6 2. c3 e6 3. e4 d5 4. e5 c5 5. Qa4+ cxd4 1-0

• 1. c4 e6 2. d4 c5 3. d5 Qa5+ 4. Nd2 Nf6 5. e4 Nxe4 6. Nxe4 0-1
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8 rmblkans
7 opo0opop
6 0Z0Z0Z0Z
5 Z0ZpZ0Z0
4 0ZPZ0Z0Z
3 Z0Z0Z0Z0
2 PO0OPOPO
1 SNAQJBMR

a b c d e f g h

8 rZbZkZ0s
7 opZ0lpop
6 0Zno0m0Z
5 Z0o0Z0Z0
4 QZ0Z0A0Z
3 Z0O0Z0Z0
2 PO0ZPOPO
1 S0Z0JBMR

a b c d e f g h

8 0Z0jbZQZ
7 ZpZ0ZqZ0
6 nO0ZpM0Z
5 Z0ZpO0Z0
4 0Z0O0Z0Z
3 Z0Z0Z0Z0
2 0Z0Z0O0J
1 Z0Z0Z0Z0

a b c d e f g h

8 0Z0Z0Z0Z
7 Z0ZrZkZ0
6 0ZpZbopZ
5 o0A0Z0Zp
4 0m0Z0O0Z
3 ZPZ0Z0O0
2 0Z0Z0Z0O
1 Z0Z0SBJ0

a b c d e f g h

A B C D

Figure 3.11: FoW chess positions from actual gameplay illustrating common
themes. (A) Opening position after the common trap 1. c4 d5?! (B) An early-
game bluff. White bluffs that its attacking bishop is defended by the queen on
d1. (C) A highly-risky queen maneuver from a losing position. (D) An endgame
position in which the disadvantaged side sacrifices material for a chance at the
opposing king. Details can be found in the text.

White Black
d4 66.4% Nc6 32.5%
c4 29.6% c6 25.1%
e4 1.9% e6 20.7%

Nc3 1.4% Nf6 15.9%
c3 0.4% c5 4.8%

Nf3 0.2% d5 0.9%

Table 3.12: Distribution of first moves played by Obscuro as both White and
Black, over a 10,000-game sample. Percentages may not add up to 100% due to
rounding.

• 1. d4 c6 2. Nc3 d5 3. Qd3 Nf6 4. e4 dxe4 5. Nxe4 Qa5+ 6. Nxf6+ 0-1

• 1. c4 d5 2. Qa4+ c6 3. cxd5 Nf6 4. dxc6 Nxc6 5. Nf3 e5 6. Nxe5 Nxe5 1-0

These games may seem like they contain major mistakes, but that is not so. It is rather likely that
most or all of these play-throughs are part of optimal play: after all, bluffs must sometimes get
called!

In Table 3.12 we give Obscuro’s mixed strategy on the first move for both White and Black, over
the 10,000-game sample. The above observation about the a4-e8 diagonal has a large effect on
opening choices. We believe that this explains why White strongly prefers opening with d4 and
c4 rather than e4 which is equally favored in regular chess, and why Black almost never opens
with d5 and instead prefers to immediately close the dangerous diagonal by moving something to
c6.
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3.9.5 Bluffs
Obscuro bluffs. An example bluff is in Figure 3.11B, which is from the aforementioned 10,000-
game sample. White knows that d6 is defended (in fact, White knows the exact position). Black
does not know the location of the white queen (for example, it could be on d1 instead). This
allows White to play Bxd6, exploiting the fact that Black cannot recapture without risking losing
the queen.

3.9.6 Probabilistic Tactics and Risk-Taking
The existence of hidden information in FoW chess allows tactics that would not work in regular
chess. An example of this phenomenon as early as move 2 has already been described above,
where mixing allows White to win a pawn after 1. c4 d5. We now give additional examples.

Figure 3.11C depicts a position encountered during our 20-game match against the top-rated
human. Obscuro (White) was in a losing position, down a minor piece. It decided to play the
highly risky queen maneuver Qg8-g1-a1-a7-a8, leaving its own king exposed in order to attempt
to hunt the opposing king. This risky tactic worked: the game played out 68. Qg1 Qe7 69.
Qa1 Nb8 70. Qa7 Nd7 71. Qa8+ Nxb6 1-0.3.24 This sequence of moves heavily exploits
the opponent’s imperfect information: if Black knew that White was attempting this attack, Black
could easily either defend the attack or launch a counterattack on the completely undefended
white king.

For another example, consider the position in Figure 3.11D, again from the aforementioned
10,000-game sample, and suppose for the sake of the example that White has perfect information.
White faces a slight material disadvantage in an endgame. However, Obscuro as White finds the
tactical blow 1. Rxe6! Kxe6 upon which mixing evenly between 2. Bc4+ and 2. Bh3+ wins
on the spot with 50% probability.

3.9.7 Exploitative vs. Equilibrium Play
The position in Figure 3.11D is also an example of the difference between exploitative play and
equilibrium play in FoW chess. The above tactic has expected value at least 50% against any
player, because it wins on the spot with probability at least 50%. It is likely the best move if
playing against a perfect opponent. However, against a substantially weaker player, it may be far
from the best move: against a weak player, one can argue that the endgame is probably a win even
with the slight material disadvantage, whereas the tactic will lead to a significant disadvantage
(down three points of material) if it fails to win. Therefore, if one knew the strength of one’s
opponent, one may opt to not go for this tactic and instead attempt to win the endgame in a
“safer” manner. Another example of this phenomenon was also seen above. Obscuro, with small
probability, can lose in two moves (1. c4 d5 2. Qa4+ d4). Any player, no matter how weak,
can therefore beat Obscuro with positive probability as White by simply playing the above move

3.24The immediate 70. Qa8 would have worked in this position as well, but it was not played, likely because it
would have risked losing the queen in case the king were on b8.
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sequence. However, against opponents below a certain level, playing the above moves as Black
may be considered a needless risk.

Obscuro does not know or attempt to model the opponent. It will simply play what it believes to
be a near-equilibrium strategy. Therefore, it may not do as well against weak players as an agent
designed specifically to exploit weak players. This design choice was intentional, and follows
other efforts in superhuman game-playing AI such as those mentioned in the introduction, most
of which attempted to find and play equilibria rather than to exploit a particular opponent.

3.9.8 Volatility
FoW chess is a highly volatile, highly stochastic game. Indeed, the previous two observations re-
garding risk taking and exploitative play are evidence of this. Most games, including a majority of
our 20 games against the world #1 player, are ultimately decided by one side outright “blundering
material” because of lack of knowledge of the opponent’s position. We emphasize, however, that
this is not a sign of poor quality of play; rather, we believe that strong play in FoW chess involves
calculated risk-taking that, with nontrivial probability, leads to such “blunders”. More skilled
players are better at taking calculated risks while restricting the probability of losing material, and
at forcing their opponents into more risky situations.

3.9.9 Endgame Analysis
To make some of the above discussions about mixing, volatility, and equilibrium play more
concrete, we include here a partial analysis of the king-vs-king endgame, assuming the starting
positon of the kings is common knowledge. While this endgame is an immediate draw in the rules
of regular chess (because a lone king cannot checkmate), FoW chess allows such endgames to
play out, and not all such endgames are immediately drawn; in fact, the analysis turns out rather
intricate already. In the below discussion, 0 is a draw, +1 is a certain win for White, and −1 is a
certain win for Black.

Claim 3.12. Suppose that there are two legal moves for the black king that are 1) guaran-
teed to be safe (i.e., do not put our king next to the opponent’s king), and 2) adjacent to
each other. Then Black secures at least a draw.

Proof. Black randomly moves to one of them on their first move, and shuffles between them
forever thereafter. The white king cannot approach without being captured half of the time. □

Thus, it remains only to discuss the case where one king is on the edge of the board. Assume,
without loss of generality, that this is the black king, and that it is on the 8th rank.

Claim 3.13. If the white king prevents the black king from immediately moving off the back
rank (e.g., a6 and a8), the equilibrium value is strictly positive, regardless of which side is
to move.
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Proof. We will show that Black has no strategy that achieves expected value 0. Consider two
cases.

Case 1. Black’s strategy involves attempting to move off the back rank with positive probability
on some move 𝑡 (but not earlier). Then consider the following strategy for White. Let 𝑥7
(for 𝑥 ∈ {a, b, ..., h}) be the square on the 7th rank with maximal probability 𝑝 > 0 for the
black king after 𝑡 moves. White places its king on square 𝑥6 before Black’s 𝑡th move. With
probability 𝑝, White wins immediately. Otherwise, White runs away downwards, executing the
strategy from Claim 1, forcing a draw.

Case 2. Black’s strategy is to always stay on the back rank. Then consider the following
strategy for White. Let 𝑥8 be the square on the back rank with minimal probability 𝑞 ≤ 1/4
for the black king, at the time when White makes its 8th move. White places its king on 𝑥7
on its 8th move, then moves left and right on the 7th rank until it wins. We claim that White
has expected value at least 1 − 2𝑞 = 1/2 with this strategy. To see this, note that, since Black
always stays on the back rank, the parity of its rank alternates between moves; therefore, if
the black king is not on 𝑥8, then White will not lose on its 8th move. Further, also by a parity
argument, White will eventually chase down the black king and win the game. □

If the black king is on the edge of the board, it is always the case that either White can force the
kings to be two squares apart with common knowledge (Claim 3.13) or Black has a safe pair of
adjacent moves (Claim 3.12), so this completes the analysis.

We complete this section by pointing out an interesting special case: If the black king starts in the
corner (a8), the white king starts on either b6, c7, or c6, and it is White to move, then White can
secure value strictly larger than 1/2: randomize between Kb6, Kc7, Ka6, or Kc8 (whichever
are legal moves) on the first move. This wins with probability 1/2 immediately, and otherwise
immediately forces the kings to be two squares apart (Claim 3.13).

3.9.10 Conclusions and future research
We presented the first superhuman agent for FoW chess, Obscuro. Our agent is completely based
on real-time search, so—unlike prior superhuman game-playing AI agents—required no large-
scale computation to learn a value function or blueprint strategy. This demonstrates the power of
search alone: Obscuro required no large-scale computational effort and ran on regular consumer
hardware, in contrast to most prior superhuman efforts involving search that we have discussed,
which have run on large computing clusters with far more computing power at play time. FoW
chess is now the largest (measured by amount of imperfect information) turn-based game in which
superhuman performance has been achieved and the largest game in which imperfect-information
search techniques have been successfully applied.

Since FoW chess is somewhat similar to regular chess, it was sufficient to combine a perfect-
information evaluation function from regular chess (namely, that used by Stockfish) with our
game-independent state-of-the-art search algorithms for imperfect-information games. Also,
Obscuro stores at all times the entire set of possible states in memory. While these techniques
were feasible for FoW chess—due to the similarity to regular chess and the relatively small
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infosets—one can imagine even more complex games on which they will not work directly.

Even more complex settings could be tackled by merging our techniques with deep reinforcement
learning to learn the evaluation function, instead of using a perfect-information-game evaluation
function (in our case, from Stockfish), and/or using continuation strategies [39] to mitigate game-
theoretic issues caused by using node-based evaluation functions in imperfect-information games.
In a different direction, higher playing strength and scalability could be achieved by sampling
from an infoset using a model of opponent behavior instead of doing so uniformly.
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Chapter 4

Solution Concepts, Algorithms, and
Complexity of Adversarial Team Games

4.1 Introduction
In two-player zero-sum games, Nash equilibria in mixed strategies are the most natural solution
concept for modeling rational value-maximizing players. Mixed strategies specify the behavior of
a player as a distribution over pure (deterministic) strategies. However, the exponential number of
such strategies makes the computation of Nash equilibria potentially inefficient. A key assumption
to circumvent this issue is perfect recall. In a perfect-recall game, the players never forget
previously received information or played actions. When this assumption is satisfied,

1. Kuhn’s theorem [186] states that mixed strategies are equivalent to behavioral strategies,
which are the strategies expressible as a product of distributions over actions at each decision
point.

2. The sequence-form representation of the strategy spaces enables efficient computation of
Nash equilibria via a wide variety of different methods. In particular, uncoupled learning
dynamics such as CFR converge to a Nash equilibrium by employing a regret minimizer at
each decision point of the strategy tree.

There have been significant recent speed improvements to CFR-based techniques [38, 104,
283, 315], and other techniques have been built on top of CFR-based techniques, for example,
abstraction algorithms [261, 262], subgame solving [36, 37, 39, 121, 129, 221, 222], further
enhancing scalability. Notable results on large-scale games include poker [31, 37, 39, 222],
Stratego [243], and Diplomacy [94].

This work seeks to extend these techniques beyond the perfect-recall two-player zero-sum setting.
In particular, we focus on computing mixed Nash equilibria in the two equivalent settings of
imperfect-recall games and adversarial team games4.1, for which it is known that computing a

4.1This equivalence is formalized in Section 4.2.3.

61



Nash equilibrium is NP-hard [176].

Two-player zero-sum imperfect-recall games are characterized by players who may forget infor-
mation at some point in the game. In this case, a mixed strategy corresponds to a distribution
over pure strategies, while a behavioral strategy corresponds to a distribution that performs an
independent sampling procedure at each decision point. Unlike for perfect-recall games, Kuhn’s
theorem does not apply in imperfect-recall games: mixed strategies can in general be more
expressive than behavioral strategies. Imperfect-recall games have been employed in the literature
to compress a game representation through forgetfulness (this is the case of some abstraction
techniques [185, 190, 295]), or by considering human-like agents with imperfect memories [50].

Adversarial team games portray two teams of agents facing adversarially. Each team member has
utilities identical to her teammates and opposite to members of the opposing team. Effective team
coordination is a non-trivial challenge in this setting because team members may have different
imperfect information about the current node and no communication channels are available
during the game. Intuitively, the player cannot distinguish nodes that are different due to private
information revealed to a teammate (such as private cards revealed to them solely). In this case,
mixed strategies correspond to strategies coordinated before the start of the game through ex-ante
coordination, while behavioral strategies represent strategies that are not coordinated, in the sense
that each agent samples their actions independently from other teammates. Recreational and
non-recreational examples of team games include Bridge, security games with multiple defenders
and attackers [160], and poker with colluding agents.

Overall, team games are a more common application setting than imperfect-recall games, have
many competing works in the equilibrium computation literature, and allow a more intuitive game
description. On the other hand, imperfect-recall games yield a cleaner formalism. As these two
perspectives are equivalent for our purposes, we choose to adopt an imperfect-recall perspective
throughout the rest of this chapter to simplify the notation, while using team games to make more
intuitive examples for some of the notions introduced.

The main objective of this chapter is to propose a novel representation for team and imperfect-
recall games by constructing an equivalent two-player zero-sum perfect-recall game. This enables
the use of all the solving techniques previously developed for perfect-recall two-player zero-sum
games.

We now summarize the contributions of this chapter. In Sections 4.3 and 4.3.1, we present
an algorithm that converts any two-player zero-sum imperfect-recall game into a strategically-
equivalent perfect-recall game which we call the belief game. We formally prove the equivalence
between the two games, and in Section 4.3.2 we show worst-case bounds on the size of the belief
game in terms of the number of histories of the original game. In particular, we show that the worst
case the number of histories of the belief game is 𝑂 (𝑏𝑑𝑘 ), where 𝑏 is the maximum branching
factor of the original game, 𝑑 is its depth, and 𝑘 is a parameter we introduce called the information
complexity, which intuitively measures the amount of information that can be forgotten by the
player—or, in the case of team games, the amount of information asymmetry between players on
the team.

In Section 4.4, we introduce a notion of DAG-form decision-making that we use to generalize
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counterfactual regret minimization (CFR) beyond tree-form games. While we introduce it for the
purpose of applying it to imperfect-recall games, we believe it to be of independent interest as
well.

In Section 4.5, we use DAG-form decision problems to efficiently represent each player’s strategy
space in the belief game through a construction we call the team-belief DAG (TB-DAG). We show
that the TB-DAG representation of a game with imperfect recall can be exponentially smaller than
the size of the belief game and that it can be constructed directly from the original game without
first constructing the belief game, thus leading to exponentially faster algorithms in the worst
case. This construction improves the worst-case efficiency4.2 of our technique to 𝑂 ( |H |(𝑏 + 1)𝑘 ),
where |H | is the number of nodes in the original game. We also show that this bound is essentially
optimal: under reasonable computational assumptions (namely, the exponential time hypothesis),
we show that there cannot exist an algorithm for solving even single-player games of imperfect
recall whose runtime is of the form 𝑓 (𝑘)poly( |H |), for any function 𝑓 .

In Section 4.6 we investigate the computational complexity of computing mixed Nash equilibria
with imperfect recall. We prove that computing a max-min strategy in mixed or behavioral
strategies in games where both players have imperfect recall is ΔP

2 -complete and ΣP
2 -complete

respectively.

Section 4.7 presents further discussions comparing different notions presented in this chapter,
providing further insights on the technical decisions made.

In Section 4.8, we evaluate our methods empirically by benchmarking our construction on a
standard testbed of imperfect-information games, compared to state-of-the-art baselines. We find
that our technique allows much faster equilibrium computation when the information complexity
𝑘 of the game is low.

We have defined equilibrium concepts for team games by using an “equivalent” coordinator game
that is two-player zero-sum imperfect recall. It turns out that, in fact, every two-player zero-sum
imperfect-recall game Γ′ has an ATG whose coordinator game is Γ′: indeed, given such a Γ′,
consider the ATG Γ in which every information set is assigned to a different player. Therefore,
team games and imperfect-recall games are in a very strong sense equivalent. All of the results
of this section, unless otherwise stated, therefore apply equally to team games and to two-player
zero-sum imperfect-recall games.

In this section, we opt to consider the point of view of two-player zero sum games with imperfect
recall. A summary of the different equivalent terms that are used in the two settings can be found
in Table 4.2.

We now introduce the fundamental contribution of this chapter: a novel technique to compute
a mixed Nash equilibrium in two-player zero-sum imperfect-recall games (or equivalently to
compute a TMECor in adversarial team games) based on the construction of an equivalent
two-player zero-sum game with perfect recall.

4.2By efficiency here we mean the size of the representation of the strategy spaces of the players. Algorithms such
as CFR have per-iteration complexity that scales linearly in this size.
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Our technique attains the perfect-recall condition by suitably changing the information available
to the players, as well as their action sets. The main intuition behind the belief game is to consider
the point of view of a perfect recall player in place of the imperfect-recall one. Differently
from the imperfect-recall player, this player reasons only using information the player would
never forget due to imperfect recall and chooses an action for every possible information set the
imperfect-recall player may be in. The game then transitions by applying the action corresponding
to the information set of the current node. Crucially, the perfect-recall player can strategically
refine the set of reached nodes over time by carefully considering reachable nodes given the
played strategy and the perfect-recall results of her actions.

After introducing the main concepts and the construction algorithm, we prove that the original
and the belief games are strategically equivalent. This means that the perfect-recall player we
introduce is an equivalent representation of both the imperfect-recall player and the corresponding
preplay coordinated team (thanks to the considerations from Section 4.2.3).

4.2 Preliminaries
Since this part deals with equilibrium computation in team games and games with imperfect
recall, we first introduce some notation and definitions that pertain to these. For this part, unless
otherwise stated, all games are assumed to be timeable.

4.2.1 Behavioral and Mixed Max-Min Strategies
Recall first the definition of a mixed-strategy Nash equilibrium for a game:

Definition 4.1 (Mixed-strategy Nash equilibrium). In a two-player zero-sum game, a (realization-
form) Nash equilibrium is a saddle-point solution to the optimization problem

max
x∈X

min
y∈Y

𝑢(x,y).

Since this problem is a bilinear saddle-point problem and X and Y are convex, the minimax
theorem applies, and the maximinization and minimization can be freely swapped without
changing the value of the game. The optimal value of the above program is the Nash equilibrium
value of the game.

For games with imperfect recall, restricting to behavioral strategies is a nontrivial restriction.
Recall that a behavioral strategy is a mixed strategy that mixes independently at each information
set. Thus, the realization form of a behavioral strategy is obtained by multiplying the probability
of picking each action of the player on the ∅ → 𝑧 path. We will use X̂𝑖 to denote the set of
realization-form behavioral strategies of a player 𝑖. Recall that Kuhn’s theorem states that, in
games with perfect recall, behavioral and mixed strategies are realization-equivalent. That is,
X̂𝑖 = X𝑖.
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Definition 4.2 (Behavioral max-min strategy). In a two-player zero-sum game, a behavioral
max-min strategy x ∈ X̂ is a solution to the optimization problem

max
x∈X̂

min
y∈Ŷ

𝑢(x,y)

The behavioral max-min value is the optimal value of the above problem. Since X̂ and Ŷ are
not necessarily convex sets, the minimax theorem does not apply, so the maximization and
minimization can not necessarily be swapped. Therefore—unlike the mixed-strategy Nash—the
behavioral max-min strategy is not an equilibrium. Further, in games with imperfect recall, the
tree-form decision problem is not a valid representation of the set of realization-form strategies.
Therefore, we will need different techniques to tackle such games.

4.2.2 Equivalence Across Games
The contributions presented in this chapter will rely on auxiliary games to represent strategy
optimization problems. In order for the results obtained in the auxiliary game to map to the
original one we want to solve, we need to define what it means for two games to be equivalent.
Let Γ and Γ′ be extensive-form games with the same set of players. Let Π𝑖 and Π′

𝑖
be player 𝑖’s

pure strategy set in 𝐺 and 𝐺′ respectively, and similarly let 𝑢𝑖 and 𝑢′
𝑖

be player 𝑖’s utility function
in 𝐺 and 𝐺′ respectively.

Definition 4.3 (Strategic Equivalence). Two games Γ and Γ′ are strategically equivalent if there
are bijective strategy maps 𝜌𝑖 : Π𝑖 → Π′

𝑖
for each player 𝑖 such that, for every profile x ∈ Π and

every player 𝑖 we have 𝑢𝑖 (x) = 𝑢′𝑖 (𝜌(x)) where 𝜌(x) := (𝜌𝑖 (x𝑖))𝑖∈N\0.

This definition is a very strong notion of equivalence: if two extensive-form games are equivalent
in the above sense, then every strategy x𝑖 in one of the games is equivalent to some strategy 𝜌(x𝑖)
in the other game. Thus, in particular, a solution to one game will give a solution to the other
game.

4.2.3 Adversarial Team Games
The general framework of adversarial team games has first been studied by von Stengel and Koller
[292] in the context of normal form games, while Celli and Gatti [56] first addressed them in
an extensive-form setting. Adversarial team games describe situations where multiple agents
are organized in two-teams receiving zero-sum payoffs. This chapter focuses on the setting in
which no extra communication channel is available to the players during the game, but they are
allowed to communicate freely before the start of the game. This means that the only form of
coordination across players’ strategies available is preplay coordination, i.e. any coordination has
to be prepared before the start of the game.

Adversarial team games can be modeled as extensive-form games as follows:

Definition 4.4 (Adversarial team game). An extensive-form, perfect-recall game is said to be an
adversarial team game (ATG), or two-team zero-sum game iff:
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Figure 4.1: An example of an adversarial team game. There are three players:
P1 and P2 are on team ▽, and P3 is on team ▽. Dotted lines connect nodes in the
same information set. The (total) utility of ▽is listed on each terminal node. The
root node is a nature node, at which nature selects uniformly at random.

• the player set is partitioned in two sets called teams, symbolized by ▽and ▽. Formally,
[𝑛] = ▽∪ ▽;

• the utilities of the players belonging to the same team are identical, and the total utilities of
the two team are opposites. Formally:

𝑢𝑖 = 𝑢 𝑗 for all 𝑖, 𝑗 ∈ ▽

𝑢𝑖 = 𝑢 𝑗 for all 𝑖, 𝑗 ∈ ▽∑︁
𝑖∈ ▽

𝑢𝑖 = −
∑︁
𝑗∈▽

𝑢 𝑗

In adversarial team games, the Nash equilibrium fails to take into account the fact that teams
can coordinate among themselves. Indeed, it is possible for there to be a Nash equilibrium in
which two teammates could profit by jointly switching strategies, but no individual player can
profit from a unilateral deviation. To take into account these joint deviations, it is most natural
to reformulate an adversarial team game as a two-player zero-sum game of imperfect recall, in
which a team coordinator plays on behalf of all members of that team. In this manner, deviations
of the team coordinator correspond to simultaneous, joint deviations of all team members. We
now formalize this conversion.4.3

Definition 4.5 (Coordinator game). Let Γ be an adversarial team game. The coordinator game Γ′

corresponding to Γ is the two-player zero-sum imperfect-recall game Γ′, where

I′▲ =
⋃
𝑖∈ ▽

I𝑖, I′▼ =
⋃
𝑖∈▽
I𝑖, 𝑢′▲ =

∑︁
𝑖∈ ▽

𝑢𝑖, and 𝑢′▼ =
∑︁
𝑖∈▽

𝑢𝑖 .

The coordinator game merges all members of a team ( ▽or ▽) into a coordinator (▲ or ▼).
Therefore:

4.3Recall that we are assuming timeability, so in particular there are no issues of absentmindedness.
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• Pure strategies of a coordinator correspond to pure profiles of the team.

• Behavioral strategies of a coordinator correspond to behavioral profiles of the members of
the team. Since behavioral strategies enforce actions at different infosets to be independently
sampled, this means that team members can privately sample randomness for their own
personal use but cannot share that randomness with teammates.

• Mixed strategies of a coordinator correspond to correlated strategy profiles of the members
of the team. In a correlated profile, team members may jointly sample randomness that they
use to correlate their actions.

We remark on the role that preplay coordination has in allowing the coordination capabilities
modeled by the coordinator game. In fact, before starting the game, players are allowed to jointly
sample a pure plan from their coordinator’s mixed strategy and then individually play the specified
actions at the infoset in which they play. This allows the team to play any randomized strategy of
the coordinator effectively.

The coordinator game allows us to define notions of equilibrium specialized for team games:

Definition 4.6. A team max-min equilibrium with correlation (TMECor) of an ATG Γ is a
mixed-strategy Nash equilibrium of Γ′.

Definition 4.7. A team max-min equilibrium (TME) of an ATG Γ is a behavioral max-min
strategy of Γ′.

The TMECor value and TME value are defined analogous to the Nash value and behavioral
max-min value. As discussed before, behavioral max-min strategies in Γ′ are not equilibria in Γ′,
so one may wonder about the name “team max-min equilibrium”. However, there is a sense in
which TMEs are equilibria: von Stengel and Koller [292] showed that, at least in the case where
|▽ | = 1, the TMEs are precisely the Nash equilibria of the team in Γ that maximize the utility of
team ▽.

An example adversarial team game in which the difference between TME and TMECor is relevant
can be found in Figure 4.1. The coordinator game is constructed simply by erasing the player
labels, creating a two-player zero-sum game. This game is a simple signaling game: nature selects
a bit, which is privately revealed to P1. P1 then communicates a single bit, which is publicly
revealed. Then P2 and P3 both attempt to guess nature’s selected bit, and ▽wins if and only if
P2’s guess is correct. Therefore, the goal of P1 and P2 is for P1 to “securely” communicate the
bit to P2 without also revealing it to P3. With a behavioral profile, this is impossible, since P1
and P2 cannot correlate their strategies; therefore, the TME value is −1/2. However, if P1 and
P2 are allowed to correlate their strategies, they can do the following: jointly flip a coin. If that
coin landed heads, P1 communicates the true bit, and P2 plays what P1 communicates. If that
coin landed tails, P1 communicates the opposite of the true bit, and P2 plays the opposite of what
P1 communicates. In this way, P2 will always play the true bit, but P3 (who does not know the
outcome of the correlating coinflip) does not learn any information. Therefore, the value of this
strategy for ▽is 0 (since P2 wins half the time by randomly guessing the bit).
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Adversarial Team Games Imperfect-Recall Games
Team ▽

▽ Player ▲▼
Correlated team strategy Mixed strategy

Uncorrelated team strategy Behavioral strategy
TMECor Mixed-strategy Nash equilibrium

TME Behavioral max-min strategy

Table 4.2: Translation table between terms commonly employed in the adversar-
ial team games and two-player imperfect recall games. The translation happens
through the introduction of coordinator games (Definition 4.5).

4.3 Beliefs and Observations
The main purpose of this section is to formally define beliefs, which are sets of nodes 𝐵 ⊆ H
derived from information sets I𝑖 of player 𝑖 ∈ {▲,▼}. Informally, beliefs are the “information
sets” that player 𝑖 would have if she could not distinguish nodes that cannot be distinguished using
information from a later stage. This notion is formalized by putting in the same belief any two
nodes that have descendent nodes in the same information set (even if they belong to different
information sets). Similarly to information sets:

1. nodes in beliefs would be indistinguishable to 𝑖,

2. one action is chosen at each belief, and then this action is followed in all nodes in the belief,
and

3. if the player knows that the current node of the game ℎ lies in a set 𝐻 of candidates, and
the player observes that her current belief is 𝐵, then the set of candidates can be refined to
𝐵 ∩ 𝐻 (i.e. similarly to information sets, beliefs correspond to observations over the state
of the game).

Crucially, beliefs can be organized in the tree-like structure needed by algorithms finding Nash
equilibria in two-player zero-sum games, as we will see in Sections 4.3.1 and 4.3.3. This is thanks
to the guarantee that once a group of nodes is split among two different distinguishable beliefs,
then any group of descendent nodes from one belief will be distinguishable from any group of
descendants from the other.

In the following, we formalize the notion of beliefs and observations. We consider a two-player
zero-sum game with imperfect recall Γ.

Connectivity graph. We say that two nodes ℎ and ℎ′ are unforgettably distinguished by 𝑖 if they
do not belong to the same infoset and no pair of children of those two nodes belong to the same
infoset, i.e. 𝑖 will never be in an information set where these two ancestors are both possible. This
condition guarantees that if the set of candidates is 𝐻 = {ℎ, ℎ′}, then the player is able to discern
ℎ from ℎ′ and will never forget which of the two nodes has been reached in the next steps of the
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Figure 4.3: An example of team game (a) (using the same notation as Figure 4.1)
and its corresponding connectivity graph for player ▲ (b). Nodes in the two figures
correspond in position.

game.4.4

For the purpose of our definitions, we are concerned with pair of nodes that are not distinguishable.
This can be represented through a connectivity graph overH as follows.

Definition 4.8 (Connectivity graph). The connectivity graph G𝑖 = (H , E𝑖) for player 𝑖 ∈ {▲,▼}
is the graph with nodesH and edges E𝑖, where (ℎ, ℎ′) ∈ E𝑖 if ℎ and ℎ′ are at the same depth in Γ

and there exists 𝐼 ∈ I𝑖 such that ℎ ⪯ 𝐼 and ℎ′ ⪯ 𝐼.

Consider Figure 4.3b as an example of connectivity graph for a game. Note the blue edges, which
correspond to connections due to infosets, and the black edge 𝑐 − 𝑑 due to 𝑔, ℎ belonging to the
same infoset.

Beliefs. Consider now a set 𝐻 of nodes such that the induced subgraph G𝑖 [𝐻] is connected.
Player 𝑖 has no way of distinguishing any subset of 𝐻 from the others, because any node cannot
be distinguished from its neighbors. Beliefs are defined as these sets of indistinguishable nodes.4.5

Definition 4.9 (Belief). A set of nodes 𝐵 ⊆ H is a belief for player 𝑖 if the induced subgraph
G𝑖 [𝐵] is connected.

We remark that the timeablility property assumed on Γ implies that any node belonging to the
same belief has the same depth. Notice that a direct consequence of the definition of beliefs is
that {∅} and {𝑧} for 𝑧 ∈ Z are singleton beliefs for both teams.

Observations. Consider instead a set 𝐻 of nodes such that the induced subgraph G𝑖 [𝐵] has
different connected components. In this case, player 𝑖 can distinguish those components one from
the other, thus partitioning 𝐻 into multiple beliefs. Intuitively, the unforgettable information is

4.4ℎ, ℎ′ being distinguishable implies that in the corresponding team game any team member can recall whether ℎ
or ℎ′ was reached upon reaching ℎ or ℎ′.

4.5From a team game perspective, beliefs are sets of nodes with the guarantee that once reached all team members
know that any nodeH \ 𝐵 is not reached, i.e. it is team-common knowledge that the game reached a node in 𝐵.
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enough to distinguish every node in a component from any node in other components. The player
can, therefore, exclude nodes from components that are distinguishable from the current reached
node. We say that upon reaching a node ℎ among possible candidates 𝐻, player 𝑖 observes belief
𝐵 ⊆ 𝐻, meaning that player 𝑖 uses the newly acquired unforgettable information acquired in ℎ to
refine its imperfect information from 𝐻 to 𝐵. We formalize this notion of observation through the
function SPLITBELIEF𝑖:4.6

Definition 4.10 (Observation). The observation for player 𝑖 ∈ {▲,▼} when reaching node ℎ
among a set 𝐻 of candidate nodes is:

SPLITBELIEF𝑖 (𝐻, ℎ) := the connected component of G𝑖 [𝐻] containing ℎ.

The set of all possible observations given a set of candidates is denoted4.7 by

B𝐻 := {SPLITBELIEF𝑖 (𝐻, ℎ) : ℎ ∈ 𝐻}.

An example of observation can be given by considering the team game depicted in Figure 4.3 and
a candidate set 𝐻 = {𝑏, 𝑐, 𝑒}. This candidate set is possible when player ▲ plays a strategy where
player 1 plays a mixed strategy excluding 𝑑 from its support. This, in turn, implies that player 2, at
the next step, knows that the reached node ℎ in the game is in 𝐻. Moreover, player 2 observes her
current information set 𝐼 = 𝑏, 𝑐 if ℎ ∈ {𝑏, 𝑐} of 𝐼 = {𝑑, 𝑒} if ℎ ∈ {𝑑, 𝑒}. 𝐼 can be used to further
refine 𝐻 as long as the information used will be known at player 1 next. This is formalized in
SPLITBELIEF𝑖 (𝐻, 𝑏) = SPLITBELIEF𝑖 (𝐻, 𝑐) = {𝑏, 𝑐} and SPLITBELIEF𝑖 (𝐻, 𝑒) = {𝑒}, which
intuitively correspond to the fact that given those candidates, ▲ unforgettably distinguishes 𝑏 and
𝑐 from 𝑒. From the equivalent team game perspective: player 2 is active and can check her current
infoset to distinguish the two beliefs; player 1 has stopped playing and therefore it is not relevant
in terms of team knowledge; player 3 either will not play or will know that the current node was 𝑐
once the game reached 𝑔, so she can safely assume that the game is in 𝑐. This means that every
player distinguishes 𝑒 from 𝑏, 𝑐.

Team public states. We compare our notion of beliefs with public states, an alternative custom-
arily used in the related literature. A public state 𝑃 for player 𝑖 is a connected component of the
connectivity graph G𝑖. The set of all public states of 𝑖 is denoted as P𝑖.

Public states identify sets of nodes that are distinguishable to a player without considering a
possibly pruned subgraph of G𝑖 as instead done for team observations. Therefore, every belief is
contained in a public state. In Figure 4.3 we have that P▲ = {{𝑎}, {𝑏, 𝑐, 𝑑, 𝑒}, {𝑔, ℎ}, { 𝑓 }, {𝑖}} ∪
{{𝑧} : 𝑧 ∈ Z}.

4.6In team games, the belief returned by SPLITBELIEF𝑖 is the team-common knowledge update happening when
reaching ℎ among a set of candidates 𝐻.

4.7We remark that the belief-based constructions employed by this chapter would also work when allowing
SPLITBELIEF𝑖 to return any superset of connected components. For example, in the framework of factored-
observation games [182], it is valid to define SPLITBELIEF𝑖 using the explicitly-given public observations. However,
since the efficiency of the proposed algorithms depends on the size of the beliefs employed, we opt not to allow, by
definition, the use of beliefs larger than needed. As we show in Section 4.3.2, any reduction in the size of the beliefs
in a game brings exponential benefits in the size of the belief game obtained.
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Public states are the customarily adopted alternative to observations when partitioning a set 𝐻 of
candidates in beliefs by splittingH in {H ∩ 𝑃 : 𝑃 ∈ P𝑖}. However, public states may return a
coarser partition than the one returned by observations, as the absence of specific nodes from 𝐻

may disconnect components in G. We will, therefore, use observations in place of public states
whenever possible. An example illustrating the difference between the two definitions is available
in Section 4.7.1.

Prescriptions. Restricting the information available to player 𝑖 to her beliefs also affects the set
of actions available. In fact, multiple infosets may intersect a given belief, and the player does not
know in which infoset she finds herself. Therefore, she does not know what actions are available
to her.

We overcome this issue by associating to each belief 𝐵 a set of meta-actions A𝑖 (𝐵) such that
an action is specified for each possible infoset that intersects the belief. We call such structured
meta-actions prescriptions and use a symbol a to indicate them. The concept is formally defined
as follows.

Definition 4.11 (Prescription). Consider a belief 𝐵 of a player 𝑖 ∈ {▲,▼}. A prescription a is a
selection of one action at each infoset having a nonempty intersection with 𝐵:

a ∈
?
𝐼∈I𝑖 [𝐵]

A(𝐼) where I𝑖 [𝐵] = {𝐼 ∈ I𝑖 : 𝐼 ∩ 𝐵 ≠ ∅}.

Given a prescription a for a belief 𝐵 and an infoset 𝐼 such that 𝐼 ∩ 𝐵 ≠ ∅, we denote as a(𝐼)
the action relative to infoset 𝐼 which is specified by prescription a. Note that we have empty
prescriptions at beliefs containing no active nodes for a player.

As we will see in the next section, our equivalent belief game introduces one perfect-recall player
per team, with information sets associated with beliefs corresponding to the perfect-recall part
of the information available to this unique player. Prescriptions will allow this player to have an
identical expressive power in terms of actions without accessing the exact information set of the
player, which is her imperfect-recall information. Moreover, specifying a prescription at each
reached belief for 𝑖 incrementally defines a pure strategy of player 𝑖. This allows us to consider a
reduced set of candidate nodes 𝐻 for the reached node ℎ from which the belief is observed, as a
non-played action implies that all the descendant nodes are not reached and, therefore, excluded
from the candidates.

For example, consider a 3-player poker instance where two players collude to form a team. At
any time of the game, we can consider the point of view of a team coordinator, who acts as the
single imperfect recall player. We can imagine this coordinator as sitting at the same table as the
players, and therefore, she cannot access the private cards given to the players but can access the
same public information as the players, that is, the bet, fold, and check actions of the players.
Her belief at any point regards the private cards that each team member has. At the start of the
game, this belief is uniform over all pairs of cards, as no information regarding these cards is
available from an external point of view. The coordinator emits prescriptions for the players to
follow as the game progresses. Since the coordinator does not know the card held by a player,
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she has to prescribe an action for each possible card the current player may hold. The player
receives this prescription and follows the part of it that matches the private card. By observing the
action played by the player, the coordinator can exclude from her belief the cards for which she
prescribed different actions. While there are no means of communicating prescriptions during
play at the poker table, this mechanism can be implemented ex ante; that is, each team of players
jointly samples a pure strategy of this coordinator before the start of the game, and each member
simulates the coordinator locally.

Information complexity. We quantify the number of information sets reaching a belief through
the notion of information complexity 𝑘 . This quantity will allow us to bound the size of the belief
games in Sections 4.3.2 and 4.5.1.

We first characterize the notion of remembered information sets and the set of last-infosets at
a node. Intuitively, an infoset 𝐽 remembers another infoset 𝐼 if reaching a node in 𝐽 implies
traversing a node in 𝐼 and picking a specific action. Therefore, knowing to be at a node in 𝐽 allows
the player to recall having traversed 𝐼 and have played action 𝑎 there. The last-infosets of player 𝑖
at ℎ are the information sets traversed by ℎ and not remembered by any following information
set of the player up to ℎ.4.8 This set quantifies the knowledge lost by the player at a node due to
imperfect recall.

Definition 4.12. An infoset 𝐽 remembers another infoset 𝐼 if there exists an action 𝑎 ∈ A(𝐼)
such that, for every ℎ ∈ 𝐽, we have ℎ′𝑎 ⪯ ℎ for some ℎ′ ∈ 𝐼.

Definition 4.13. The set of last-infosets at node ℎ for player 𝑖 is the set of infosets 𝐼 ∈ I𝑖 such
that 𝐼 ⪯ ℎ and there is no other infoset 𝐽 ∈ I𝑖 such that 𝐽 ⪯ ℎ and 𝐽 remembers 𝐼.

We will use LI𝑖 (ℎ) to denote the set of last-infosets at ℎ for player 𝑖. Note that if ℎ ∈ H𝑖 then
𝐼ℎ ∈ LI𝑖 (ℎ).

Now define the information complexity 𝑘 of a two-player game Γ as follows.

𝑘 = max
𝑖∈{▲,▼},
𝑃∈P𝑖

�����⋃
ℎ∈𝑃

LI𝑖 (ℎ)
�����

Intuitively, 𝑘 is a representation of how much information can be worst-case forgotten by player
𝑖. In the team game interpretation, 𝑘 is a representation of how asymmetric the information is
among team members. Note that 𝑘 = 1 if and only if both players have perfect recall.

The information complexity characterizes both the number of beliefs in a public state 𝑃, and the
number of prescriptions that are available at such beliefs. In fact, the actions played at information
sets in

⋃
ℎ∈𝑃 LI𝑖 (ℎ) determine which nodes in 𝑃 are reached (that is, a belief 𝐵 ⊆ 𝑃).

As an example, consider the game from Figure 4.3 and the public state 𝑃 = {𝑔, ℎ}. We have that

4.8From the perspective of an adversarial team game, the last-infosets at a node for team 𝑡 ∈ { ▽,▽} are the most
recent infosets of each player in 𝑡, minus the infosets of players that are implied by other players’ infosets.
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Algorithm 4.4 (MakeBeliefGame): Belief game construction
1: procedure MAKENODE▲(ℎ, 𝐵▲, 𝐵▼, 𝜎̃▲, 𝜎̃▼)
2: create node ℎ̃ ∈ H̃▲

3: add ℎ̃ to infoset labeled (𝜎̃▲, 𝐵▲)
4: for each prescription a▲ ∈ A▲ (𝐵▲) do
5: ℎ̃a▲ ← MAKENODE▼ (ℎ, 𝐵▲, 𝐵▼, 𝜎̃▲, 𝜎̃▼, 𝑎▲)
6: return ℎ̃
7: procedure MAKENODE▼(ℎ, 𝐵▲, 𝐵▼, 𝜎̃▲, 𝜎̃▼, a▲)
8: create node ℎ̃a▲ ∈ H̃▼

9: add ℎ̃a▲ to infoset labeled (𝜎̃▼, 𝐵▼)
10: for each prescription a▼ ∈ A▼ (𝐵▼) do
11: ℎ̃a▲a▼ ← MAKENODEC(ℎ, 𝐵▲, 𝐵▼, 𝜎̃▲, 𝜎̃▼,a▲,a▼)
12: return ℎ̃a▲

13: procedure MAKENODEC(ℎ, 𝐵▲, 𝐵▼, 𝜎̃▲, 𝜎̃▼, a▲, a▼)
14: if ℎ is terminal node then
15: create new terminal node ℎ̃a▲a▼ ∈ Z̃
16: 𝑢𝑖 ( ℎ̃a▲a▼) ← 𝑢𝑖 (ℎ) for each player 𝑖
17: p( ℎ̃a▲a▼) ← p(ℎ)
18: return ℎ̃a▲a▼

19: create new chance node ℎ̃a▲a▼ ∈ HC

20: if ℎ is a chance node then 𝑆 ← {ℎ𝑎 : 𝑎 ∈ A(ℎ)}
21: else 𝑆 ← {ℎa𝑖 (𝐼ℎ)} where ℎ ∈ H𝑖
22: for each node ℎ𝑎 ∈ 𝑆 do
23: 𝐵′

𝑖
← SPLITBELIEF𝑖 (𝐵𝑖a𝑖, ℎ𝑎) for each player 𝑖

24: ℎ̃a▲a▼𝑎 ← MAKENODE▲ (ℎ𝑎, 𝐵▲
′, 𝐵▼

′, 𝜎̃▲ + (𝜎̃▲, 𝑎▲), 𝜎̃▼ + (𝜎̃▼, 𝑎▼))
25: return ℎ̃a▲a▼

the strategy played at⋃
ℎ∈{𝑔,ℎ}

LI𝑖 (ℎ) = {𝐼𝑎, 𝐼𝑐 .𝐼𝑔} ∪ {𝐼𝑎, 𝐼𝑑 , 𝐼ℎ} = {𝐼𝑎, 𝐼𝑐, 𝐼𝑑 , 𝐼𝑔}

is enough to characterize a belief 𝐵 ∈ 𝑃 and a prescription at that belief. In fact, the action
at 𝐼𝑎 decides whether 𝑐 and 𝑑 are reached, the actions at 𝐼𝑐 (respectively 𝐼𝑑) decide whether 𝑔
(respectively ℎ) is reached, and the action at 𝐼𝑔 = 𝐼ℎ is the prescription.

It is instructive to understand how 𝑘 behaves in a simple game. Suppose that Γ is a team game
such that there are 𝑛 players on each team, each player is assigned one of 𝑡 “private types” (in
poker, these are the private hands) and all other information in the game is common knowledge.
Then at each public state 𝑃 ∈ P𝑖, there are at most 𝑡 last-infosets per player, so 𝑘 = 𝑛𝑡.
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4.3.1 Belief Game Construction
We now introduce an algorithm that explicitly constructs a belief game given any two-player
game. We will use Γ̃ to denote the belief game and distinguish components of the original game
Γ from components of the belief game by writing tildes: for example, a generic history is ℎ̃ ∈ H̃ ,
a generic information set is 𝐼𝑖 ∈ Ĩ𝑖, and so on.

Here, for cleanliness, we will describe the evolution of the belief game as a game of simul-
taneous moves. Algorithm 4.4 (MakeBeliefGame) describes the procedure that constructs an
extensive-form game (without simultaneous moves) that is equivalent to it.4.9 In particular,
MAKENODE▲ (∅, {∅}, {∅},∅,∅) constructs the whole belief game.

A node ℎ̃ ∈ H̃ in the belief game is identified by a tuple (ℎ, 𝐵▲, 𝐵▼) such that ℎ ∈ 𝐵▲ ∩ 𝐵▼,
where ℎ ∈ H is the corresponding node in the original game describing the underlying state of
the game, 𝐵▲, 𝐵▼ are the current beliefs of ▲ and ▼ respectively. At ℎ̃, each player 𝑖 ∈ {▲,▼} has
a (possibly empty) collection of infosets, I[𝐵𝑖], at which it needs to prescribe an action. The two
players simultaneously submit actions a𝑖 ∈ A𝑖 (𝐵𝑖). The next belief game node is (ℎ𝑎, 𝐵′▲, 𝐵′▼),
where:

(i) The action 𝑎 is the one taken by the player at ℎ: if ℎ is chance node, then 𝑎 is sampled from
chance’s action distribution at ℎ; otherwise, 𝑎 = a𝑖 (𝐼ℎ).

(ii) the beliefs evolve as follows. For each player 𝑖, the set of candidate next histories in the
original game compatible with 𝑖’s current belief 𝐵𝑖 and its prescription a𝑖 is given by

𝐵𝑖a𝑖 := {ℎ𝑎 : ℎ ∈ 𝐵▲ ∩H𝑖, 𝑎 = a(𝐼ℎ)}︸                                   ︷︷                                   ︸
when player 𝑖 acts,

it must be according to the prescription

∪ {ℎ𝑎 : ℎ ∈ 𝐵▲ \ H𝑖, 𝑎 ∈ A(ℎ)}︸                                  ︷︷                                  ︸
when player 𝑖 does not act,

𝑖 does not know what action is taken

,

Next, player 𝑖 observes the information revealed by the next history ℎ𝑎, thus arriving at
belief

𝐵̃′𝑖 := SPLITBELIEF𝑖 (𝐵𝑖a𝑖, ℎ𝑎).

We remark some characteristics of Γ̃ := MakeBeliefGame(Γ).
• Multiple different tree nodes ℎ̃ can correspond to the same (ℎ, 𝐵▲, 𝐵▼) tuple. In particular,

for each terminal node 𝑧 ∈ Z there is only one state (𝑧, {𝑧}, {𝑧}).
• Information sets in Γ̃ are associated to sequences of beliefs and prescriptions. In particular,

such infosets can be described by tuples of the form (𝐵1
𝑖
= {∅},a1

𝑖
, 𝐵2

𝑖
,a2

𝑖
, . . . , 𝐵𝐿

𝑖
), where

aℓ
𝑖
∈ A(𝐵ℓ

𝑖
) and 𝐵ℓ+1

𝑖
= SPLITBELIEF𝑖 (𝐵ℓ𝑖aℓ𝑖 , ℎ) for some ℎ ∈ 𝐵ℓ

𝑖
aℓ
𝑖
.

• By construction of MakeBeliefGame we have that Γ̃ is a perfect-recall game. In fact, nodes
with different sequences are associated to different information sets thanks to including
sequences in each information set’s label;

4.9We implement simultaneous actions by representing each step in the game as a sequence of one node per player
▲, ▼, C where everyone acts; the effects of the actions taken are applied at the end.
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• When ℎ is terminal, the belief game does not stop until both players have observed the
trivial belief {ℎ} at ℎ and then submitted their empty prescriptions at that belief. This is for
notational convenience: it ensures that terminal sequences for a player 𝑖 will always end
with singleton beliefs, which will make the later analysis cleaner.

• Modulo trivial reformulations (namely, the insertion of nodes with a single child), if Γ is
perfect recall then Γ̃ is identical to Γ.

Given a pure strategy x̃𝑖 ∈ X̃𝑖, we say that x̃𝑖 plays to a belief 𝐵𝑖 of player 𝑖 if x̃𝑖 plays to some
node corresponding to (ℎ, 𝐵𝑖, 𝐵−𝑖).

Theorem 4.14. Let Γ be any two-player imperfect-recall extensive-form game, and Γ̃ be
the belief game constructed by MakeBeliefGame. Γ and Γ̃ are strategically equivalent.

Proof. The requirements for strategic equivalence as per Definition 4.3 that we will show are:
i) it exists a function 𝜌 mapping pure strategies in the two games ii) 𝜌 is a bijective function iii)
𝜌 is value-preserving, that is, the mapped strategies have the same expected utilities.

We first construct the strategy maps 𝜌𝑖 : Π𝑖 → Π̃𝑖. A pure strategy x𝑖 ∈ Π𝑖 in 𝐺 assigns one
action to each information set.4.10 From such a strategy we construct a strategy x̃𝑖 = 𝜌𝑖 (x𝑖)
which plays prescriptions consistent with π𝑖. At belief 𝐵𝑖, x̃𝑖 plays the prescription a𝑖 given by
a𝑖 (𝐼) = x𝑖 (𝐼) for each 𝐼 ∈ I𝐵𝑖 reached by x̃.

We now show that 𝜌𝑖 is injective. This will follow from the following lemma.

Lemma 4.15. Let x̃𝑖 = 𝜌𝑖 (x𝑖) ∈ Π̃𝑖. Then for every 𝑧 ∈ Z, x̃𝑖 plays to belief {𝑧} if and only if
x𝑖 plays to 𝑧.

Proof. First suppose x̃𝑖 = 𝜌𝑖 (x𝑖) ∈ Π̃𝑖 plays to {𝑧}. Thus x̃𝑖 plays some sequence of beliefs
and prescriptions (𝐵1

𝑖
= {∅},a1

𝑖
, . . . , 𝐵2

𝑖
,a2

𝑖
, . . . , 𝐵𝐿

𝑖
= {𝑧}). But then, by construction,

every ancestor ℎ ≺ 𝑧 is included in one of the 𝐵ℓ
𝑖
s, and for ℎ𝑎 ⪯ 𝑧 to appear in 𝐵ℓ

𝑖
aℓ
𝑖
, if

ℎ ∈ H𝑖 it must be the case that x𝑖 plays 𝑎. Thus x𝑖 plays to 𝑧.

Conversely suppose x𝑖 plays to 𝑧. Then, construct a sequence of beliefs and prescriptions as
follows. Letaℓ

𝑖
be the prescrption played by x̃𝑖 at belief 𝐵ℓ

𝑖
, and 𝐵ℓ+1

𝑖
= SPLITBELIEF𝑖 (𝐵ℓ𝑖aℓ𝑖 , ℎ)

where ℎ ∈ 𝐵ℓ
𝑖
aℓ
𝑖

and ℎ ⪯ 𝑧. (The fact that x𝑖 plays to 𝑧 ensures that such ℎ must exist). Then,
by induction, x̃𝑖 plays to this sequence, and the sequence must eventually terminate at {𝑧}
because it always contains at least one predecessor of 𝑧. Thus x̃𝑖 plays to {𝑧}. □

Since different pure strategies (by definition) play to different sets of terminal nodes, this
immediately shows that 𝜌 is injective. We now show that 𝜌𝑖 is a surjection (and hence a
bijection), that is, any x̃𝑖 ∈ Π̃𝑖 is the image of some x𝑖 ∈ Π𝑖. We remark that a pure strategy
x̃𝑖 ∈ Π̃𝑖 assigns one prescription to every reached infoset of player 𝑖 in 𝐺̃.

We will require the following lemma. Informally, it states that no player can play to two nodes

4.10At infosets not reached by x𝑖 , actions can be selected arbitrarily.
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with intersecting beliefs.

Lemma 4.16. Let x̃𝑖 ∈ Π̃𝑖 be any pure strategy. Let 𝐼, 𝐼′ ∈ Ĩ𝑖 be two distinct infosets of player
𝑖 that are simultaneously reached by x̃𝑖. Let 𝐵𝑖 and 𝐵′

𝑖
be the beliefs for player 𝑖 at 𝐼 and 𝐼′

respectively. Then 𝐵𝑖 and 𝐵′
𝑖

are not connected and do not intersect. That is, there do not exist
nodes ℎ ∈ 𝐵𝑖, ℎ′ ∈ 𝐵′𝑖 with (ℎ, ℎ′) ∈ E𝑖 or ℎ = ℎ′.

Proof. Consider the tree-form decision problem T̃ of player 𝑖 in 𝐺̃. Since 𝐺̃ is perfect-recall,
T̃ is indeed a valid representation of player 𝑖’s strategy set in 𝐺̃. Let 𝑠 be the lowest common
ancestor of 𝐼 and 𝐼′ in T̃ .

Since x̃𝑖 plays to both 𝐼 and 𝐼′, the node 𝑠 must be an observation point, as a pure strategy
plays a single action at each decision point. At observation points, the next observation
made by player 𝑖 is the next belief. Let 𝐶𝑖 and 𝐶′

𝑖
be the different observed beliefs at node

𝑠 that lead to 𝐼 and 𝐼′, respectively. Then, by construction of SPLITBELIEF𝑖, 𝐶𝑖 and 𝐶′
𝑖

are
disconnected and disjoint. Since every node in 𝐵𝑖 is a descendant of some node in 𝐶𝑖 (and
the same for 𝐶′

𝑖
), it follows that 𝐵𝑖 and 𝐵′

𝑖
are also disconnected and disjoint. □

Thus, in particular, for any infoset 𝐼 ∈ I𝑖 in the original game, x̃𝑖 can only play to one infoset
𝐼 ∈ Ĩ𝑖 whose belief 𝐵𝑖 overlaps 𝐼. At 𝐵𝑖, the prescription chosen by x̃𝑖 includes an action a(𝐼)
at 𝐼 (by construction of prescriptions at a node). Thus, consider the strategy x𝑖 defined such
that x𝑖 (𝐼) = a(𝐼) for every infoset 𝐼 such that x𝑖 plays to a belief 𝐵𝑖 overlapping 𝐼.

Lemma 4.17. x𝑖 is a well-defined strategy. That is, if x𝑖 plays to a node ℎ ∈ H𝑖, then x̃𝑖 plays
to a belief 𝐵𝑖 ∋ ℎ, and hence, if ℎ ∈ 𝐼 ∈ I𝑖 then x𝑖 (𝐼) is defined.

Proof. By induction on the length of the history ℎ. For ℎ = ∅ this is trivial. Now let ℎ = ℎ′𝑎′

be a non-root node, and suppose x𝑖 plays to ℎ. Then by inductive hypothesis, x̃𝑖 plays to a
belief 𝐵𝑖 ∋ ℎ′. Let a be the prescription played by x̃𝑖 at 𝐵𝑖.

• If ℎ′ ∈ 𝐼 ∈ I𝑖, then by construction of x𝑖, it must be the case that x̃𝑖’s prescription a at
𝐵𝑖 satisfies a(𝐼) = 𝑎′, so 𝐵𝑖a ∋ ℎ.

• If ℎ′ ∉ H𝑖, then for any prescription a at 𝐵𝑖 we have that ℎ ∈ 𝐵𝑖a.

In either case, we have 𝐵𝑖a ∋ ℎ. Thus, x̃𝑖 must also play to the belief SPLITBELIEF𝑖 (𝐵𝑖a, ℎ) ∋
ℎ. □

Further, from the definition of 𝜌𝑖 it follows immediately that 𝜌𝑖 (x𝑖) = x̃𝑖. It only remains to
show that 𝜌𝑖 is value-preserving. But this is easy: 𝜌𝑖 (x𝑖) prescribes the same actions as x𝑖.
Thus, for any pure strategy profile x ∈ Π, following profile x through 𝐺 will yield exactly the
same trajectory as following profile 𝜌(x) through 𝐺̃. Thus, their expected utilities will also
coincide, and the proof is complete. □

4.3.2 Worst-Case Dimension of the Belief Game
The per-iteration time complexity of CFR depends linearly on the size of the game on which the
algorithm is applied. Thus, it is critical for complexity analysis to bound the size of the belief
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Figure 4.5: An example of imperfect-recall game derived from a team game
whose rationale is described in the proof of Theorem 4.18. We omit terminal values
because they are not relevant. The boxes indicated by mini-game and subgame
correspond to the terms used in the description.

game produced by MakeBeliefGame.

Lower Bound. We first present a lower bound of the worst-case size of the belief game, i.e. a
worst-case instance of game whose belief game has a large number of histories.

Theorem 4.18. There exists a game 𝐺 with depth 𝑑, information complexity 𝑘 , and
maximum branching factor at a node 𝑏 such that the number of nodes in the belief game 𝐺̃
is |H̃ | ≥ 𝑏2𝑘 (𝑑−4) .

Proof. We construct a parametric game for depth 𝑑 ≥ 4, information complexity 𝑘 , and
branching factor 𝑏 ≥ 𝑘 + 1.

Consider a game that consists of 𝑑 − 3 repetitions of the following mini-game. There is a ”root”
nature node with 𝑘 nodes of ▲, 𝑘 nodes of ▼ and the root of the next repetition of the mini-game
as children. Each of ▲’s and ▼’s nodes belong to different information sets. Each of those is
the root of subgames with identical structures. Their children are 𝑏 − 1 player nodes followed
by a single terminal node, and there is a chance node followed by a player node with a single
terminal node. These player nodes belong to the same player as the root of the subtree, namely
▲ for the first 𝑘 children and ▼ for the second 𝑘 children of the ”root” of the mini-game. All
nodes of ▲ and ▼ belong to the same level of the game apart from the 2𝑘 nodes that belong to
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the same information set.

A representation of such a game for 𝑘 = 2, 𝑏 = 2, 𝑑 = 6 is given in Figure 4.5, where nodes
of ▼ have been omitted to improve clarity. Those have the same structure as the nodes of ▲.
The main point of this game is that at any level 𝑙 = 1, . . . , 𝑑 − 3, both ▲ and ▼ have a public
state containing the 𝑘 infosets corresponding to the nodes after C’s ”root” of the mini-game
at depth 𝑙 − 1. At each of those public states, both ▲ and ▼ have a single belief containing 𝑘
information sets and the chance node that leads to the next mini-game. Therefore, there are 𝑏𝑘

prescriptions at this belief, and each prescription played leads, among the others, to the belief
containing 𝑘 information sets of the next mini-game.

Multiplying this factor for each step of the level gives |H ′| ≥
(
𝑏2𝑘 )𝑑−4. □

Upper Bound. We now present an upper bound on the number of histories of the belief game.

Theorem 4.19. Let Γ be a game with depth 𝑑, information complexity 𝑘 and maximum
branching factor at a node 𝑏. The number of nodes in the belief game Γ̃ is |H̃ | ≤ 𝑏2𝑘𝑑+𝑑 .

Proof. Consider the algorithm MakeBeliefGame. Grouping levels of the belief game 𝐺̃ three
by three, we have that ▲, ▼, and Ceach play at a different level in each group, and we have
𝑑 groups. Moreover, no more than 𝑏 actions for the chance player and 𝑏𝑘 prescriptions are
available to each player. We, therefore, have that the number of nodes in-game tree 𝐺̃ is
|H̃ | ≤ 𝑏𝑑 (2𝑘+1) . □

Discussion. The bounds presented in this section highlight the main computational limitation of
MakeBeliefGame, the explicit dependence on depth introduced by explicitly using sequences to
distinguish information sets in the belief game.

We remark that we can replace 𝑘 here with the maximum number of infosets (not the last-infosets)
in any public state. We opted not to introduce two different notions of information complexity to
have bounds comparable with the TB-DAG ones in Section 4.5.1. We will explore the effects of
introducing the different definitions of 𝑘 in Section 4.7.3.

4.3.3 Regret Minimization on Team Games
This section shows how to find a mixed Nash equilibrium in a generic two-player zero-sum game
with imperfect recall Γ by applying CFR on the belief game Γ̃ obtained by running MakeBe-
liefGame on Γ.

Let X̃ and Ỹ be the realization-form mixed strategy spaces for ▲ and ▼ in Γ̃ derived from the
sequence-form representation as in Section 2.2.2. Specifically, vectors x̃ ∈ X̃ are indexed by
terminal sequences for ▲ in Γ̃ (similarly for ▼). Such a sequence 𝜎 can be identified by a list
of beliefs and prescriptions, ending in a singleton belief {𝑧} for terminal node 𝑧 ∈ Z. For
any terminal node 𝑧, let Σ𝑧▲ be the set of terminal sequences for ▲ that end at belief {𝑧}. Then
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Algorithm 4.6 (DAG-Generic): Generic construction of a regret minimizer R on Q from a regret
minimizer R̂ on its tree form Q̂.

1: procedure NEXTSTRATEGY

2: x̂𝑡 ← R̂.NEXTSTRATEGY()
3: return Dx̂𝑡

4: procedure OBSERVEUTILITY(u𝑡)
5: R̂.OBSERVEUTILITY(D⊤u𝑡 )

computing a Nash equilibrium in Γ̃ (and hence a mixed Nash in Γ) can be done by solving the
max-min problem

max
x̃∈X̃

min
ỹ∈Ỹ

∑︁
𝑧∈Z

𝑢(𝑧)
∑︁
𝜎̃▲∈Σ𝑧

▲

x̃(𝜎̃▲)
∑︁
𝜎̃▼∈Σ𝑧

▼

ỹ(𝜎̃▼). (4.1)

This is equivalent to the max-min problem for the coordinator game by settingx(𝑧) :=
∑
𝜎̃▲∈Σ𝑧

▲
x̃(𝜎̃▲)

(and similar for y). That is, from an optimization perspective, what has happened is that we have
constructed sets X̃ and Ỹ that are described by linear constraints, just like the sequence form, and
project onto X and Y respectively, allowing the reformulation and equivalence of problems.

We now analyze the time complexity and regret of running CFR on Γ̃. Fix a player, say, ▲. (The
same analysis will apply to ▼.) First, recall from Section 2.2.2 that, in a decision problem, a set
𝑃 of ▲-decision points is called playable if there exists a pure strategy of ▲ that plays to all the
decision points in 𝑃. But the size of any playable set 𝑃 of ▲ is at most |H |. Further, the branching
factor of Γ̃ is at most 𝑏𝑘 , where 𝑏 is the branching factor of Γ and 𝑘 is the information complexity
(see Section 4.3.2). Thus, applying multiplicative weights (MWU) as the local regret minimizer at
each decision point and using Proposition 2.6, we have:

Theorem 4.20. After 𝑇 iterations of CFR on Γ̃ with MWU as the local regret minimizer,
the average strategy profile (x̄, ȳ) is an 𝑂 (𝜖)-Nash equilibrium of Γ, where

𝜖 = |H |
√︂
𝑘 log 𝑏
𝑇

.

The per-iteration complexity is linear in the size of Γ̃.

While the regret above is polynomial inH , the per-iteration complexity depends on the size of Γ̃,
which is worst-case exponentially larger than Γ, as shown in Section 4.3.2.

4.4 DAG Decision Problems
In this section, we will develop a general theory of DAG-form decision problems, and regret
minimization on them, analogous to the tree-form theory in Section 2.2.2. Although our main
interest in DAG-form decision-making is its application to two-player imperfect-recall games
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Algorithm 4.7 (DAG-CFR): Counterfactual regret minimization on DAG-form decision problems
Q. For each decision point 𝑗 , R 𝑗 is a regret minimizer on Δ(A( 𝑗))).

1: procedure NEXTSTRATEGY

2: x𝑡 (∅) ← 1
3: for each decision point 𝑗 , in top-down order do
4: r𝑡

𝑗
← R 𝑗 .NEXTSTRATEGY()

5: x𝑡 ( 𝑗∗) ←
∑︁
𝑝∈𝑃 𝑗

x𝑡 (𝑝)r𝑡𝑗

6: return x𝑡

7: procedure OBSERVEUTILITY(u𝑡)
8: v𝑡 ← u𝑡

9: for each decision point 𝑗 , in bottom-up order do
10: R 𝑗 .OBSERVEUTILITY(v𝑡 ( 𝑗∗))
11: for 𝑝 ∈ 𝑃 𝑗 do v𝑡 (𝑝) ← v𝑡 (𝑝) +

〈
r𝑡
𝑗
, v𝑡 ( 𝑗∗)

〉
12: 𝑡 ← 𝑡 + 1

(which we will develop in Section 4.5), the observations made in this section also have general
applicability beyond this setting, as we will see repeatedly throughout this thesis.

As one may expect, DAG-form decision problems are identical to tree-form decision problems
except that the graph of nodes is allowed to be a DAG, albeit with some restrictions.

Definition 4.21. A DAG-form decision problem is a DAG with a unique source (root node) ∅,
wherein each node is either a decision point ( 𝑗 ∈ J) or an observation point (𝑠 ∈ S)4.11, with the
following properties:

1. Observation points other than the root have exactly one incoming edge.

2. For any two paths 𝑝1 and 𝑝2 from the root that end at the same node, the last node in
common between 𝑝1 and 𝑝2 is a decision point.

As with tree-form decision problems, we will also assume (WLOG) that decision and observation
points alternate along every path, and that both the root node and all terminal nodes are observation
points. A pure strategy is once again an assignment of one action to each decision point. The
DAG form of a pure strategy is the vector x ∈ {0, 1}S, where x(𝑠) = 1 if there is some ∅ → 𝑠

path along which the player plays all actions. A mixed strategy x ∈ Q is a convex combination of
pure strategies. Since decision points can now have multiple parents, we will use 𝑃 𝑗 to denote the
set of parents of a decision point 𝑗 .

Like tree-form decision problems, the mixed strategy set in a DAG-form decision problem has a

4.11For most of this thesis, observation points are denoted Σ; however, here we will need to distinguish between
observation points 𝑠 ∈ S and sequences in the original game. We hence choose different notation.
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convenient representation using linear constraints, namely:
x(∅) = 1∑︁

𝑝∈𝑃 𝑗

x(𝑝) =
∑︁

𝑎∈A( 𝑗)
x( 𝑗𝑎) for all 𝑗 ∈ J . (4.2)

DAG-form decision problems and tree-form decision problems are closely related. Of course,
all tree-form decision problems are DAG-form decision problems. Conversely, any DAG-form
decision problem can be thought of as a “compressed” representation of the tree-form decision
problem created by separating out all the different paths through the DAG. While this tree will
generally be exponentially larger than the DAG, we will find it useful to compare the DAG and
tree representations.

We now formulate a general theory of regret minimization for DAG-form decision problems.
We will use hats (Q̂, Ĵ , Ŝ, x̂) to denote components of the tree form of a generic DAG-form
regret minimizer. For each tree-form observation point 𝑠 ∈ Ŝ let 𝛿(𝑠) ∈ S be the corresponding
observation point in S. Note that, by construction, 𝛿 is surjective but not injective unless the DAG
happens to be a tree.

We now show how tree-form strategies and utilities correspond to DAG-form strategies and
utilities. Concretely, we define a matrix D ∈ RS×Ŝ by Dx̂(𝑠) = ∑

𝑠:𝛿(𝑠)=𝑠 x̂(𝑠) for all x̂ ∈ RŜ.
This is the matrix of the linear map that transforms tree-form strategies to their corresponding
DAG-form strategies. That is, D : X̂ → X is a bijection.

Dually, for DAG-form utility vectors u ∈ RS, the vector D⊤u ∈ RŜ is a utility vector on the
tree form, with the property that ⟨D⊤u, x̂⟩ = ⟨u,Dx̂⟩ by definition of the inner product. That is,
the DAG-form strategy Dx̂ achieves the same utility against DAG-form utility vector u as the
tree-form strategy x̂ achieves against the utility D⊤û.

The relationship between trees and DAGs allows us to use any regret minimizer on Q̂ to construct
a regret minimizer with the same guarantee on Q. We do this in Algorithm 4.6 (DAG-Generic).

Proposition 4.22. Let R and R̂ be as in DAG-Generic. Then the regret of R with utility
sequence u1, . . . ,u𝑇 is equal to the regret of R̂ with utility sequence D⊤u1, . . . ,D⊤u𝑇 .

Proof. Using the fact that D is a bijection, we have

𝑅𝑇Q = max
x∈Q

𝑇∑︁
𝑡=1

〈
u𝑡 ,x − x𝑡

〉
= max

x̂∈Q̂

𝑇∑︁
𝑡=1

〈
u𝑡 ,Dx − Dx̂𝑡

〉
= max

x̂∈Q̂

𝑇∑︁
𝑡=1

〈
D⊤u𝑡 ,x − x𝑡

〉
= 𝑅𝑇Q . □
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Applying the transformation DAG-Generic with CFR as the tree-form regret minimizer R̂, we
arrive at a DAG form of CFR, which can be simulated efficiently: Algorithm 4.7 (DAG-CFR). One
can think of DAG-CFR as a more efficient implementation of CFR when the decision tree happens
to have a DAG structure. Of course, the regret bound 𝑂 ( |S|

√
𝑇) is only a worst-case bound; in

special cases (such as Theorem 4.20), CFR does much better than its worst case, and therefore so
will DAG-CFR.

Call a utility vector û consistent if it is in the image of D⊤. That is (expanding the definition
of D⊤), û ∈ RÔ is consistent if û(𝑠) = û(𝑠′) if 𝛿(𝑠) = 𝛿(𝑠′). In essence, a DAG-form regret
minimizer is able to “simulate” a tree-form regret minimizer so long as the tree-form regret
minimizer’s utilities are always consistent. We now formalize this idea.

Theorem 4.23 (DAG regret minimization via CFR). DAG-CFR produces the same iterates
as DAG-Generic with CFR as R̂. Therefore, in particular, the regret of DAG-CFR with utility
sequence u1, . . . ,u𝑇 is the same as that of CFR on the tree form with utility sequence
û1 := D⊤u1, . . . , û𝑡 := D⊤u𝑇 . Moreover, the per-iteration runtime of DAG-CFR is linear
in the number of edges in the DAG. In particular, taking any reasonably efficient regret
minimizer over simplices, the regret of DAG-CFR after 𝑇 iterations is at most 𝑂 ( |S|

√
𝑇).

Proof. Let 𝑠 ∈ D be any decision point of Q, and let 𝑠 ∈ D̂ be any decision point in Q̂ with
𝛿(𝑠) = 𝑠. It is enough to show that the sequence of utility vectors observed by R𝑠 when running
DAG-Generic with CFR as R̂ is the same as the sequence of utility vectors observed by R𝑠 in
DAG-CFR. We show this by induction on the decision points 𝑠, leaves first.

First, if 𝑠 has no decision point descendants, then the claim is trivial because, by construction
of D⊤, we have û𝑡 (𝑠𝑎) = u𝑡 (𝑠𝑎) for every 𝑎 ∈ 𝐴𝑠. Now let 𝑠 ∈ D̂ be any internal node and
𝑠 = 𝛿(𝑠). By inductive hypothesis, for every decision point descendant 𝑠′ of 𝑠, at every timestep
𝑡, R𝑠′ receives the same utility vector as R𝑠′ where 𝑠′ = 𝛿(𝑠′), and thus produces the same
behavioral strategy r𝑡

𝑠′ = r̂𝑡
𝑠′ . Thus, at any timestep 𝑡 the utility vector v̂𝑡 (𝑠∗) that is passed to

R𝑠 is given by

v̂𝑡 (𝑠𝑎) = û𝑡 (𝑠𝑎) +
∑︁

𝑠′:𝑝𝑠′=𝑠𝑎

〈
r̂𝑡𝑠′ , v̂

𝑡 (𝑠′∗)
〉

= u𝑡 (𝑠𝑎) +
∑︁

𝑠′:𝑝𝑠′=𝑠𝑎

〈
r𝑡𝑠′ , v

𝑡 [𝑠′∗]
〉

= u𝑡 (𝑠𝑎) +
∑︁

𝑠′:𝑠𝑎∈𝑃𝑠

〈
r𝑡𝑠′ , v

𝑡 [𝑠′∗]
〉

= v𝑡 (𝑠𝑎)

where once again we use the notation 𝑠′ := 𝛿(𝑠′), and the inductive hypothesis is used in the
second equality on every term in the sum. □
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Algorithm 4.8 (ConstructTB-DAG): Constructing the TB-DAG. Inputs: imperfect-recall game
Γ, player 𝑖

1: procedure MAKEDECISIONPOINT(𝐵) ⊲ 𝐵 ⊆ H is a belief
2: if a decision point 𝑗 with belief 𝐵 already exists then return 𝑗

3: if 𝐵 = {𝑧} for 𝑧 ∈ Z then return new terminal node with belief {𝑧}
4: 𝑗 ← new decision point with belief 𝐵
5: for each prescription a ∈ A𝑖 (𝐵) do
6: add edge 𝑗 → MAKEOBSERVATIONPOINT(𝐵a)
7: return 𝑗

8: procedure MAKEOBSERVATIONPOINT(𝐻)
9: 𝑠← new observation point

10: for each 𝐵 ∈ SPLITBELIEF𝑖 (𝐻) do
11: add edge 𝑠→ MAKEDECISIONPOINT(𝐵)
12: return 𝑠

4.5 DAG Decision Problems in Team Games
In Section 4.3.3, it emerged that applying the CFR procedure to the belief game produced by
MakeBeliefGame suffers from the size of the game to solve, which may grow exponentially fast as
shown in Section 4.3.2. In this section, we show how DAG decision problems can greatly reduce
the inefficiencies caused by the previous construction.

The main observation is that MakeBeliefGame enforces perfect recallness of the belief game by
including the players’ sequences in the infoset definition. On the other hand, the strategic aspect
of the game is governed solely by the nodes contained in beliefs. Once the set of possible nodes is
fixed, the exact sequence of prescriptions and observations is not relevant, as the game will evolve
identically from that point onwards. This observation leads to considering a DAG structure for
the decision problems, where decision nodes are identified by beliefs.

The Nash equilibrium problem in Γ̃, namely (4.1), indeed guarantees that both players’ utility
vectors will be consistent with respect to these DAG-form decision problems. We will call the
resulting DAG decision problems the team belief DAGs (TB-DAGs)4.12. Therefore, using DAG-
CFR as the regret minimizer for both players, we recover the regret guarantee of Theorem 4.20
with per-iteration complexity proportional to the total size of both DAGs.

However, this proposed algorithm still depends on the size of Γ̃, because, naively, to construct the
DAG representations, one first constructs the augmented game Γ̃, and only then does the merging
of decision points to create the DAGs. We therefore describe an algorithm ConstructTB-DAG that
recursively constructs the team belief DAGs directly from the original game Γ, thus bypassing the
construction of Γ̃. Therefore, we have the following result. For each player 𝑖 ∈ {▲,▼}, let 𝐸𝑖 be
the number of edges in the TB-DAG of player 𝑖.

4.12We keep the name team belief DAG for continuity with previous versions of the work, even though it applies
equally well in the team and imperfect recall settings.
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Theorem 4.24 (TB-DAG and CFR). Suppose that both players run ConstructTB-DAG
to construct their strategy spaces X̃, Ỹ, and then run DAG-CFR. Then their average
strategy profile converges at the rate shown in Theorem 4.20, and the per-iteration runtime
complexity is 𝑂 (𝐸▲ + 𝐸▼).

Proof. ConstructTB-DAG is designed to construct a DAG-form decision problem whose tree
form corresponds precisely to the decision problem faced by player 𝑖 in the belief game. Thus,
it only remains to show that Theorem 4.23 applies. That is, we need to show that, in the belief
game 𝐺̃, the utility vectors û that would be observed by CFR for ▲ (the same proof would hold
for ▼) are such that û(𝑧) = û(𝑧′) whenever histories 𝑧, 𝑧′ ∈ Z̃ of the belief game represent
the same history 𝑧 ∈ Z of the original game. But indeed, for any pure strategy ỹ ∈ Ỹ, by
Theorem 4.14 there is a pure strategy y ∈ Ỹ such that ỹ(𝑧) = ỹ(𝑧′) = y(𝑧). Thus, if ▼ plays
ỹ, the utility observed by ▲ will be given by

û(𝑧) = p̃(𝑧)ỹ(𝑧) = p(𝑧)y(𝑧) = p̃(𝑧′)ỹ(𝑧′) = û(𝑧′)

which is indeed consistent in the required sense. □

4.5.1 Size Analysis of the TB-DAG
The per-iteration runtime above depends on the number of edges in the TB-DAGs, so it is important
to bound this number. We will do so now. Here, we use the same notation as in Section 4.3.2.

Theorem 4.25. For each player 𝑖, we have 𝐸𝑖 ≤ |H |(𝑏 + 1)𝑘 .

Proof. Let 𝑃 be a (nonterminal) public state of player 𝑖, and 𝑃′ be the set of descendants of
𝑃. let I𝑖 (𝑃) =

⋃
ℎ∈𝑃 I𝑖 (ℎ) be the set of last-infosets. Consider a pure strategy π ∈ Π𝑖. For

each last-infoset 𝐼 ∈ I𝑖 (𝑃), let π𝑃 be the partial strategy defined only on infosets 𝐼 ∈ I𝑖 (𝑃), by
𝜋𝑃 [𝐼] = π(𝐼) ∈ 𝐴𝐼 if π plays to at least one node in 𝐼, and 𝜋𝑃 [𝐼] = ⊥ if it does not. There
are thus at most (𝑏 + 1)𝑘 such possible partial strategies, since |I𝑖 (ℎ) | ≤ 𝑘 by definition. By
construction, each partial strategy π𝑃 completely determines which nodes in 𝑃 are reached by
π, as well as the actions played at any such nodes. Thus, π𝑃 induces a disjoint collection of
observation points 𝑆 ⊆ S such that we have 𝐵a ∈ 𝑆 for each observation point 𝐵 ⊆ 𝑃. Now,
each observation point 𝐵a has at most one incoming edge and at most |𝐵a| outcoming edges.
Since the observation points 𝐵a are disjoint and have a total size at most |𝑃′|𝑏, the total number
of edges at public state 𝑃 is at most |𝑃′| (𝑏 + 1)𝑘 . The proof finishes by summing over public
states, noting that every history is in exactly one public state. □

Thus, from Theorem 4.24 and Theorem 4.25, it follows that:
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Theorem 4.26 (Main theorem). Any given imperfect-recall game Γ can be solved by
constructing the TB-DAGs using ConstructTB-DAG and running DAG-CFR. After 𝑇 it-
erations, the average strategy profile will be an 𝑂 (𝜖)-Nash equilibrium where 𝜖 is as in
Theorem 4.20. The per-iteration complexity is 𝑂 ( |H |(𝑏 + 1)𝑘 ).

Before proceeding, it is instructive to briefly compare Theorem 4.26 to Theorem 4.19. The
latter result gives a per-iteration complexity that is 𝑂 (𝑏𝑑 (2𝑘+1)). Thus, Theorem 4.26 is strictly
superior: for Theorem 4.19 to be superior, we would need to have 𝑏𝑑 (2𝑘+1) < |H |(𝑏 + 1)𝑘 , which
is impossible for 𝑑 ≥ 1, 𝑘 ≥ 1, 𝑏 ≥ 2. We give a more detailed comparison between the two
bounds in Section 4.7.3.

4.5.2 Fixed-Parameter Hardness
Given the above result, one may ask whether the 𝑏 can be removed more generally. It turns
out that it cannot. Before proceeding, we need to introduce some basic concepts surrounding
fixed-parameter tractability.

Definition 4.27. A problem is fixed-parameter tractable with respect to a parameter 𝑘 if it admits
an algorithm whose runtime on inputs of length 𝑁 is 𝑓 (𝑘)poly(𝑁), for some arbitrary function 𝑓 .

The 𝑘-CLIQUE problem is to, given a graph Γ and an integer 𝑘 , decide where Γ has a 𝑘-clique. The
computational assumption FPT ≠ W[1] states that 𝑘-CLIQUE is not fixed-parameter tractable. It
is implied by the exponential time hypothesis [59].

Theorem 4.28. Assuming FPT ≠ W[1], there is no algorithm for computing the
mixed Nash value of a one-player game of imperfect recall whose runtime has the form
𝑓 (𝑘)poly( |H |) where 𝑓 is an arbitrary function.

Proof. We reduce from 𝑘-CLIQUE. Given a graph 𝐺 = (𝑉, 𝐸), we construct the following
game with a single team with two members. Nature selects two vertices 𝑣1, 𝑣2 ∈ 𝑉 indepen-
dently and uniformly at random. Then, both team members privately observe the vertices that
have been assigned to them, and select bits 𝑏1, 𝑏2 ∈ {0, 1}.

Utilities are defined as the sum of the following terms.

• If 𝑣1 = 𝑣2 and 𝑏1 ≠ 𝑏2 then the team scores −|𝑉 |.
• If 𝑏1 = 𝑏2 = 1 and (𝑣1, 𝑣2) ≠ 𝐸 and 𝑣1 ≠ 𝑣2, then the team scores −|𝑉 |.
• If 𝑏1 = 𝑏2 = 1 then the team scores 1.

We claim that the value of this game is ≥ 𝑘 if and only if 𝐺 has a 𝑘-clique. Clearly if 𝐺 has a
𝑘-clique then the value of the game is at least 𝑘: if both members play bits according to the
𝑘-clique (i.e., 𝑏𝑖 = 1 if 𝑣𝑖 is in the clique) then they will score 𝑘 .

Conversely, suppose there is no 𝑘-clique. Note first that we can assume WLOG that the two
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members play the same strategy. (If they do not, they get utility at most 0, but playing the
all-zeros vector also gets utility 0.) A pure strategy is identified by the subset 𝑆 ⊆ 𝑉 of vertices
at which the player plays 1. Since both members are playing the same strategy, the utility
function reduces to |𝑆 | − |𝑉 | · 𝑚, where 𝑚 = |{(𝑖, 𝑗) : 𝑖 ≠ 𝑗 ; 𝑖, 𝑗 ∈ 𝑆; (𝑖, 𝑗) ∉ 𝐸}| is the number
of times the clique constraint is violated. Once again, this number is ≤ 0 unless 𝑆 is a clique,
and if 𝑆 is a clique then |𝑆 | < 𝑘 since there is no 𝑘-clique. □

Thus, it is impossible to replace the 𝑏 in Theorem 4.26 with any absolute constant.

4.5.3 Branching Factor Reduction
Despite the worst-case hardness of removing the 𝑏 in Theorem 4.26, it turns out that, for a natural
class of games, we can remove 𝑏. In this subsection we will discuss games with action recall, and
prove that in such games, it is without loss of generality to assume that the branching factor is 2.
Intuitively, a player 𝑖 has action recall if it remembers the full sequence of actions she has taken in
the past (including the timesteps at which such actions were taken). More formally:

Definition 4.29. At a node ℎ ∈ H , let (𝑎1, . . . , 𝑎𝐿) ∈ A𝐿 be the list of actions taken on the
∅ → ℎ path. Define the action sequence of player 𝑖 as the sequence (𝑎′1, . . . , 𝑎

′
𝐿
) ∈ (A ⊔ {⊥})𝐿

where 𝑎′
ℓ
= 𝑎ℓ if action 𝑎ℓ was taken by player 𝑖, and 𝑎′

ℓ
= ⊥ otherwise. We say that player 𝑖 has

action recall if, for every infoset 𝐼 of player 𝑖, every node in 𝐼 shares the same action sequence.

Theorem 4.30. Given a two-player imperfect-recall game Γ where both players have
perfect action recall, there exists another strategically-equivalent game Γ′ such that the
branching factor of Γ′ is at most 2 at each ℎ ∈ H▲ ∪H▼, the parameter 𝑘 in Γ′ is the same
as it in Γ, and the size of the game has increased by a factor of 𝑂 (log |A|).

Proof. To every action 𝑎 ∈ A we associate a unique bitstring of length at most ℓ = 𝑂 (log |A|).
Assume without loss of generality, for simplicity of notation, that all such bitstrings end with a
0. We will call bitstrings 𝑎̃ ∈ {0, 1}<ℓ “partial actions”.

We replace every internal node ℎ ∈ H \ Z with a binary tree of depth ℓ, where bitstrings that
are not prefixes of any action 𝑎 ∈ 𝐴ℎ are pruned. If ℎ and ℎ′ are in the same infoset 𝐼, then for
every partial action 𝑎̃ ∈ {0, 1}<ℓ we connect ℎ𝑎̃ and ℎ′𝑎̃ in an infoset, which we will call 𝐼𝑎̃.
This creates a new game 𝐺′, whose parameters we must now analyze.

For each node ℎ ∈ H \ Z and action 𝑎, 𝐺′ has createad at most 𝑂 (log |A|) additional nodes
(namely, the nodes ℎ𝑎̃ where 𝑎̃ is a prefix of 𝑎). Thus, the size of 𝐺′ is at most 𝑂 ( |H | log |A|).

It thus remains only to bound the information complexity of 𝐺′. Let 𝑃 be a public state of
player 𝑖 in 𝐺′. By construction of action sequences, 𝑃 contains either only nodes in H𝑖, or
only nodes not inH𝑖. In the latter case there is nothing to check. In the former case, we have
𝑃 ⊆ {ℎ𝑎̃ : ℎ ∈ 𝑃′} for some public state 𝑃′ of 𝐺, and partial action 𝑎̃ ∈ {0, 1}<ℓ. Now let 𝐼 be
a last-infoset of 𝑃′ in 𝐺. Then 𝐼 induces at most one last-infoset in 𝑃: namely, if 𝐼 overlaps 𝑃,
then this infoset is simply 𝐼𝑎̃; otherwise, it is the infoset 𝐼𝑎̃′ where 𝑎̃′ ∈ {0, 1}ℓ−1 is the partial
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Team vs Player Team vs Team

TMECor NP-complete [176] ΔP
2 -complete (Theorems 4.36 and 4.37)

TME NP-complete [176] ΣP
2 -complete (Theorems 4.33 and 4.34)

Table 4.9: Summary of most of the complexity results shown in Section 4.6.

action such that action 𝑎̃′0 leads to 𝑃 (which must be uniquely defined by definition of action
recall). Thus, 𝑃 has as many last-infosets as 𝑃′, so the information complexity of 𝐺′ is, at most,
the information complexity of 𝐺. □

Corollary 4.31. In games where both players have action recall, Theorem 4.26 applies
with the per-iteration runtime replaced with 𝑂 (3𝑘 |H | log |A|).

4.6 Complexity of Adversarial Team Games
Here, we state and prove several results about the complexity of finding various equilibria in
timeable two-player zero-sum games of imperfect recall.

In all cases, the goal is to solve the following promise problem: given game Γ, threshold value 𝑣,
and error 𝜖 > 0 (where all the numbers are rational), determine whether the (mixed or behavioral)
value of the game is ≥ 𝑣, or < 𝑣−𝜖 . The allowance of an exponentially-small error is to circumvent
issues of bit complexity that arise due to the fact that exact behavioral max-min strategies may not
have rational coefficients [176]. Throughout this section, it will often be convenient to formulate
the hardness gadgets in terms of adversarial team games. We will thus freely utilize the analogy
between adversarial team games and coordinator games. For mixed Nash and behavioral Nash
respectively, we will refer to the problems as MIXED and BEHAVIORAL.

Although we do not explicitly state it in the theorem statements, all the hardness results are proven
by constructing adversarial team games in which both teams have a constant number of players.

Theorem 4.32 ([63, 176, 291]). Finding the optimal strategy in a one-player, timeable
game of imperfect recall is NP-hard.

The above result also shows, by the PCP theorem [144], that there exists an absolute constant
𝜖 such that computing the optimal value in a team game with no adversary to accuracy 𝜖 is
NP-hard. Finally, the information complexity of the game used in the above construction is4.13

𝑘 = 𝑛, and the branching factor can be made an absolute constant by splitting the root chance
node into Θ(log𝑚) layers. Finally, the size of the game is 𝑂 (𝑚𝑛). Thus, Theorem 4.26 implies
a SAT-solving algorithm whose runtime is 2𝑂 (𝑛) . Thus, in particular, the appearance of 𝑘 in

4.13Here we use the ordering of the players: namely, we have 𝑘 = 𝑛 only because P1 plays before P2. If the order of
the players were flipped, we would instead have 𝑘 = 𝑚.
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the exponent in Theorem 4.26 is unavoidable: if the 𝑘 were replaced by any 𝑜(𝑘) term, then
SAT would have an 2𝑜(𝑛)-time algorithm, violating the commonly-believed exponential time
hypothesis.

4.6.1 Behavioral Max-Min Strategies
We first show results for BEHAVIORALMAXMIN. In particular, we will show that it is ΣP

2 -
complete, first by showing inclusion and then constructing a gadget game to show completeness.
(Recall that the inclusion will require an 𝜖-approximation because exact behavioral max-min
strategies may contain irrational values.)

Theorem 4.33. BEHAVIORALMAXMIN is in ΣP
2 . If ▼ has perfect recall, it is in NP.

Proof. Consider a behavioral max-min strategy represented by a distribution over the actions
at each information set 𝐼. Let 𝛿 > 0, and consider rounding each entry of the behavioral-
form strategy by at most an additive 𝛿 so that the resulting strategy is rational. Let x′ be the
correlation plan of the resulting strategy. Thus, for any given terminal node 𝑠, the resulting
reach probability 𝑥′[𝑠] is perturbed by at most an additive 𝑂 (𝑁𝛿) where 𝑁 is the number of
nodes in the game. Thus, ∥x′ − x∥1 ≤ 𝑂 (𝑁2𝛿). Thus, for any realization-form strategy y for
the opponent, we have |⟨x′ − x,Ay⟩| ≤ ∥x′ − x∥1∥Ay∥∞ ≤ 𝑂 (𝑁2𝛿), so 𝑥′ is 𝑂 (𝑁2𝛿)-close
to the optimal solution. Taking 𝛿 < 𝑂 (𝜖/𝑁2) thus concludes the proof. □

Theorem 4.34. BEHAVIORALMAXMIN is ΣP
2 -hard, even for team games with a constant

number of players and no chance.

Proof. We first give a reduction involving chance, then show how to relax this condition. We
reduce from ∃∀3-SAT, which is known to be ΣP

2 -complete [265]. The ∃∀3-SAT problem is to,
given a 3-DNF formula 𝜙(𝑋,𝑌 ), determine whether ∃𝑋 ∀𝑌 𝜙(𝑋,𝑌 ) holds.

Given a 3-DNF formula 𝜙 with 𝑚 clauses, 𝑛1 variables in 𝑋 , and 𝑛2 variables in 𝑌 , construct the
following game between ▽with 3 players and ▽ with 3 players. Nature chooses three variables
𝑥1, 𝑥2, 𝑥3 from 𝑋 and three variables 𝑦1, 𝑦2, 𝑦3 from 𝑌 . For each variable 𝑥𝑖 (respectively 𝑦𝑖),
Player 𝑖 of ▽(respectively ▽) is asked for an assignment to the variable.

If any two players of ▽(respectively ▽) have the same variable but differ in their assignment,

▽gets value −𝑀 (respectively 𝑀) where 𝑀 is a large value. In addition, ▽gets value 1 if at
least one term in the 3-DNF 𝜙 is satisfied by the assignments of ▽and ▽.

Let 𝑛 = max(𝑛1, 𝑛2). We complete the proof by showing that ▽gets at least 1/𝑛3 if and only if
∃𝑥 ∀𝑦 𝜙(𝑥, 𝑦) holds; otherwise, their value is at most 0. We first show that for large enough 𝑀 ,
since players of ▽cannot correlate, ▽’s pure strategies are dominant over non-pure ones.

Lemma 4.35. Let 𝑥 ∈ 𝑋 be a variable and 𝑝 ≤ 1/2 be the probability that Player 𝑖 plays their
less-likely action for 𝑥 in a behavioral strategy. If 𝑝 > 0 and 𝑀 ≥ 𝑛1, then this strategy is
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strictly dominated by the strategy under which Player 𝑖 only plays their more-likely action.

Proof. Whenever variable 𝑥 is picked for Player 𝑖 and one of their teammate (probability
strictly larger than 1/𝑛2

1), the penalty incurred by the two players is strictly more than
(𝑀/𝑛2

1) (𝑝(1 − 𝑞) + 𝑞(1 − 𝑝)) ≥ (𝑀/𝑛
2
1) (𝑝 + 𝑞(1/2 − 𝑝)) ≥ (𝑀/𝑛

2
1)𝑝. On the other hand,

Player 𝑖 gains no more than 1 by playing their less-likely action (probability 𝑝/𝑛1). Hence, if
𝑀 ≥ 𝑛1, any strategy with 𝑝 > 0 is dominated by a pure strategy. □

The pure strategies of a player of ▽(respectively ▽) are precisely the assignments in {0, 1}𝑋
(respectively in {0, 1}𝑌 ). By a similar argument, it is straightforward to show that it is a
dominant strategy for ▽(respectively for ▽) to let all players pick the same assignment to avoid
a large penalty.

The hardness then follows from the following observation. If ∃𝑋 ∀𝑌 𝜙(𝑋,𝑌 ) holds, then

▽can play the corresponding assignment to force a value of at least 1/𝑛3: no matter what
assignment ▽ picks, at least one term in 𝜙 is true, which is discovered with a probability of
at least 1/𝑛3 (whenever all the variables in such a term are picked by Nature). On the other
hand, if ∃𝑋 ∀𝑌 𝜙(𝑋,𝑌 ) does not hold, then no matter what assignment ▽picks, there is an
assignment that ▽ can pick such that none of the terms is satisfied, which forces a value of 0
for ▽.

To show that the same hardness holds even when there is no chance, we use the following
gadget to eliminate the need of Nature. Let us introduce a new ▽-player called ▽-Nature and
a new ▽-player called ▽-Spoiler. The gadget will be such that ▽-Nature can incur a large
penalty whenever they do not mimic perfectly Nature’s behavior. More concretely, as Nature
in the construction above, ▽-Nature picks 𝑠 = (𝑥1, 𝑥2, 𝑥3, 𝑦1, 𝑦2, 𝑦3) ∈ 𝑋3 × 𝑌3. ▽-Spoiler
then guesses ▽-Nature’s choice by picking 𝑠′ ∈ 𝑋3 × 𝑌3. ▽receives −𝑁 (𝑛3

1𝑛
3
2 − 1) If 𝑠 = 𝑠′,

otherwise 𝑁 , where 𝑁 is a large number. The game then continues as in the construction above.

By a similar argument to the one used in the proof of the lemma above, ▽-Nature’s dominant
strategy is to pick 𝑠 uniformly at random. Since ▽cannot correlate, the game plays exactly like
the construction above; ▽can force a value of 1/𝑛3 if and only if ∃𝑋 ∀𝑌 𝜙(𝑋,𝑌 ) holds. □

4.6.2 Mixed Nash Equilibria
We now show results for MIXEDNASH, namely, we will show that MIXEDNASH is ΔP

2 -complete,
again by showing inclusion first and then completeness. Unlike for BEHAVIORALMAXMIN

(Theorem 4.33), here we will directly construct a separation oracle, and thus be able to recover
algorithms for exact computation.

Theorem 4.36. MIXEDNASH is in ΔP
2 , even for exact computation (𝜖 = 0).

Proof. Let X ⊂ R𝑚,Y ⊂ R𝑛 be the space of realization-form pure strategies of both players,
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and A be the payoff matrix. Then our goal is to decide whether the polytope

X∗ :=
{
x ∈ R𝑚 : 1 x ∈ convX,

2 y⊤Ax ≤ 𝑣 ∀y ∈ Y

}
is empty. We will show how to separate over X∗ with a mixed-integer linear programming
oracle, which suffices to complete the proof because such a separating oracle can be used to
run the ellipsoid algorithm.

Given a candidate solution x, we check both constraints. If 2 is violated for some y∗ ∈ Y, then
Ay∗ is a separating direction; such y∗ can be found by an integer programming oracle. If 1 is
violated, then a separating direction can be found because (strong) separation and optimization
are equivalent for well-described polytopes [138], and optimization over convX is an integer
program. □

Theorem 4.37. MIXEDNASH is ΔP
2 -hard, even for team games with a constant number of

players and no chance.

Proof. We reduce from Last-SAT, which is known to be ΔP
2 -complete [183]. The Last-SAT

problem is to, given a 3-CNF formula 𝜙(𝑥), decide whether the lexicographically last satisfying
assignment of 𝜙 has a 1 in the least-significant bit.

Given a 3-CNF formula 𝜙 with 𝑚 clauses over a set of 𝑛 variables 𝑋 = {𝑥1, . . . 𝑥𝑛}, we construct
the following zero-sum game with 3 players on each team. First, nature chooses 6 variables
𝑥

▽

1 , 𝑥

▽

2 , 𝑥

▽

3 , 𝑥
▽

1 , 𝑥
▽

2 , 𝑥
▽

3 ∈ 𝑋 independently and uniformly at random. Player 𝑖 of ▽(respectively
of ▽) is asked concurrently and independently to assign either true or false to the variable 𝑥

▽

𝑖

(respectively 𝑥▽
𝑖

). The payoff for ▽is a sum of terms, determined by the following conditions.

• If any two players of ▽(respectively of ▽) assign different values to the same variable,

▽receives −𝑁2 (respectively +𝑁2), where 𝑁 is a large number.

• If any clause in 𝜙 is rendered false by the assignment of ▽(respectively ▽), ▽receives
−(𝑛2 + 𝑁) (respectively +𝑁).

• If the variable shown to player 1 of ▽(resp. of ▽) is 𝑥𝑘 ∈ 𝑋 and they assign true to this
variable, then ▽receives +2𝑛−𝑘 (respectively −2𝑛−𝑘 ).

• If the variable shown to player 1 of ▽is the last variable 𝑥𝑛 and they assign false to this
variable, then ▽receives an additional penalty of −1.

It is straightforward to verify if 𝑁 is large enough (e.g. 𝑁 = 𝑛22𝑛), for both ▽and ▽, the
dominant pure strategy is to let all the players in the same team pick the lexicographically last
maximum-satisfying assignment 𝑋′ ⊆ 𝑋 . In particular, this strategy is also the dominant mixed
strategy. Now consider ▽’s payoff when both teams play this pure strategy.

• If 𝜙 is not satisfiable, then every clause that is false under the assignment 𝑋′ is detected
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with a probability of at least 1/𝑛3 (whenever all the variables in the clause are picked by
Nature for the same team). This means the second term yields to ▽an expected payoff at
most −1/𝑛. Other terms yields a non-positive expected payoff.

• If 𝜙 is satisfiable, then the only non-zero expected payoff for ▽comes from the last term,
which is 0 if 𝑥𝑛 ∈ 𝑋′, otherwise −1/𝑛.

Therefore, the value of the game is at least 0 if and only if the Last-SAT instance is true;
otherwise, the value is at most −1/𝑛.

To eliminate nature from the construction, we use a similar gadget to the one in the proof of
4.33. Let us introduce a new ▽-player called ▽-Nature and two new ▽-player called ▽-Spoiler
and ▽-Anticorrelator. The gadget will be such that ▽-Spoiler (respectively ▽-Anticorrelator)
can impose a strictly negative expected payoff whenever ▽-Nature does not mimic perfectly
Nature’s behavior (respectively whenever other players of ▽correlate with ▽-Nature).

More concretely, the game proceeds as follows: First, ▽-Nature picks a sextuple from 𝑋6.
▽-Spoiler then decides whether to guess the choice of ▽-Nature without observing it. If they
do, ▽receives +1, and an additional −𝑛6 if ▽-Spoiler guesses correctly. If ▽-Spoiler decides
not to guess, then the game continues as before: each player is shown their variable and nothing
else, to which they assign either true or false. Then, ▽-Anticorrelator can choose to do nothing,
or to pick an 𝑖 ∈ 1, 2, 3. In the former case, the payoff of ▽is computed as in the construction
above. In the latter case, ▽-Anticorrelator observes the variable 𝑥

▽

𝑖
shown to player 𝑖 of ▽and

the truth value that player 𝑖 assigns to this variable. ▽-Anticorrelator then guesses the other 5
variables picked by ▽-Nature; ▽receives +1, and an additional −𝑛5 if ▽-Anticorrelator guesses
correctly.

To see that this construction works, notice that if ▽-Nature does not pick the sextuple uniformly
at random, then ▽-Spoiler can guess correctly the sextuple with a probability strictly larger
than 1/𝑛6, thus yielding a strictly negative reward to ▽. Similarly, if player 𝑖’s assignment to
𝑥

▽

𝑖
depends on the other 5 variables (which they cannot observe in the construction with chance

above), then ▽-Anticorrelator can guess correctly with a probability strictly larger than 1/𝑛5.
Therefore, ▽-Nature’s dominant strategy is to pick the sextuple uniformly at random; it is also
dominant for the other 3 players of ▽not to correlate to ▽-Nature. It is then straightforward to
see that this game is equivalent to the game with chance above, and the value of the game is 0
if and only if the Last-SAT instance is true. □

4.7 Discussion
In the following section we discuss important details that may help the interested reader in
clarifying some technical aspects of our contributions.
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Figure 4.10: A game showing that public state-based approaches do not subsume
inflation.

4.7.1 Public States vs Observations
In this section, we discuss in depth the difference between public states and public observations.
Intuitively, the difference is that observations are localized to a particular node in the TB-DAG: if a
fact is public to the team conditional on the part of the team strategy that has been played to reach
this point, then it is an observation. On the other hand, public states only encode unconditionally
public information. As we will see, using observations is strictly preferable to public states from
both conceptual and theoretical perspectives.

Comparision to using public states. We envision an alternative construction of the TB-DAG
in which the team coordinator observes only the public state containing the current node. That is,
the definition of SPLITBELIEF is replaced by:

SPLITBELIEF
pub
𝑖
(𝐻, ℎ) := 𝐻 ∩ 𝑃 where ℎ ∈ 𝑃 ∈ P𝑖 .

and SPLITBELIEF
pub
𝑖
(𝐻) defined analogously. Then, in ConstructTB-DAG, we replace SPLITBELIEF𝑖 (𝐻)

with SPLITBELIEF
pub
𝑖
(𝐻). We will call this new construction the public-state TB-DAG and

spend the rest of this subsection contrasting it with the (observation) TB-DAG constructed by
ConstructTB-DAG.

Our first result is that the TB-DAG can never be too much larger than the public state TB-DAG:

Proposition 4.38. Let 𝑁 and 𝑁′ be the number of nodes in the TB-DAG and public state
TB-DAG respectively. Then 𝑁 ≤ 2𝑝𝑁′, where 𝑝 is the largest size (in number of nodes) of
any belief in the public state TB-DAG.

Proof. Let 𝐵 be any belief in the public state TB-DAG. In the (non-public-state) TB-DAG, 𝐵
splits into disjoint beliefs 𝐵1, . . . , 𝐵𝑚. Let 𝐴1, . . . , 𝐴𝑚 be the sizes of the prescription spaces at
𝐵1, . . . , 𝐵𝑚 respectively. Then 𝐵 has 𝐴1𝐴2 . . . 𝐴𝑚 children, so 𝐵 induces 1+𝐴1𝐴2 . . . 𝐴𝑚 nodes
in the public state TB-DAG. On the other hand, the beliefs 𝐵1, . . . , 𝐵𝑚 in the TB-DAG will have
𝐴1, . . . , 𝐴𝑚 children respectively, accounting for a total of 𝑚 + 𝐴1 + · · · + 𝐴𝑚 ≤ 2𝑚𝐴1 . . . 𝐴𝑚
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Figure 4.11: A pictorial representation of the proof of Proposition 4.39. Since ℎ
and ℎ′ can be played simultaneously but 𝑢 and 𝑢′ cannot, there must be an infoset
like the red dotted one connecting a child of ℎ to a child of ℎ′. Therefore, inflation
cannot break existing edges between played nodes.

nodes. Now, observing simply that 𝑚 ≤ 𝑝 completes the proof. □

Thus, using observations is never much worse than using public states.

Comparision to using inflated public states. Complete inflation [168], which we simply call
inflation for short, is an algorithm that splits an infoset 𝐼 into two infosets 𝐼 = 𝐼1 ⊔ 𝐼2 if no pure
strategy of the team can simultaneously play to a node in 𝐼1 and a node in 𝐼2, and repeats this
process until no more such splits are possible. This preserves strategic equivalence. However,
inflation can lead to the break-up of public states, which, in turn, reduces the size of public state
TB-DAG.

Indeed, consider the game in Figure 4.10. Due to the information sets marked in the last layer of
the game tree, the connectivity graph contains a path C—D—E—...—H. Therefore, {C, D, ...,
H} form a public state. Also, it is possible for the combinations CEG and DFH to be reached
(if the player at the root plays left or right, respectively). Therefore, CEG and DFH are beliefs
in the public-state TB-DAG. In the observation TB-DAG, consider, for example, what happens
if the left action is played at the root so that C, E, and G are all reached. Note that there are
no edges connecting C, E, and G—the path connecting C to E in the connectivity graph passes
through D, which is not reached; therefore, C, E, and G are three different observations and hence
three different beliefs, resulting in an exponentially-smaller TB-DAG. Inflation would remove the
nontrivial information sets in the second black layer, which would ultimately have the same effect
in this example as using observations.

The number 3 is not special in this construction; it can be increased arbitrarily by simply increasing
the number of children of A and B. Therefore, in particular, one can construct a family of games
in which the public state TB-DAG (without inflation) has exponential size, while the (observation)
TB-DAG has polynomial size.

The use of observations, however, removes the need for this step:
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Figure 4.12: The counterexample for Proposition 4.40, for 𝐶 = 6.

Proposition 4.39. Given any team decision problem T , the TB-DAG of T is the same no
matter whether inflation is applied to T before the construction.

Proof. Inflation operations affect the connectivity graph G𝑖, thus changing the results of
SPLITBELIEF𝑖 operations at a terminal node. Consider, therefore, any observation node 𝑂 in
the TB-DAG, and let ℎ, ℎ′ ∈ 𝑂, such that 𝐼 = 𝐼1 ⊔ 𝐼2 is an inflatable infoset and ℎ ⪯ 𝑢 ∈ 𝐼1 and
ℎ′ ⪯ 𝑢′ ∈ 𝐼2. We need to show that inflating 𝐼 into 𝐼1 and 𝐼2 cannot remove the (ℎ, ℎ′) edge in
G𝑖 [𝑂].

Assume for contradiction that inflating would remove the (ℎ, ℎ′) edge and that therefore
SPLITBELIEF𝑖 would split ℎ, ℎ′ into two different beliefs. We have that𝑂 is a valid observation
node, so it is possible for the player to play to both nodes ℎ and ℎ′ simultaneously. But
then there must be an infoset 𝐼′ connecting some node on the ℎ → 𝑢 path to some node on
the ℎ′ → 𝑢′ path—otherwise, it would be possible for the player to play to both 𝑢 and 𝑢′

simultaneously, which violates inflatability of 𝐼. But then there is still an (ℎ, ℎ′) edge in G𝑖 [𝑂],
which is a contradiction. □

Although inflation can be performed efficiently, not requiring it as a preprocessing step simplifies
the code and makes for a conceptually cleaner construction. However, the benefits of observations
go beyond making inflation unnecessary. In fact, even with inflation, there are still cases in which
using observations instead represents an exponential improvement.

Proposition 4.40. There exists a family of team decision problems in which the TB-DAG
has polynomial size, but the public state TB-DAG has exponential size, even if inflation is
applied as a preprocessing step before building the latter.
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Proof. The counterexample in Figure 4.10 would work if it were not for the fact that all of the
infosets in the last layer inflate. Therefore, we use a similar gadget at the bottom of the game to
prove this result but ensure that inflation does nothing.

Consider the following family of games, parameterized by an integer 𝐶 > 1. First, nature picks
an integer 𝑐 ∈ {1, . . . , 𝐶}. Over the next 𝐶 − 2 layers 𝑡 = 1, 2, . . . , 𝐶 − 2, if 𝑐 ∈ {𝑡, 𝑡 + 2}, a
player who cannot distinguish the two cases chooses an action 𝑎 ∈ {0, 2}. If 𝑐 = 𝑡 + 𝑎, then the
game continues; otherwise, the game ends.

Finally, P1, who has perfect information about 𝑐 chooses between two actions numbered either
𝑐 or 𝑐 + 1. Then, player P2, observing P1’s action number but not the value 𝑐, picks one of two
options.

The resulting game is visualized in Figure 4.12. We observe the following things about it.

1. No infoset inflates: all nontrivial infosets have size 2, and it is easy to check that for all
such infosets it is always possible to play to both nodes in them. This starkly contrasts the
earlier counterexample, in which inflation was enough to achieve a small representation.

2. Every P2-node in layer 𝐶 − 1 is in the same public state, and it is always possible to play
to at least 𝐶/2 of them. Therefore, if using public-state-based beliefs, there will be a
belief with 2𝐶/2 prescriptions. Thus, the public-state-based team belief DAG, will have a
size of at least 2𝐶/2.

We claim that layer 𝑡 ≤ 𝐶 − 1 does not have too many beliefs. Let 𝐵 ⊆ H𝑡 be a belief, and in
the below discussion, let [𝑎..𝑏] denote the set of integers {𝑎, . . . , 𝑏}.

1. 𝐵 ⊆ [𝑡 + 2..𝐶]. Since all nodes 𝑗 ≥ 𝑡 + 2 must be played to, we have 𝐵 = [𝑡 + 2..𝐶].

2. 𝐵 ⊈ [𝑡 + 2..𝐶]. Then let 𝑗 = max(𝐵 \ [𝑡 + 2..𝐶]). Since 𝑗 ≤ 𝑡 + 1, we have 𝑗 − 2 ∉ 𝐵,
since 𝑗 and 𝑗 −2 are descendants of different actions taken at the infoset on layer 𝑗 −2 < 𝑡.
Thus 𝐵 does not contain any node 𝑗 ′ < 𝑗 − 2 either, since in G[H𝑡] such nodes 𝑗 ′ are
only connected to 𝑗 through 𝑗 − 2.

Thus, 𝐵 ∩ [1..𝑡 + 1] is either { 𝑗} or { 𝑗 , 𝑗 − 1}. Further, since all nodes 𝑗 ≥ 𝑡 + 2 are
played to and connected in G[H𝑡], it follows that 𝐵 ∩ [𝑡 + 2..𝐶] is either [𝑡 + 2..𝐶] or
empty. Thus, for each possible choice of 𝑗 ≤ 𝑡 + 1, there are at most 4 valid beliefs.

Thus, the number of beliefs in layer 𝑡 is at most 4(𝑡 + 1) + 1 + 2 = 4𝑡 + 7, where the +2 comes
from counting the terminal beliefs, of which there are at most two.

Further, at each belief 𝐵, we claim that the number of active information sets is, at most, a
constant. For 𝑡 < 𝐶 − 1 this is obvious since H𝑡 contains only one information set (namely
{𝑡, 𝑡 + 2}). For 𝑡 = 𝐶 + 1, by the above argument, we have |𝐵 | ≤ 2, so 𝐵 overlaps at most two
information sets.

Overall, we have that there are 𝑂 (𝐶) beliefs at each of the 𝐶 layers of the game, and such
beliefs never touch more than 𝑂 (1) different infosets. This is also true at the final layer because

95



each infoset contains only two nodes at most. It is therefore proven that the team belief DAG
has a size of at most 𝑂 (𝐶2). □

A practical experiment backs up these results. When 𝐶 = 16, using observations generates a DAG
with around 1000 edges; using public states generates a DAG with 30 million edges.

4.7.2 Tree vs DAG Representation
Here we give an explicit example in which the TB-DAGs will be exponentially smaller than
the game tree generated by MakeBeliefGame. This construction would work for most nontrivial
adversarial team games, but for concreteness, consider the game Γ depicted in Figure 4.1. Call
the leftmost terminal node in that diagram 𝑧. Consider adding another copy of Γ rooted at node 𝑧,
and then repeating this process until ℓ copies of the game tree have been created, thus forming a
game Γℓ. That is, Γℓ is the game in which Γ is played repeatedly until ℓ repetitions have been
reached, or the terminal node reached is not 𝑧.

Note that, when running MakeBeliefGame on Γ, multiple copies of node 𝑧 will appear. Thus, the
number of nodes in the auxiliary game will be exponential in ℓ. However, in the TB-DAG, after
the 𝑖th repetition of the game finishes, the belief will always be {𝑧𝑖} (where 𝑧𝑖 is the copy of 𝑧 in
the 𝑖th repetition of the game). Thus, the size of the TB-DAG will scale linearly with ℓ. Thus, as ℓ
grows, the TB-DAG will be exponentially smaller than the auxiliary game, and in particular the
TB-DAG will have polynomial size while the auxiliary game will have exponential size.

4.7.3 Definition of Information Complexity and Comparison of Bounds
We discuss the comparison between the bounds from Theorem 4.19 and Theorem 4.25 in more
detail.

In Section 4.3, we defined the information complexity as the maximum number of last-infosets
in any public state. This definition was made with Theorem 4.26 in mind, because it is the
correct parameterization for that result. For Theorem 4.19, however, we could have used a tighter
parameterization. In particular, we could have defined a parameter 𝜅 as the number of infosets (not
last-infosets) in any public state. Then 𝑂 (𝑏2𝜅𝑑+𝑑) would be a valid upper bound in Theorem 4.19.
One might ask how this new upper bound compares to that of Theorem 4.26. To this end, we now
compare the two bounds.

Lemma 4.41. 𝑘 ≤ 𝜅𝑑.

Proof. Every last-infoset at a public state 𝑃 will be an infoset intersecting some public state
ancestor of 𝑃. Thus, there can be at most 𝜅𝑑 of these. □

Thus, the bound in Theorem 4.26 is at most

|H |(𝑏 + 1)𝑘 ≤ |H |(𝑏 + 1)𝜅𝑑 < |H |𝑏2𝜅𝑑 ≤ 𝑏2𝜅𝑑+𝑑

where we use the bounds 𝑏 ≥ 2 (which holds for every nontrivial game) and |H | ≤ 𝑏𝑑 . Thus, we
conclude that the bound in Theorem 4.26 is always strictly tighter than the bound in Theorem 4.19.
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We also remark that in any case 𝜅 ≤ |H | is a loose bound that still ensures that the overall bound
in Theorem 4.20 is polynomial in |H |.

4.7.4 Connection with Tree Decomposition
The public state TB-DAG can be viewed from the perspective of graphical models, specifically,
using tree decompositions. Here, we review tree decompositions and show the tree decomposition-
based perspective of the public-state TB-DAG.

Definition 4.42. Given a (simple) graph G = (𝑉, 𝐸), a tree decomposition4.14 is a tree J , with
the following properties:

1. the nodes of J are subsets of 𝑉 , called bags;

2. for each edge (𝑢, 𝑣) ∈ 𝐸 , there is a bag containing both 𝑢 and 𝑣; and

3. for each vertex 𝑢 ∈ 𝑉 , the subset of nodes of J whose bags contain 𝑢 is connected.

Consider an arbitrary set of the form

Π = {x ∈ {0, 1}𝑛 : 𝑔𝑘 (x) = 0 ∀𝑘 ∈ [𝑚]}

where the 𝑔𝑘s are arbitrary constraints. Each constraint 𝑔𝑘 has a scope 𝑆𝑘 ⊆ [𝑛] of variables on
which it depends. The dependency graph of Π is the graph GΠ whose nodes are the integers
1, . . . , 𝑛, and where there is an edge (𝑖, 𝑗) if there is a constraint whose scope 𝑆𝑘 contains both 𝑖
and 𝑗 . For a subset𝑈 ⊆ [𝑛], a vector x̃ ∈ {0, 1}𝑈 is locally feasible if x̃ = x𝐻 for some x ∈ Π.
We will use Π𝑈 to denote the set of all locally feasible vectors on𝑈. Of course, Π[𝑛] = Π.

The main result of interest to us is a corollary of the junction tree theorem (e.g., [293]), which
allows an arbitrary set convΠ to be described with a constraint system whose size is related to the
sizes of tree decompositions of GΠ.

Theorem 4.43 ([293]). Let J be a tree decomposition of GΠ. Then x ∈ Π if and only if
there are vectors λ𝑈 ∈ Δ(Π𝐻) for each bag𝑈 of J , such that:

x𝑈 =
∑︁
x̃∈Π𝑈

λ𝑈 (x̃) · x̃ ∀ bags𝑈 in J∑︁
x̃∈Π𝑈

x̃𝑈∩𝑉=x̃∗

λ𝑈 (x̃) =
∑︁
x̃∈Π𝑉

x̃𝑈∩𝑉=x̃∗

λ𝑉 (x̃) ∀ edges (𝑈,𝑉) of J and x̃∗ ∈ Π𝑈∩𝑉

Intuitively, the first constraint says that every x𝑈 must be a convex combination of locally feasible
x̃ ∈ Π𝑈 . This is of course a necessary condition. The second constraint says that marginal
probabilities on edges (𝑈,𝑉) must be consistent with each other. This is also clearly a necessary
condition, so the difficulty of proving the above result lies in showing that these two constraints
are sufficient. We will not prove the result here, but we will use it as a black box.

4.14also known as a clique tree or junction tree
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In this section, we will work with a representation slightly different from the realization form.
For a player 𝑖 in a coordinator game Γ and a pure strategy of that player, the history form of the
strategy as the vector x ∈ {0, 1}H where x(ℎ) = 1 if and only if the team plays all actions on the
∅ → ℎ path. (Of course, the realization form is just the subvector of x indexed byZ.) As usual
we will use Π for the set of pure strategies in history form, and x = convΠ. The history form is
the set of vectors x ∈ {0, 1}H satisfying the following constraint system.

x(∅) = 1
x(ℎ𝑎) = x(ℎ) if ℎ ∉ H𝑖
x(ℎ) =

∑︁
𝑎∈A(ℎ)

x(ℎ𝑎) if ℎ ∈ H𝑖

x(ℎ𝑎)x(ℎ′) = x(ℎ′𝑎)x(ℎ) if ℎ, ℎ′ ∈ 𝐼 ∈ I𝑖; 𝑎 ∈ A(ℎ)
This constraint system defines a dependency graph GΠ, whose nodes are nodes of the tree, and
in which there is an edge (ℎ, ℎ′) if either ℎ′ is a child of ℎ, or ℎ and ℎ′ are in the same infoset of
player 𝑖.

Now consider the following tree decomposition of J of GΠ. For each public state 𝑃, the tree
decomposition J has a bag𝑈𝑃 that contains all nodes in 𝑃 and all children of nodes in 𝑃. The
edges of J are the obvious edges, connecting each𝑈𝑃 to𝑈𝑃′ if𝑈𝑃 ∩𝑈𝑃′ ≠ ∅.

One can check that, up to trivial reformulations (that is, removal of redundant variables and
constraints), the constraint system from Theorem 4.43 associated with J is identical to the
constraint system associated with the public state TB-DAG (via (4.2)). Thus, it is possible to
interpret the public state TB-DAG entirely from the point of view of tree decompositions. We do
not take this perspective here because using beliefs is more interpretable and understandable from
a game-theoretic perspective.

4.7.5 Postprocessing Techniques that can be Used to Shrink the TB-DAG
In practice, ConstructTB-DAG is suboptimal in several ways. Here, we state some straightforward
postprocessing techniques that can be used to shrink the size of the TB-DAG. These do not
affect the theoretical statements as the primary focus of those is isolating the dependency on our
parameters of interest, but they can significantly affect the practical performance, so we apply
them in the experiments.

1. If two terminal nodes 𝑧, 𝑧′ have the same sequence, we remove one of them (say, 𝑧′) from
our DAG because it is redundant, and alias x({𝑧′}) to x({𝑧}). If this removal causes a
section of the DAG to no longer contain any terminal descendants, we also remove that
section.

2. If a decision point in the TB-DAG has (at most) one parent and (at most) one child, we
remove the decision point and directly connect the parent observation node to the grandchild
decision points.

In particular, if the team has perfect recall, the above two optimizations are sufficient for the
TB-DAG to coincide with the sequence form.
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Original game Γ Belief Game Γ̃ Team ▲’s DAG Team ▼’s DAG
Nodes Infosets Sequences Information Nodes Infosets Sequences Vertices Edges Vertices Edges

Γ |H | |I▲ | |I▼ | |Σ▲ | |Σ▼ | maxP |𝑃 | k |H̃ | |Ĩ▲ | |Ĩ▼ | |Σ̃▲ | |Σ̃▼ | |J▲ ∪ S▲ | |𝐸▲ | |J▼ ∪ S▼ | |𝐸▼ |
3K3 {3} 151 24 12 48 24 6 6 2119 486 12 1062 24 487 918 37 36
3K4 {3} 601 32 16 64 32 12 8 45,049 4487 16 9800 32 2100 6711 49 48
3K6 {3} 3001 48 24 96 48 30 12 6,768,601 267,184 24 574,588 48 54,255 336,944 73 72
3K8 {3} 8401 64 32 128 64 56 16 617,929,873 13,194,749 32 27,978,704 64 1,783,926 15,564,765 97 96
3K12 {3} 33,001 96 48 192 96 132 24 — — — — — — — — —
4K5 {3,4} 7801 80 80 160 160 20 10 577,764,601 102,725 10,385 221,810 21,740 26,566 124,875 4621 15,415
4K5 {4} 7801 120 40 240 80 60 15 174,273,721 11,739,640 40 25,581,730 80 998,471 4,658,070 121 120
3L133 {3} 12,688 456 228 912 456 9 6 1,293,658 96,115 228 208,136 456 23,983 49,005 685 684
3L143 {3} 40,409 800 400 1600 800 16 8 52,745,745 2,625,209 400 5,736,592 800 139,964 417,027 1201 1200
3L151 {3} 19,981 1000 500 2000 1000 20 10 152,692,141 16,564,617 500 36,016,124 1000 150,707 496,196 1501 1500
3L153 {3} 98,606 1240 620 2480 1240 25 10 1,833,113,016 67,400,747 500 147,671,104 1240 855,397 3,486,091 1861 1860
3L223 {3} 15,659 1260 630 2884 1442 4 4 521,285 47,579 812 100,420 1624 32,750 45,913 2437 2436
3L523 {3} 1,299,005 99,168 49,584 246,304 123,152 4 4 178,141,285 19,499,329 73,568 40,224,140 147,136 2,911,352 4,183,685 220,705 220,704
4L133 {3,4} 159,001 1632 1632 3264 3264 9 6 985,916,371 475,081 135,322 1,011,500 292,400 79,351 158,058 75,157 155,475
3D3 {3} 27,622 1023 513 2046 1020 9 6 70,704,118 3,235,954 765 5,501,789 1272 91,858 215,967 1522 1521
3D4 {3} 524,225 10,924 5460 21,840 10,920 16 8 — — — — — 4,043,377 13,749,608 16,381 16,380
4D3 {2,4} 663,472 6144 6144 12,285 12,285 9 6 — — — — — 514,120 1,217,310 486,442 1,155,144
6D2 {2,4,6} 524,225 4096 4096 8190 8190 8 6 5,879,066,753 1,094,865 701,001 1,869,170 1,202,948 254,758 457,795 218,570 389,995
6D2 {4,6} 524,225 5704 2488 10,920 5460 16 8 4,992,649,921 15,032,900 33,905 25,363,692 57,194 991,861 2,029,546 46,236 60,717
6D2 {6} 524,225 6584 1608 12,922 3458 32 10 2,126,796,737 126,748,497 2532 208,964,598 4382 3,158,364 7,395,885 5551 5550

Table 4.13: Game sizes of the equivalent representations proposed in this
chapter (i.e., belief game and TB-DAG) on several standard parametric benchmark
team games. See Section 4.8 for a description of the games, and for a detailed
description of the meaning of each column. Values denoted with ‘—’ are missing
due to out-of-time or out-of-memory errors.

4.8 Experiments
This section investigates the empirical benefits brought about by applying the TB-DAG when
computing mixed-Nash equilibria. As highlighted in Section 4.1, the literature on team games has
been the one most concerned with the efficient computation of mixed Nash, with different works
establishing benchmarks and proposing algorithms. We will, therefore, focus on comparing our
approach against those previous related works. Our main results are reported in Table 4.13, which
reports the size of the original games and our derived representations, and in Table 4.14, which
reports the time required to solve those instances up to an approximation factor.

4.8.1 Experimental Setting
First, we give a complete description of the experimental setting in which the different algorithms
are tested.

Game instances. We run experiments on commonly adopted parametric benchmarks in the team
games literature. The following is the naming convention adopted for the instances considered:

• 𝑛K𝑟: 𝑛-player Kuhn poker with 𝑟 ranks [187].

• 𝑛L𝑏𝑟𝑠: 𝑛-player Leduc poker with a 𝑏-bet maximum in each betting round, 𝑟 ranks, and 𝑠
suits [275].

• 𝑛D𝑑: 𝑛-player Liar’s Dice with one 𝑑-sided die for each player [199].

The full description of these games can be found in Farina et al. [103]. For each game, the players
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belonging to team ▽ are represented along with the name. For example, 4L133 {3,4} indicates a
4-player Leduc poker game with 1 bet each round, 3 ranks, 3 suits, where players 3 and 4 belong
to team ▽ and are therefore coordinated by player ▼.

CFR Variant used. We used PCFR+. We remark that applying the CFR algorithm on the belief
game and on the TB-DAG leads to identical iterations since the two representations are structurally
equivalent (as proven in Section 4.5), and CFR is a deterministic algorithm. We therefore focus on
the TB-DAG representation due to its efficiency. We also remark that the optimizations discussed
in Sections 4.5.3 and 4.7.5 are applied during the experiments.

Baselines. We use the column generation framework of Farina et al. [103] and refined by
Zhang et al. [305] (henceforth “ZFCS22”) as the prior state-of-the-algorithm to compare the
performance of CFR on the team belief DAG. ZFCS22 belongs to the family of column generation
approaches adopted in the past literature in team games. ZFCS22 iteratively refines the strategy
of each team by solving best-response problems using a tight integer program derived from the
theory of extensive-form correlation [291]. We used the original code by the authors, which was
implemented for three-player games in which a team of two players faces an opponent.

Hardware used. All experiments were run on a 64-core AMD EPYC 7282 processor. Each
algorithm was allocated a maximum of 4 threads, 60GBs of RAM, and a time limit of 6 hours.
ZFCS22 uses the commercial solver Gurobi to solve linear and integer linear programs. All CFR
implementations are single-threaded, while we allowed Gurobi to use up to four threads.

4.8.2 Discussion of the Results
We now discuss the empirical results obtained by our algorithms.

Representation vs Game size. We analyze the size results from Table 4.13. The different orders
of magnitude of the size of each representation and the original game highlight how the belief
game construction increases the size of the game. Moreover, the striking difference between the
two equivalent approaches of belief game and TB-DAG motivates the introduction of the latter:
the direct construction of a decision problem and the more efficient representation brought by the
DAG structure allow the construction of a substantially smaller representation. The benefits of
the DAG imperfect-recall structure are especially beneficial in the case of Liar’s Dice instances,
which have a larger depth of the game tree. Overall, this comparison confirms the results from the
worst-case bounds from Sections 4.3.2, 4.5.1 and 4.7.3. The exponential factor of inefficiency
between the two representations agrees with the results from the discussion in Section 4.7.2.

There are also some minor remarks that are worth to be made. Whenever ▼ is a perfect-recall
player (equivalently, when the team ▽ is composed of a single player), our constructions never
increase the size of its decision problem. In the case of the belief game, we have that the adversary
retains an identical number of information sets and sequences. In the case of the TB-DAG, the
correspondence is |D▼ | = |Ĩ▼ | + 1 and |S▼ | = |Σ̃▼ |
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Running time. We focus on the time performance of CFR applied to the games from Table 4.14.
The main observation is that the TB-DAG approach combined with the CFR algorithm has good
performance in most of the games traditionally employed in the team game literature. In particular,
impressive performance is achieved in games where the information complexity is low. This is
the case of Leduc and Liar’s Dice benchmarks (whose number of infosets and sequences in the
original game are reported in Table 4.13). On the other hand, the column generation approaches
struggle since the dimension of the pure strategy space depends exponentially on the number of
information sets. The performance of our method depends crucially on having low information
complexity. In fact, in games such as 3K8 and 3K12 where the information complexity is high,
we observe poor performance even though the game tree is small. On the other hand, column
generation techniques avoid this cost by considering an incrementally larger action space.

4.9 Conclusion
We have proposed a novel two-player zero-sum representation called the team-belief DAG for
the computation of mixed Nash equilibria in timeable two-player zero-sum imperfect-recall
games and team max-min equilibria with correlation in adversarial team games. We proposed a
conversion mechanism that can be interpreted from the point of view of a perfect-recall coordinator
which manages all the player’s strategic choices while not accessing any information destined
to be imperfectly recalled. The behavior of such a coordinator is defined based on beliefs
and observations, novel concepts that allow an intuitive yet effective characterization. We also
introduced a DAG decision problem structure for the TB-DAG to characterize more efficiently our
conversion, by avoiding the pitfalls of an extensive-form characterization of the equivalent game.
We theoretically analyzed the efficiency of our method through worst-case bounding of the size
of the converted game, and we experimentally tested it on a set of customary benchmark games
against a state-of-the-art approach from the literature. Our results are accompanied by novel
complexity results that further characterize the hardness of computing equilibria in imperfect-
recall games. In particular, we prove that computing a max-min strategy in behavioral strategies is
ΣP

2 -hard even when the number of players is constant and there is no chance. Similarly, we prove
that computing a Nash equilibrium in mixed strategies is ΔP

2 -hard.

Many directions departing from this work can be interesting for further development of the
literature on imperfect-recall and team games. In particular, designing an algorithm able to exploit
both the TB-DAG representation and the incrementality of column generation is an interesting
approach to surpass the previous developments. Moreover, the TB-DAG construction may
possibly be improved by preprocessing the game to reduce its information complexity, mitigating
the exponential blowup due, while generalizing the notion of triangle-free games [97] to DAG
games may extend the class of games that can be solvable in polynomial time. Another possible
direction follows the more traditional two-player zero-sum literature. It aims to develop specific
abstraction, dynamic pruning, and subgame-solving techniques tailored to our conversion’s
resulting two-player zero-sum games.

Finally, the question whether some of the results presented in this chapter can be extended to the
non-timeable or absentminded imperfect-recall case is open. Timeability is used fundamentally
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in our method even to define a belief, so our methods break down completely for non-timeable
games. Indeed, if we allow for absentmindedness, it is no longer even necessarily the case that
distributions over pure strategies suffice to define the optimal strategy for a single-player game—
for example, in the absentminded driver problem [244], the optimal strategy is a behavioral
strategy that cannot be expressed as a mixture of pure strategies.
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Original game TB-DAG EFG
Game {▼} ▲ Value Nodes Information This chapter CG

Γ 𝑢∗ |H | maxP |𝑃 | k Init 𝜖=10−3 𝜖=10−4 Init 𝜖=10−3 𝜖=10−4

3K3 {3} 0.000 151 6 6 0.00s 0.00s 0.00s 0.00s 0.00s 0.00s
3K4 {3} -0.042 601 12 8 0.01s 0.00s 0.00s 0.00s 0.01s 0.02s
3K6 {3} -0.024 3001 30 12 1.03s 0.03s 0.12s 0.00s 0.14s 0.14s
3K8 {3} -0.019 8401 56 16 1m6s 4.73s 32.36s 0.01s 0.23s 0.32s
3K12 {3} -0.014 33,001 132 24 — oom oom 0.01s 0.84s 1.39s
4K5 {3,4} -0.037 7801 20 10 0.55s 0.03s 0.05s — — —
4K5 {4} -0.030 7801 60 15 13.71s 1.59s 6.34s — — —
3L133 {3} 0.215 12,688 9 6 0.49s 0.02s 0.05s 0.02s 24.89s 45.96s
3L143 {3} 0.107 40,409 16 8 1.39s 0.10s 0.48s 0.05s 2m 4s 6m 3s
3L151 {3} -0.019 19,981 20 10 1.54s 0.18s 0.50s 0.04s 3.06s 13.98s
3L153 {3} 0.024 98,606 25 10 16.03s 1.24s 4.94s 0.12s 7m 23s 28m 13s
3L223 {3} 0.516 15,659 4 4 0.13s 0.03s 0.08s 0.05s 13.48s 18.53s
3L523 {3} 0.953 1,299,005 4 4 18.02s 11.26s 24.86s 6.83s > 6h > 6h
4L133 {3,4} 0.147 159,001 9 6 2.03s 0.21s 0.92s — — —
3D3 {3} 0.284 27,622 9 6 0.80s 0.11s 0.40s 0.09s 11.05s 11.05s
3D4 {3} 0.284 524,225 16 8 1m3s 22.54s 1m 28s 1.57s 3h 19m 3h 19m
4D3 {2,4} 0.200 663,472 9 6 27.05s 2.31s 4.70s — — —
6D2 {2,4,6} 0.072 524,225 8 6 10.74s 1.72s 4.26s — — —
6D2 {4,6} 0.265 524,225 16 8 16.55s 3.80s 11.09s — — —
6D2 {6} 0.333 524,225 32 10 31.00s 30.20s 1m 11s — — —

Table 4.14: Runtime of our CFR-based algorithm (column ‘CFR on TB-DAG’)
using the team belief DAG form, compared to the prior state-of-the-art algo-
rithms based on linear programming and column generation by Zhang et al. [305]
(‘ZFCS22’), on several standard parametric benchmark games. See Section 4.8 for
a description of the games. Column “Init” represents the time needed to construct
the structures needed for solving the games. This corresponds to fully exploring
the TB-DAG and computing its full representation in memory in the TB-DAG case.
Missing or unknown values are denoted with ‘—’. For each row, the background
color of each runtime column is set proportionally to the ratio with the best runtime
for the row, according to the logarithmic color scale

1 10 ≥ 100
. Runtimes that are

more than two orders of magnitude larger than the best runtime for the row (i.e.,
for which 𝑅 > 102) are colored as if 𝑅 = 102.
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Chapter 5

Solution Concepts, Algorithms, and
Complexity of Hidden-Role Games

5.1 Introduction
Consider a multiagent system with communication where the majority of agents share incentives,
but there are also hidden defectors who seek to disrupt their progress.

This chapter adopts the lens of game theory to characterize and solve a class of games called
hidden-role games5.1. Hidden-role games model multi-agent systems in which a team of “good”
agents work together to achieve some desired goal, but a subset of adversaries hidden among the
agents seeks to sabotage the team. Customarily (and in this chapter), the “good” agents make up a
majority of the players, but they will not know who the adversaries are. On the other hand, the
adversaries know each other.

Hidden-role games offer a framework for developing optimal strategies in systems and applications
that face deception. They have a strong emphasis on communication: players need to communicate
in order to establish trust, coordinate actions, exchange information, and distinguish teammates
from adversaries.

Hidden-role games can be used to model a wide range of recreational and real-world applications.
Notable recreational examples include the popular tabletop games Mafia (also known as Werewolf )
and The Resistance, of which Avalon is the best-known variant. As an example, consider the game
Mafia. The players are split in an uninformed majority called villagers and an informed minority
called mafiosi. The game proceeds in two alternating phases, night and day. In the night phase,
the mafiosi privately communicate and eliminate one of the villagers. In the day phase, players
vote to eliminate a suspect through majority voting. The game ends when one of the teams is
completely eliminated.

We now provide several non-recreational examples of hidden-role games. In many cybersecurity

5.1These games are often commonly called social deduction games.
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applications [124, 125, 286], an adversary compromises and controls some nodes of a distributed
system whose functioning depends on cooperation and information sharing among the nodes.
The system does not know which nodes have been compromised, and yet it must operate in the
presence of the compromised nodes.

Another instance of problems that can be modeled as hidden-role games arises in AI alignment,
i.e., the study of techniques to steer AI systems towards humans’ intended goals, preferences, or
ethical principles [154, 158, 322]. In this setting, there is risk that a misaligned AI agent may
attempt to deceive a human user into trusting its suggestions [239, 266]. AI debate [155] aims
at steering AI agents by using an adversarial training procedure in which a judge has to decide
which is the more trustful between two hidden agents, one of which is a deceptor trained to fool
the judge. Miller et al. [216] proposes an experimental setting consisting of a chess game in which
one side is controlled by a player and two advisors, which falls directly under our framework. The
advisors pick action suggestions for the player to choose from, but one of the two advisors has the
objective of making the team lose.

Hidden-role games also include general scenarios where agents receive inputs from other agents
which may be compromised. For example, in federated learning (a popular category of distributed
learning methods), a central server aggregates machine learning models trained by multiple
distributed local agents. If some of these agents are compromised, they may send doctored input
with the goal of disrupting the training process [225].

We aim to characterize optimal behavior in these settings, and analyze its computability.

Related work. To the best of our knowledge, there have been no previous works on general
hidden-role games. On the other hand, there has been a limited amount of prior work on
solving specific hidden-role games. Braverman et al. [33] propose an optimal strategy for
Mafia, and analyze the win probability when varying the number of players with different roles.
Similarly, Christiano [62] proposes a theoretical analysis for Avalon, investigating the possibility
of whispering, i.e. any two players being able to communicate without being discovered. Both
of those papers describe game-specific strategies that can be adopted by players to guarantee a
specific utility to the teams. In contrast, we provide, to our knowledge, the first rigorous definition
of a reasonable solution concept for hidden-role games, an algorithm to find such equilibria, and
an experimental evaluation with a wide range of parameterized instances.

Deep reinforcement learning techniques have also been applied to various hidden-role games [8,
179, 269], but with no theoretical guarantees and usually with no communication allowed between
players. A more recent stream of works focused on investigating the deceptive capabilities of
large language models (LLMs) by having them play a hidden-role game [234, 297]. The agents,
being LLM-based, communicate using plain human language. However, as before, these are not
grounded in any theoretical framework, and indeed we will illustrate that optimal strategies in
hidden-role games are likely to involve communication that does not bear resemblance to natural
language, such as the execution of cryptographic protocols.
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5.1.1 Main Modeling Contributions
We first here give an informal, high-level description of our game model. We also introduce our
main solution concept of interest, called hidden-role equilibrium, and discuss the challenges it
addresses. We will define these concepts in more formality beginning in Section 5.3.

We define a (finite) hidden-role game as an 𝑛-player finite extensive-form game Γ in which the
players are partitioned at the start of the game into two teams. Members of the same team share
the same utility function, and the game is zero-sum, i.e. any gain for one team means a loss for
the other. We thus identify the teams as ▽and ▽, since teams share the same utility function,
but have opposite objectives. At the start of the game, players are partitioned at random into two
teams. A crucial assumption is that one of the two teams is informed, i.e. all the members of that
particular team know the team assignment of all the players, while this is not true for all players
belonging to the other team. Without loss of generality, we use ▽to refer to the uninformed team,
and ▽ to refer to the informed one.5.2

To allow our model to cover communication among players, we formally define the communi-
cation extensions of a game Γ. The communication extensions are games like Γ except that
actions allowing messages to be sent between players are explicitly encoded in the game. In the
public communication extension, players are able to publicly broadcast messages. In the private
communication extension, in addition to the public broadcast channel, the players have pairwise
private communication channels.5.3 In all cases, communication channels are synchronous and
authenticated: messages sent on one timestep are received at the next timestep, and are tagged
with their sender. Communication presents the main challenge of hidden role games: ▽-players
wish to share information with teammates, but not with ▽-players.

In defining communication extensions, we must bound the length of the communication, that is,
how many rounds of communication occur in between every move of the game, and how many
distinct messages can be sent on each round. To do this, we fix a finite message space5.4 of size
𝑀 and length of communication 𝑅, and in our definition of equilibrium we will take a supremum
over 𝑀 and 𝑅. This will allow us to consider arbitrarily complex message spaces (i.e., 𝑀 and
𝑅 arbitrarily large) while still only analyzing finite games: for any fixed 𝑀 and 𝑅, the resulting
game is a finite hidden-role game. We will show that our positive results (upper bounds) only
require log𝑀 = 𝑅 = polylog( |𝐻 |, 1/𝜖), where |𝐻 | is the number of nodes (histories) in the game
tree and 𝜖 is the desired precision of equilibrium.

We characterize optimal behavior in the hidden-role setting by converting hidden-role games into
team games in a way that preserves the strategic aspect of hidden-roles. This team game is called
split-personality form of a given hidden-role game. Given a (possibly communication-extended)
hidden-role game Γ, we define and analyze two possible variants:

5.2For example, in Mafia, the villagers are ▽while mafiosi are ▽.
5.3If players are assumed to be computationally bounded, pairwise private channels can be created from the public

broadcast channels through public-key cryptography. However, throughout this chapter, for the sake of conceptual
cleanliness, we will not assume that players are computationally bounded, and therefore we will distinguish the
public-communication case from the private-communication case.

5.4Note that, if the message space is of size 𝑀 , a message can be sent in 𝑂 (log𝑀) bits.
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• the uncoordinated split-personality form USPLIT(Γ) is a team games with 2𝑛 players,
derived by splitting each player 𝑖 in the original game in two distinct players, 𝑖+ and 𝑖−, that
pick actions for 𝑖 in Γ if the player is assigned to team ▽or ▽ respectively.

• the coordinated split-personality form CSPLIT(Γ) is the (𝑛+ 1)-player team game in which
the additional player, who we refer to simply as the adversary or ▽-player, takes control
of the actions of all players who have been assigned to the ▽-team. On the contrary, the
players from 1 to 𝑛 control the players as usual only if they belong to the team ▽.

The coordinated split-personality variant encodes an extra assumption on ▽’s capabilities, namely,
that the ▽-team is controlled by a single player and is therefore perfectly coordinated. Trivially,
when only one player is on team ▽, the uncoordinated and coordinated split-personality forms
coincide.

In either case, the resulting game is a team game in which each player has a fixed team assignment.
We remark that the split-personality form maintains the strategic aspects of hidden roles, since 𝑖+

and 𝑖− share identity when interacting with the environment. For example, players may observe
that 𝑖 has done an action, but do not know if the controller was 𝑖+ or 𝑖−. Similarly, messages sent
by 𝑖+ and 𝑖− are signed by player 𝑖, since the communication extension is applied on Γ before
splitting personalities.

Picking which split-personality variant to use is a modeling assumption that depends on the game
instance that one wants to address. For example, in many recreational tabletop games, USPLIT is
the more reasonable choice because ▽-players are truly distinct; however, in a network security
game where a single adversary controls the corrupted nodes, CSPLIT is the more reasonable
choice. The choice of which variant also affects the complexity of equilibrium computation: as
we will detail in later, CSPLIT yields a more tractable solution concept. In certain special cases,
however, CSPLIT and USPLIT will coincide. For example, we will later show that this is the case
in Avalon, which is key to allowing our algorithms to work in that game.

With these pieces in place, we define the hidden-role equilibria (HRE) of a hidden-role game Γ

as the team max-min equilibria (TMEs) of the split-personality form of Γ. That is, the hidden-
role equilibria are the optimal joint strategies for team ▽in the split-personality game, where
optimality is judged by the expected value against a jointly-best-responding ▽-team. The value of
a hidden-role game is the expected value for ▽in any hidden-role equilibrium. If communication
(private or public) is allowed, we define hidden-role equilibria and values by taking the supremum
over 𝑀 and 𝑅 of the expected value at the equilibrium, that is, the ▽-team is allowed to set the
parameters of the communication.

Our new solution concept encodes, by design, a pessimistic assumption for the ▽-team. ▽

picks 𝑀, 𝑅 and its strategy considering a worst-case ▽ adversary that knows this strategy and
best-responds to it. Throughout our proofs, we will heavily make use of this fact. In particular,
we will often consider ▽-players that “pretend to be ▽-players” under certain circumstances,
which is only possible if ▽-players know ▽-players’ strategies. It is not allowed for ▽-players to
know ▽-players’ strategies in the same fashion. This is in stark contrast to usual zero-sum game
analysis, where various versions of the minimax theorem promise that the game is unchanged no
matter which side commits first to a strategy. Indeed, we discuss in Section 5.6.2 the fact that,
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for hidden-role games, the asymmetry is in some sense necessary: a minimax theorem cannot
hold for nontrivial hidden-role games. We argue, however, that this asymmetry is natural and
inherent in the the hidden-role setting. If we assumed the contrary and inverted the order of the
teams so that ▽ commits first to its strategy, ▽could discover the roles immediately by agreeing
to message a passphrase unknown to ▽ in the first round, thus spoiling the whole purpose of
hidden-role games. This argument will be made formal in Section 5.6.2.

Existing solution concepts failures. We defined our equilibrium notion as a team max-min
equilibrium (TME) of the split-personality form of a communication-extended hidden role game.
Here, we will argue why some other notions would be less reasonable.

• Nash Equilibrium. A Nash equilibrium [230] is a strategy profile for all players from
which no player can improve its own utility by deviating. This notion is unsuitable for our
purposes because it fails to capture team coordination. In particular, in pure coordination
games (in which all players have the same utility function), which are a special case of
hidden-role games (with no hidden roles and no adversary team at all), a Nash equilibrium
would only be locally optimal in the sense that no player can improve the team’s value
alone. In contrast, our notion will lead to the optimal team strategy in such games.

• Team-correlated equilibrium. The team max-min equilibrium with correlation [56, 292]
(TMECor), is a common solution concept used in team games. It arises from allowing each
team the ability to communicate in private (in particular, to generate correlated randomness)
before the game begins. For team games, TMECor is arguably a more natural notion than
TME, as the corresponding optimization problem is a bilinear saddle-point problem, and
therefore in particular the minimax theorem applies, avoiding the issue of which team ought
to commit first. However, for hidden-role games, TMECor is undesirable, because it does
not make sense for a team to be able to correlate with teammates that have not even been
assigned yet. The team max-min equilibrium with communication (TMECom) [56] makes
an even stronger assumption about communication among team members, and therefore
suffers the same problem.

5.1.2 Main Computational Contributions
We now introduce computational results, both positive and negative, for computing the hidden-role
value and hidden-role equilibria of a given game.

Polynomial-time algorithm. Our main positive result is summarized in the following informal
theorem statement.

Theorem 5.1 (Main result, informal; formal result in Theorem 5.12). If the number of
players is constant, private communication is available, the ▽-team is a strict minority (i.e.,
strictly less than half of the players are on the ▽-team), and the adversary is coordinated,
there is a polynomial-time algorithm for exactly computing the hidden-role value.
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This result should be surprising, for multiple reasons. First, team games are generally hard to
solve, as we have seen, so any positive result for computing equilibria in team games is fairly
surprising. Further, it is a priori not obvious that the value of any hidden-role game with private
communication and coordinated adversary is even a rational number5.5, much less computable in
polynomial time: for example, there exist adversarial team games with no communication whose
TME values are irrational [292].

There are two key ingredients to the proof of Theorem 5.1. The first is a special type of game
which we call a mediated game. In a mediated game, there is a player, the mediator, who is
always on team ▽. ▽-players can therefore communicate with it and treat it as a trusted party. We
show that, when a mediator is present (and all the other assumptions of Theorem 5.1 also hold),
the hidden-role value is computable in polynomial time. To do this, we state and prove a form of
revelation principle. Informally, our revelation principle states that, without loss of generality, it
suffices to consider ▽-team strategies in which, at every timestep of the game,

1. all ▽-players send their honest information to the mediator,

2. the mediator sends action recommendations to all players (regardless of their team alle-
giance; remember that the mediator may not know the team assignment), and

3. all ▽-players play their recommended actions.

▽-team players are, of course, free to pretend to be ▽-team players and thus send false information
to the mediator; the mediator must deal with this possibility. However, ▽-team players cannot
just send any message; they must send messages that are consistent with some ▽-player, lest they
be immediately revealed as ▽-team. These observations are sufficient to construct a two-player
zero-sum game Γ0, where the mediator is the ▽-player and the coordinated adversary is the ▽-
player. The value of Γ0 is the value of the original hidden-role game, and the size of Γ0 is at most
polynomially larger than the size of the original game. Since two-player zero-sum extensive-form
games can be solved in polynomial time, it follows that mediated hidden-role games can also be
solved in polynomial time.

The second ingredient is to invoke results from the literature on secure multi-party computation to
simulate a mediator in the case that one is not already present. A well-known result from that
literature states that so long as strictly more than half of the players are honest, essentially any
interactive protocol—such as the ones used by our mediator to interact with other players—can
be simulated efficiently such that the adversary can cause failure of the protocol or leakage of
information [21, 249].5.6 Chaining such a protocol with the argument in the previous paragraph

5.5assuming all game values and chance probabilities are also rational numbers
5.6In this part of the argument, the details about the communication channels become important: in particular, the

MPC results that we use for our main theorem statement assume that the network is synchronous (i.e., messages sent
in round 𝑟 arrive in round 𝑟 + 1), and that there are pairwise private channels and a public broadcast channel that are
all authenticated (i.e., message receivers know who sent the message). This is enough to implement MPC so long as
𝑘 < 𝑛/2, where 𝑘 is the number of adversaries and 𝑛 is the number of players. Our results, however, do not depend
on the specific assumptions about the communication channel, so long as said assumptions enable secure MPC with
guaranteed outcome delivery. For a recent survey of MPC, see Lindell [198]. For example, if 𝑘 < 𝑛/3 then MPC
does not require a public broadcast channel, so neither do our results. For cleanliness, and to avoid introducing extra
formalism, we will stick to one model of communication.
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concludes the proof of the main theorem.

Related works on MPC and communication equilibria. The communication equilibrium [109,
228] is a notion of equilibrium with a mediator, in which the mediator has two-way communication
with all players, and players need to be incentivized to report information honestly and follow
recommendations. Communication equilibria include all Nash equilibria, and therefore are unfit
for general hidden-role games for the same reason as Nash equilibria, as discussed in the previous
subsection.

However, when team ▽ has only one player and private communication is allowed, the hidden-role
equilibria coincide with the ▽-team-optimal communication equilibria in the original game Γ.
Our main result covers this case, but an alternative way of computing a hidden-role equilibrium
in this special case is to apply the optimal communication equilibrium algorithms of Chapter 6.
However, those algorithms either involve solving linear programs, solving many zero-sum games,
or solving zero-sum games with large reward ranges, which will be less efficient than directly
solving a single zero-sum game Γ0.

We are not the first to observe that multi-party computation can be used to implement a mediator
for use in game theory. In various settings and for various solution concepts, it is known to be
possible to implement a mediator using only cheap-talk communication among players [e.g., [6,
156, 200, 287]]. For additional reading on the connections between game theory and cryptography,
we refer the reader to the survey of Katz [171], and papers citing and cited by this survey.

Lower bounds. We also show lower bounds on the complexity of computing the hidden-role
value, even for a constant number of players, when any of the assumptions in Theorem 5.1 is
broken.

Theorem 5.2 (Lower bounds, informal; formal statement in Theorems 5.18, 5.19 and 5.21).
If private communication is disallowed, the hidden-role value problem is NP-hard. If the
▽-team is uncoordinated, the problem is coNP-hard. If both, the problem is ΣP

2 -hard. All
hardness reductions hold even when the ▽-team is a minority and the number of players is
an absolute constant.

Price of hidden roles. Finally, we define and compute the price of hidden roles. It is defined
(analogously to the price of anarchy and price of stability, which are common quantities of study
in game theory) as the ratio between the value of a hidden-role game, and the value of the same
game with team assignments made public. We show the following:

Theorem 5.3 (Price of hidden roles; formal statement in Theorem 5.25). Let 𝐷 be a
distribution of team assignments. For the class of games where teams are drawn according
to distribution 𝐷, the price of hidden roles is equal to 1/𝑝, where 𝑝 is the probability of the
most-likely team in 𝐷.
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Intuitively, in the worst case, the ▽-team can be forced to guess at the beginning of the game all
the members of the ▽-team, and win if and only if its guess is correct. In particular, for the class
of 𝑛-player games with 𝑘 adversaries, the price of hidden roles is exactly

(𝑛
𝑘

)
.

5.1.3 Experiments: Avalon
We ran experiments on the popular tabletop game The Resistance: Avalon (or simply Avalon, for
short). As discussed earlier, despite the adversary team in Avalon not being coordinated in the
sense used in the rest of the chapter, we show that, at least for the 5- and 6-player variants, the
adversary would not benefit from being coordinated; therefore, our polynomial-time algorithms
can be used to solve the game. This observation ensures that our main result applies. Game-
specific simplifications allow us to reduce the game tree from roughly 1056 nodes [269] to 108 or
even fewer, enabling us to compute exact equilibria. Our experimental evaluation demonstrates the
practical efficacy of our techniques on real game instances. Our results are discussed in Section 5.7,
and further detail on the game-specific reductions used, as well as a complete hand-analysis of a
small Avalon variant, can be found in the appendix of the full paper [54].

5.1.4 Examples
In this section we present three examples that will hopefully help the reader in understanding our
notion of equilibrium and justify some choices we have made in our definition.

A hidden-role matching pennies game. Consider a 𝑛-player version of matching pennies (with
𝑛 > 2), which we denote as MP(𝑛). One player is chosen at random to be the adversary (team ▽).
All 𝑛 players then simultaneously choose bits 𝑏𝑖 ∈ {0, 1}. Team ▽wins (gets utility 1) if and only
if all 𝑛 bits match; else, team ▽loses (gets utility 0).

With no communication, the value of this game is 1/2𝑛−1: it is an equilibrium for everyone to play
uniformly at random. Public communication does not help, because, conditioned on the public
transcript, bits chosen by players must be mutually independent. Thus, the adversary can do the
following: pretend to be on team ▽, wait for all communication to finish, and then play 0 if the
string of all ones is more conditionally likely than the string of all 1s, and vice-versa.

With private communication, however, the value becomes 1/(𝑛 + 1). Intuitively, the ▽-team
should attempt to guess who the ▽-player is, and then privately discuss among the remaining
𝑛 − 1 players what bit to play. We defer formal proofs of the above game values to Section 5.5,
because they rely on results in Section 5.4.1.

Simultaneous actions. In typical formulations of extensive-form imperfect-information games,
it is without loss of generality to assume that games are turn-based, i.e., only one player acts at
any given time. To simulate simultaneous actions with sequential ones, one can simply forbid
players from observing each others’ actions. However, when communication is allowed arbitrarily
throughout the game, the distinction between simultaneous and sequential actions suddenly
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becomes relevant, because players can communicate when one—but not all—the players have
decided on an action.

To illustrate this, consider the game MP(𝑛) defined in the previous section, with public communi-
cation, except that the players act in sequence in order of index (1, 2, . . . , 𝑛). We claim that the
value of this game is not 1/2𝑛−1, but at least 1/2𝑛. To see this, consider the following strategy for
team ▽. The ▽players wait for P1 to (privately) pick an action. Then, P2 publicly declares a bit
𝑏 ∈ {0, 1}, and all remaining players play 𝑏 if they are on team ▽. If P1 was the ▽ player, this
strategy wins with probability at least 1/2, so the expected value is at least 1/2𝑛. This example
illustrates the importance of allowing simultaneous actions in our game formulations.

Correlated randomness matters. We use our third and final example to discuss a nontrivial
consequence of the definition of hidden-role equilibrium that may appear strange at first: it is
possible for seemingly-useless information to affect strategic decisions and the game value.

To illustrate, consider the following simple game Γ: there are three players, and three role cards.
Two of the three cards are marked ▽, and the third is marked ▽. The cards are dealt privately and
randomly to the players. Then, after some communication, all three players simultaneously cast
votes to elect a winner. If no player gains a majority of votes, ▽ wins. Otherwise, the elected
winner’s team wins. Clearly, ▽can win no more than 2/3 of the time in this game: ▽ can simply
pretend to be on team ▽, and in that case ▽cannot gain information, and the best they can do is
elect a random winner.

Now consider the following seemingly-meaningless modification to the game. We will modify the
two ▽cards so that they are distinguishable. For example, one card has ▽written on it, and the
other has ▽′. We argue that this, perhaps surprisingly, affects the value of the game. In fact, the

▽team can now win deterministically, even with only public communication. Indeed, consider
following strategy. The two players on ▽publicly declare what is written on their cards (i.e., ▽or

▽′). The player elected now depends on what the third player did. If one player does not declare

▽or ▽′, elect either of the other two players. If two players declared ▽, elect the player who
declared ▽′. If two players declare ▽′, elect the player who declared ▽. This strategy guarantees a
win: no matter what the ▽-player does, any player who makes a unique declaration is guaranteed
to be on the ▽-team.

What happens in the above example is that making the cards distinguishable introduces a piece of
correlated randomness that ▽can use: the two ▽players receive cards whose labels are (perfectly
negatively) correlated with each other. Since our definition otherwise prohibits the use of such
correlated randomness (because players cannot communicate only with players on a specific
team), introducing some into the game can have unintuitive effects. In Section 5.6.2, we expand
on the effects of allowing correlated randomness: in particular, we argue that allowing correlated
randomness essentially ruins the point of hidden-role games by allowing the ▽team to learn the
entire team assignment.
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5.2 Preliminaries
Our notation in this part differs slightly from other parts of this thesis. For reasons alluded to in
the introduction, we explicitly allow simultaneous moves in our formulation. More specifically, at
each history ℎ ∈ H \ Z, every player (including chance) selects an action 𝑎 ∈ A𝑖 (ℎ), and the
edges leaving ℎ are identified with joint actions 𝑎 ∈>

𝑖∈[𝑛]∪C 𝐴𝑖 (ℎ). Thus, each player’s infoset
partition I is a partition ofH \Z.

An extensive-form game is an adversarial team game (ATG) if there is a team assignment
𝑡 ∈ { ▽,▽}𝑛 and a team utility function 𝑢 : Z → R such that 𝑢𝑖 (𝑧) = 𝑢(𝑧) if 𝑡𝑖 =

▽, and
𝑢𝑖 (𝑧) = −𝑢(𝑧) if 𝑡𝑖 = ▽. That is, each player is assigned to a team, all members of the team get
the same utility, and the two teams are playing an adversarial zero-sum game5.7. In this setting,
we will write x𝑖 ∈ X𝑖 and y 𝑗 ∈ Y𝑗 for a generic behavioral strategy of a player on team ▽and ▽
respectively. ATGs are fairly well studied. In particular, team maxmin equilibria (TMEs) [56, 292]
and their variants are the common notion of equilibrium employed. The value of a given strategy
profile x for team ▽is the value that x achieves against a best-responding opponent team. The
TME value is the value of the best strategy profile of team ▽. That is, the TME value is defined as

TMEVal(Γ) := max
x∈>

𝑖X𝑖
min

y∈>
𝑗Y𝑗

𝑢(x,y), (5.1)

and the TMEs are the strategy profiles x that achieve the maximum value. Notice that the TME
problem is nonconvex, since the objective function 𝑢 is nonlinear as a function of x and y. As
such, the minimax theorem does not apply, and swapping the teams may not preserve the solution.
Computing an (approximate) TME is ΣP

2 -complete in extensive-form games (Theorems 4.33
and 4.34).

5.3 Equilibrium Concepts for Hidden-Role Games
While the notion of TME is well-suited for ATGs, it is not immediately clear how to generalize it
to the setting of hidden-role games. We do so by formally defining the concepts of hidden-role
game, communication and split-personality form first introduced in Section 5.1.1.

Definition 5.4. An extensive-form game is a zero-sum hidden-role team game, or hidden-role
game for short, if it satisfies the following additional properties:

1. At the root node, only chance has a nontrivial action set. Chance chooses a string 𝑡 ∼ D ∈
Δ({ ▽,▽}𝑛), where 𝑡𝑖 denotes the team to which player 𝑖 has been assigned. Each player
𝑖 privately observes (at least5.8) their team assignment 𝑡𝑖. In addition, ▽-players privately
observe the entire team assignment 𝑡.

5.7This is a slight abuse of language: if the ▽and ▽ teams have different sizes, the sum of all players’ utilities is
not zero. However, such a game can be made zero-sum by properly scaling each player’s utility. The fact that such a
rescaling operation does not affect optimal strategies is a basic result for von Neumann–Morgenstern utilities [211,
Chapter 2.4]. We will therefore generally ignore this detail.

5.8It is allowable for ▽-players to also have more observability of the team assignment, e.g., certain ▽-players may
know who some ▽-players are.
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2. The utility of a player 𝑖 is defined completely by its team: there is a 𝑢 : Z → R for which
𝑢𝑖 (𝑧) = 𝑢(𝑧) if player 𝑖 is on team ▽at node 𝑧, and −𝑢(𝑧) otherwise.5.9

In some games, players observe additional information beyond just their team assignments. For
example, in Avalon, one ▽-player is designated Merlin, and Merlin has additional information
compared to other ▽-players. In such cases, we will distinguish between the team assignment and
role of a player: the team assignment is just the team that the player is on ( ▽or ▽), while the role
encodes the extra private information of the player as well, which may affect what actions that
player is allowed to legally take. For example, the team assignment of the player with role Merlin
is ▽. We remark that additional imperfect information of the game may be observed after the root
node.5.10

We will use 𝑘 to denote the largest number of players on the ▽-team, that is, 𝑘 = max𝑡∈supp(D) |{𝑖 :
𝑡𝑖 = ▽}|.

5.3.1 Models of Communication
The bulk of this chapter concerns notions of equilibrium that allow communication between the
players. We distinguish between public and private communication:

1. Public communication: There is an open broadcast channel on which all players can send
messages.

2. Private communication: In addition to the open broadcast channel, each pair of players has
access to a private communication channel. The private communication channel reveals to
all players when messages are sent, but only reveals the message contents to the intended
recipients.

Assuming that public-key cryptography is possible (e.g., assuming the discrete logarithm problem
is hard) and players are polynomially computationally bounded, public communication and private
communication are equivalent, because players can set up pairwise private channels via public-key
exchange. However, in this chapter, we assume that agents are computationally unbounded and
thus treat the public and private communication cases as different. Our motivation for making this
distinction is twofold. First, it is conceptually cleaner to explicitly model private communication,
because then our equilibrium notion definitions do not need to reference computational complexity.
Second, perhaps counterintuitively, equilibria with public communication only may be more
realistic to execute in practice in human play, precisely because public-key cryptography breaks.
That is, the computationally unbounded adversary renders more “complex” strategies of the

▽-team (involving key exchanges) useless, thus perhaps resulting in a simpler strategy. We
emphasize that, in all of our positive results, the ▽-team’s strategy is efficiently computable.

5.9While at a first look this condition is similar to the one in ATGs, we remark that in this case the number of
players in a team depends on the roles assigned at the start. The same considerations as Footnote 5.7 on the zero-sum
rescaling of the utilities hold.

5.10This is an important difference with respect to Bayesian games [142], which assume all imperfect information to
be the initial types of the players. Conversely, we have an imperfect information structure that evolves throughout the
game, while only the teams are assigned and observed at the start.
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To formalize these notions of communication, we now introduce the communication extension.

Definition 5.5. The public and private (𝑀, 𝑅)-communication extensions corresponding to
a hidden-role game Γ are defined as follows. Informally, between every step of the original
game Γ, there will be 𝑅 rounds of communication; in each round, players can send a public
broadcast message and private messages to each player. The communication extension starts in
state ℎ = ∅ ∈ HΓ. At each game step of Γ:

1. Each player 𝑖 ∈ [𝑛] observes its infoset 𝐼𝑖 ∋ ℎ.

2. For each of 𝑅 successive communication rounds:

(a) Each player 𝑖 simultaneously chooses a message 𝑚𝑖 ∈ [𝑀] to broadcast publicly.

(b) If private communication is allowed, each player 𝑖 also chooses messages 𝑚𝑖→ 𝑗 ∈
[𝑀] ∪ {⊥} to send to each player 𝑗 ≠ 𝑖. ⊥ denotes that the player does not send a
private message at that time.

(c) Each player 𝑗 observes the messages 𝑚𝑖→ 𝑗 that were sent to it, as well as all messages
𝑚𝑖 that were sent publicly. That is, by notion of communication, the players observe:

• Public: player 𝑗 observes the ordered tuple (𝑚1, . . . , 𝑚𝑛).
• Private: player 𝑗 also observes the ordered tuple (𝑚1→ 𝑗 , . . . , 𝑚𝑛→ 𝑗 ), and the set
{(𝑖, 𝑘) : 𝑚𝑖→𝑘 ≠ ⊥}. That is, players observe messages sent to them, and players
see when other players send private messages to each other (but not the contents
of those messages)

3. Each player, including chance, simultaneously plays an action 𝑎𝑖 ∈ A𝑖 (ℎ). (Chance plays
according to its fixed strategy.) The game state ℎ advances accordingly.

We denote the (𝑀, 𝑅)-extensions as COMM𝑀,𝑅

priv
(Γ), and COMM𝑀,𝑅

pub
(Γ). To unify notation, we

also define COMM𝑀,𝑅
none(Γ) = Γ. When the type of communication allowed and number of rounds

are not relevant, we use COMM(Γ) to refer to a generic extension.

5.3.2 Split Personalities
We introduce two different split-personality forms USPLIT(Γ) and CSPLIT(Γ) of a hidden-role
game Γ, The split-personality forms are adversarial team games which preserve the characteristics
of Γ.

Definition 5.6. The uncoordinated split-personality form5.11 of an 𝑛-player hidden-role game Γ

is the 2𝑛-player adversarial team game USPLIT(Γ) in which each player 𝑖 is split into two players,
𝑖+ and 𝑖−, which control player 𝑖’s actions when 𝑖 is on team ▽and team ▽ respectively.

Unlike the original hidden-role game Γ, the split-personality game is an adversarial team game
without hidden roles: players 𝑖+ are on the ▽team, and 𝑖− are on the ▽-team. Therefore, we are

5.11In the language of Bayesian games, the split-personality form would almost correspond to the agent form.
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able to apply notions of equilibrium for ATGs to USPLIT(Γ). We also define the coordinated
split-personality form:

Definition 5.7. The coordinated split-personality form of an 𝑛-player hidden-role game Γ is
the (𝑛 + 1)-player adversarial team game CSPLIT(Γ) formed by starting with USPLIT(Γ) and
merging all ▽-players into a single adversary player, who observes all their observations and
chooses all their actions.

Assuming ▽ to be coordinated is a worst-case assumption for team ▽, which however can be
justified. In many common hidden-role games, such as the Mafia or Werewolf family of games
and most variants of Avalon, such an assumption is not problematic, because the ▽-team has
essentially perfect information already. In the appendix of the full paper [54], we justify why this
assumption is safe also in some more complex Avalon instances considered. The coordinated
split-personality form will be substantially easier to analyze, and in light of the above equivalence
for games like Avalon, we believe that it is important to study it.

When team▽ in Γ is already coordinated, that is, if every▽-team member has the same observation
at every timestep, the coordinated and uncoordinated split-personality games will, for all our
purposes, coincide: in this case, any strategy of the adversary in CSPLIT(Γ) can be matched
by a joint strategy of the ▽-team members in USPLIT(Γ). This is true in particular if there
is only one ▽-team member. But, we insert here a warning: even when the base game Γ

has a coordinated adversary team, the private communication extension COMMpriv (Γ) will not.
Thus, with private-communication extensions of Γ, we must distinguish the coordinated and
uncoordinated split-personality games even if Γ itself is coordinated.

5.3.3 Equilibrium Notions
We now define the notions of equilibrium that we will primarily study.

Definition 5.8. The uncoordinated value of a hidden-role game Γ with notion of communication
𝑐 is defined as

UVal𝑐 (Γ) := sup
𝑀,𝑅

UVal𝑀,𝑅𝑐 (Γ)

where UVal𝑀,𝑅𝑐 (Γ) is the TME value of USPLIT(COMM𝑀,𝑅
𝑐 (Γ)). The coordinated value CVal𝑐 (Γ)

is defined analogously by using CSPLIT.

Definition 5.9. An 𝜖-uncoordinated hidden-role equilibrium of Γ with a particular notion of
communication 𝑐 ∈ {none, pub, priv} is a tuple (𝑀, 𝑅,x) where x is a ▽-strategy profile in
USPLIT(COMM𝑀,𝑅

𝑐 (Γ)) of value at least UVal𝑐 (Γ) − 𝜖 . The 𝜖-coordinated hidden-role equilibria
is defined analogously, again with CSPLIT and CVal instead of USPLIT and UVal.

As discussed in Section 5.1.1, our notion of equilibrium is inherently asymmetric due to its
max-min definition. The ▽-team is the first to commit to a strategy and a communication scheme,
and ▽ is allowed to know both how much communication will be used (i.e., 𝑀 and 𝑅) as well as

▽’s entire strategy 𝑥. As mentioned before, this asymmetry is fundamental in our setting, and we
will formalize it in Section 5.6.2.
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5.4 Computing Hidden-Role Equilibria
In this section, we show the main computational results regarding the complexity of computing
an hidden-role equilibrium in different settings. We first provide positive results for the private-
communication case in Section 5.4.1 while the negative computational results for the no/public-
communications cases are presented in Section 5.4.3. The results are summarized in Table 5.1.

5.4.1 Computing Private-Communication Equilibria
In this section, we show that it is possible under some assumptions to compute equilibria efficiently
for hidden-role games. In particular, in this section, we assume that

1. there is private communication,

2. the adversary is coordinated, and

3. the adversary is a minority (𝑘 < 𝑛/2).

Games with a publicly-known ▽-player. First, we consider a special class of hidden-role
games which we call mediated. In a mediated game, there is a player, who we call the mediator,
who is always assigned to team ▽. The task of the mediator is to coordinate the actions and
information transfer of team ▽. Our main result of this subsection is the following:

Theorem 5.10 (Revelation Principle). Let Γ∗ be a mediated hidden-role game. Then, for
𝑅 ≥ 2 and 𝑀 ≥ |𝐻 |, there exists a coordinated private-communication equilibrium in
which the players on ▽have a TME profile in which, at every step, the following events
happen in sequence:

1. every player on team ▽sends its observation privately to the mediator,

2. the mediator sends to every player ( ▽and ▽) a recommended action, and

3. all players on team ▽play their recommended actions.

Proof. We follow the usual proof structure of revelation principle proofs. Let 𝑥 = (𝑥1, . . . , 𝑥𝑛)
be any strategy profile for team ▽in CSPLIT(COMMpriv (Γ∗)). Consider the strategy profile
𝑥′ = (𝑥′1, . . . , 𝑥

′
𝑛) that operates as follows. For each player 𝑖, the mediator instantiates a

simulated version of each player 𝑖 playing according to strategy 𝑥𝑖. These simulated players are
entirely “within the imagination of the mediator”.

1. When a (real) player 𝑖 sends an observation 𝑜𝑖 (ℎ) to the mediator, the mediator forwards
observation 𝑜𝑖 (ℎ) to the simulated player 𝑖.

2. When a simulated player 𝑖 wants to send a message to another player 𝑗 , the mediator
forwards the message to the simulated player 𝑗 .

3. When a simulated player 𝑖 plays an action 𝑎𝑖, the mediator forwards the action as a
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message to the real player 𝑖.

Since the strategy 𝑥𝑖 is only well-defined on sequences that can actually arise in CSPLIT(COMMpriv (Γ∗)),
the simulated player 𝑖 may crash if it receives an impossible sequence of observations. If player
𝑖’s simulator has crashed, it will no longer send simulated messages, and the mediator will no
longer send messages to player 𝑖.

It suffices to show that team ▽ cannot exploit 𝑥′ more than 𝑥. Let 𝑦′ be any best-response
strategy profile for ▽ against 𝑥′.

We will show that there exists a strategy 𝑦 such that (𝑥′, 𝑦′) is equivalent to (𝑥, 𝑦). Consider the
strategy 𝑦 for team ▽ in which each player 𝑖 maintains simulators of both 𝑥𝑖 and 𝑦′

𝑖
, and acts as

follows.

1. Upon receiving an observation or message, forward it to 𝑦′
𝑖

2. If 𝑦′
𝑖

wants to send an observation to the mediator, forward that observation to 𝑥𝑖.

3. If 𝑥𝑖 sends a message, send that message.

4. If 𝑥𝑖 plays an action 𝑎𝑖, forward that action to 𝑦′
𝑖

as a message from the mediator. If 𝑥𝑖
crashes, send empty messages to 𝑦′

𝑖
from the mediator. In either case, when 𝑦′

𝑖
outputs an

action, play that action.

By definition, the profiles (𝑥, 𝑦) and (𝑥′, 𝑦′) have the same expected utility (in fact, they are
equivalent, in the sense that they induce the same outcome distribution over the terminal nodes
of Γ), so we are done. □

Players on team ▽, of course, can (and will) lie or deviate from recommendations as they wish.
The above revelation principle imples the following algorithmic result:

Theorem 5.11. Let Γ∗ be a mediated hidden-role game, 𝑅 ≥ 2, and 𝑀 ≥ |𝐻 |. An (exact)
coordinated private-communication hidden-role equilibrium of Γ∗ can be computed by
solving an extensive-form zero-sum game Γ0 with at most |𝐻 |𝑘+1 nodes, where 𝐻 is the
history set of Γ∗.

Proof. Consider the zero-sum game Γ0 that works as follows. There are two players: the
mediator, representing team ▽, and a single adversary, representing team ▽. The game state of
Γ0 consists of a history ℎ in Γ (initially the root), and 𝑛 sequences 𝑠𝑖. Define a sequence 𝑠𝑖 to
be consistent if it is a prefix of a terminal sequence 𝑠𝑖 (𝑧) for some terminal node 𝑧 of Γ. For
each sequence 𝑠𝑖 which ends with an action, let 𝑂 (𝑠𝑖) be the set of observations that could be
the next observations of player 𝑖 in Γ.

1. For each player 𝑖 on team ▽, let 𝑜𝑖 = 𝑜𝑖 (ℎ) be the true observation of player 𝑖. The
adversary observes all recommendations 𝑜𝑖 (ℎ) for players 𝑖 on its team. Then, for each
such player, the adversary picks an observation 𝑜𝑖 ∈ 𝑂 (𝑠𝑖) ∪ {⊥}. Each 𝑜𝑖 is appended
to the corresponding 𝑠𝑖.
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2. The mediator observes (𝑜1, . . . , 𝑜𝑛), and picks action recommendations 𝑎𝑖 ∈ 𝐴𝑖 (𝑜𝑖) to
recommend to each player 𝑖, and appends each 𝑎𝑖 to the corresponding 𝑠𝑖.

3. Players on team ▽automatically play their recommended actions. The adversary observes
all actions (𝑎𝑖 : 𝑡𝑖 = ▽) recommended to players on team ▽, and selects the action played
by each member of team ▽.

The size of this game is given by the number of tuples of the form (ℎ, 𝑠1, . . . , 𝑠𝑘 ) where 𝑠𝑖 is
the sequence of adversary 𝑖 and ℎ is a node of the original game Γ. There are at most |𝐻 |𝑘+1 of
these, so we are done. □

We give a sketch of how the two-player zero-sum game is structured. Theorem 5.10 allows us to
simplify the game by fixing the actions of all players on team ▽, leaving two strategic players, the
mediator and the adversary. Any node from the original game is expanded into three levels:

1. the adversary picks messages on behalf of all ▽-players to send to the mediator,

2. the mediator picks recommended actions to send to all players, and

3. the adversary acts on behalf of all ▽-players.

The key to proving Theorem 5.11 is that, in the first step above, the adversary’s message space
is not too large. Indeed, any message sent by the adversary must be a message that could have
plausibly been sent by a ▽-player: otherwise the mediator could automatically infer that the
sender must be the adversary. It is therefore possible to exclude all other messages from the game
since they belong to dominated strategies. Carefully counting the number of such messages would
complete the proof.

It is crucial in the above argument that the ▽-team is coordinated; indeed, otherwise, it would not
be valid to model the ▽-team as a single adversary in Γ0. It turns out (Theorem 5.19) that, in fact,
without the coordination assumption, the problem is hard.

In practice, zero-sum extensive-form games can be solved very efficiently in the tabular setting
with linear programming, or algorithms from the CFR family. Thus, Theorem 5.11 gives an
efficient algorithm for solving hidden-role games with a mediator.

Simulating mediators with multi-party computation. In this section, we show that the
previous result essentially generalizes (up to exponentially-small error) to games without a
mediator, so long as the ▽ team is also a minority, that is, 𝑘 < 𝑛/2. Informally, the main result of
this subsection states that, when private communication is allowed, one can efficiently simulate
the existence of a mediator using secure multi-party computation (MPC), and therefore team ▽

can achieve the same value. The form of secure MPC that we use is information-theoretically
secure; that is, it is secure even against computationally-unbounded adversaries.
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Theorem 5.12 (Main theorem). Let Γ be a hidden-role game with 𝑘 < 𝑛/2. Then
CValpriv(Γ) = CValpriv(Γ∗), where Γ∗ is Γ with a mediator added, and moreover this value
can be computed in |𝐻 |𝑂 (𝑘) time by solving a zero-sum game of that size. Moreover, an
𝜖-hidden-role equilibrium with private communication and log𝑀 = 𝑅 = polylog( |𝐻 |, 1/𝜖)
can be computed and executed by the ▽-players in time poly( |𝐻 |𝑘 , log(1/𝜖)).

The proof uses MPC to simulate the mediator and then executes the equilibrium given by Theo-
rem 5.11. The proof of Theorem 5.12, as well as requisite background on multi-party computation,
are deferred to the next subsection. We emphasize that Theorems 5.11 and 5.12 are useful not
only for algorithmically computing an equilibrium, but also for manual analysis of games: instead
of analyzing the infinite design space of possible messaging protocols, it suffices to analyze the
finite zero-sum game Γ0. Our experiments on Avalon use both manual analysis and computational
equilibrium finding algorithms to solve instances.

Comparison with communication equilibria. As mentioned in Section 5.1.2, our construction
simulating a mediator bears resemblance to the construction used to define communication
equilibria [109, 228]. At a high level, a communication equilibrium of a game Γ is a Nash
equilibrium of Γ augmented with a mediator that is playing according to some fixed strategy 𝜇.
Indeed, when team ▽ has only one player, it turns out that the two notions coincide:

Theorem 5.13. Let Γ be a hidden-role game with 𝑘 = 1. Then CValpriv(Γ) is exactly the
value for ▽of the ▽-optimal communication equilibrium of Γ.

However, in the more general case where ▽ can have more than one player, Theorem 5.13 does
not apply: in that case, communication equilibria include all Nash equilibria in particular, and
therefore fail to enforce joint optimality of the ▽-team, so our concepts and methods are more
suitable.

Before proving this result, we must first formally define a communication equilibrium. Given an
arbitrary game Γ with 𝑛 players, consider the (𝑛 + 1)-player game in which the extra player is
the mediator. Consider a private-communication extension Γ̃ of that game, with 𝑅 = 2 rounds
and 𝑀 = |𝐻 |, in which only communication with the mediator is allowed. In Γ∗, each player
has a direct strategy 𝑥∗

𝑖
in which, at every timestep, the player sends its honest information to the

mediator, interprets the mediator’s message in reply as an action recommendation, and plays that
action recommendation.

Definition 5.14. A communication equilibrium of Γ is a strategy profile 𝜇 = (𝑥1, . . . , 𝑥𝑛) for the
mediator of Γ̃ such that, with 𝜇 held fixed, the profile (𝑥1, . . . , 𝑥𝑛) is a Nash equilibrium of the
resulting 𝑛-player game.

The revelation principle for communication equilibria [109, 228] states that, without loss of
generality in the above definition, it can be assumed that 𝑥 = 𝑥∗, i.e., players are direct in
equilibrium.

We now prove the theorem.
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Proof of Theorem 5.13. Let Γ∗ be Γ with a mediator who is always on team ▽, and let Γ0 be
the zero-sum game constructed by Theorem 5.11. Because CValpriv (Γ) is the zero-sum value
of Γ0 by Theorem 5.12, it is enough to prove the inequality chain

CValpriv (Γ) ≤ CommVal(Γ) ≤ Val(Γ0),

where CommVal is the value of the ▽-optimal communication equilibrium and Val is the
zero-sum game value.

By Theorem 5.12, the hidden-role equilibria of Γ are (up to an arbitrarily small error 𝜖 > 0)
TMEs of CSPLIT(Γ∗). By von Stengel and Koller [292], since ▽ has only one player, the TMEs
of CSPLIT(Γ∗) are precisely the ▽-team-optimal Nash equilibria of CSPLIT(Γ∗). Thus, for a
TME (𝜇, 𝑥1, . . . , 𝑥𝑛) of that game (where 𝜇 is a strategy of the mediator), there exists an adver-
sary strategy 𝑦 such that (𝜇, 𝑥1, . . . , 𝑥𝑛, 𝑦) is a Nash equilibrium. But then (𝜇, 𝑥1, . . . , 𝑥𝑛, 𝑦) is
also a communication equilibrium. Thus TMEVal(CSPLIT(Γ∗)) ≤ CommVal(Γ).

We now show the second inequality. If Γ is an adversarial hidden-role game, each player 𝑖’s
strategy can be expressed as a tuple (𝑥𝑖, 𝑦𝑖) where 𝑥𝑖 is player 𝑖’s strategy in the subtree where 𝑖
is on team ▽, and 𝑦𝑖 is the same on team ▽. In that case, the problem of finding a ▽-optimal
communication equilibrium can be expressed as:

max
𝜇

𝑢(𝜇, 𝑥∗, 𝑦∗)

s.t. ∀𝑖 max
𝑥𝑖
𝑢(𝜇, 𝑥𝑖, 𝑥∗−𝑖, 𝑦∗) ≤ 𝑢(𝜇, 𝑥∗, 𝑦∗)

∀𝑖 min
𝑦𝑖
𝑢(𝜇, 𝑥∗, 𝑦𝑖, 𝑦∗−𝑖) ≥ 𝑢(𝜇, 𝑥∗, 𝑦∗)

where 𝑢 is the ▽-team utility function. That is, no player can increase their team’s utility by
deviating from the direct profile (𝑥∗, 𝑦∗), regardless of which team they are assigned to. Now,
using the fact that ▽ has only one player, we can write ▽’s utility function 𝑢 as a sum 𝑢 =

∑
𝑖 𝑢𝑖

where 𝑢𝑖 is the utility of ▽when the ▽-player is player 𝑖 (weighted by the probability of that
happening). Each term 𝑢𝑖 depends only on 𝑥 and the 𝑦𝑖s. Thus, the above program can be
rewritten as

max
𝜇

∑︁
𝑖

𝑢𝑖 (𝜇, 𝑥∗, 𝑦∗𝑖 )

s.t. ∀𝑖 max
𝑥𝑖
𝑢(𝜇, 𝑥𝑖, 𝑥∗−𝑖, 𝑦∗) ≤ 𝑢(𝜇, 𝑥∗, 𝑦∗)

∀𝑖 min
𝑦𝑖
𝑢𝑖 (𝜇, 𝑥∗, 𝑦𝑖) ≥ 𝑢𝑖 (𝜇, 𝑥∗, 𝑦∗𝑖 )

or, equivalently,

max
𝜇

∑︁
𝑖

min
𝑦𝑖
𝑢𝑖 (𝜇, 𝑥∗, 𝑦𝑖)

s.t. ∀𝑖 max
𝑥𝑖
𝑢(𝜇, 𝑥𝑖, 𝑥∗−𝑖, 𝑦∗) ≤ 𝑢(𝜇, 𝑥∗, 𝑦∗).
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or, equivalently,

max
𝜇

min
𝑦

𝑢(𝜇, 𝑥∗, 𝑦)

s.t. ∀𝑖 max
𝑥𝑖
𝑢(𝜇, 𝑥𝑖, 𝑥∗−𝑖, 𝑦∗) ≤ 𝑢(𝜇, 𝑥∗, 𝑦∗).

This is precisely the problem of computing a zero-sum equilibrium in the game Γ0, except with
an extra constraint, so the inequality follows. □

5.4.2 Multi-Party Computation and Proof of Theorem 5.12
We first formalize the usual setting of multi-party computation (MPC). Let 𝑋 be the set of
binary strings of length ℓ, and let 𝜆 be a security parameter. Rabin and Ben-Or [249] claims in
their Theorem 4 that essentially any protocol involving a mediator can be efficiently simulated
without a mediator so long as more than half the players follow the protocol and we allow some
exponentially small error. However, they do not include a proof of this result. In the interest of
completeness, we prove the version of their result that is needed for our setting, based only on the
primitives of secure multi-party computation and verifiable secret sharing.

5.4.2.1 Secure MPC

In secure MPC, there is a (possibly randomized) function 𝑓 : 𝑋𝑛 → 𝑋𝑛 defined by a circuit with 𝑁
nodes. A subset 𝐾 ⊂ [𝑛] of size < 𝑛/2 has been corrupted. Each honest player 𝑖 ∈ [𝑛]\𝐾 holds an
input 𝑥𝑖 ∈ 𝑋 . The goal is to design a randomized messaging protocol, with private communication,
such that, regardless of what the corrupted players do, there exist inputs {𝑥 𝑗 : 𝑗 ∈ 𝐾} such that:

1. (Output delivery) At the end of the protocol, each player 𝑖 learns its own output, 𝑦𝑖 :=
𝑓 (𝑥1, . . . , 𝑥𝑛)𝑖, with probability 1 − 2−𝜆.

2. (Privacy) No subset of < 𝑛/2 players can learn any information except their own output 𝑦𝑖.
That is, the players cannot infer any extra information from analyzing the transcripts of the
message protocol than what they already know.

This can be intuitively modeled as follows. If any minority of colluded players were to
analyze the empirical distributions of transcripts of the protocol for any input-output tuple,
then such distribution would be fully explained in terms of their input-outputs, leaving
no conditional dependence on other players’ input-outputs. Formally, for any such subset
𝐾 ⊆ [𝑛] of size < 𝑛/2, there exists a randomized algorithm Sim𝐾 that takes the inputs and
outputs of the players in set 𝐾 , and reconstructs transcripts 𝑇 , such that for all 𝑥 ∈ 𝑋𝑛, we
have ∑︁

𝑇

|Pr[Sim𝐾 (𝑥𝐾 , 𝑦𝐾) = 𝑇] − Pr[View𝐾 (𝑥) = 𝑇] | ≤ 2−𝜆

where View𝐾 (𝑥) is the distribution of transcripts observed by players in set 𝐾 when running
the protocol with input 𝑥.
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In other words, the players in set 𝐾 cannot do anything except pass to 𝑓 inputs of their choice. For
our specific application, this implies that introducing an MPC protocol to simulate the mediator is
equivalent to having a mediator, because no extra information aside from the intended function
will be leaked to the players.

Theorem 5.15 ([21, 249]). Secure MPC is possible, with polytime (in ℓ, 𝜆, 𝑛, 𝑁) algorithms
that take at most polynomially many rounds and send at most polynomially many bits in
each round.

5.4.2.2 Verifiable Secret Sharing

In the verifiable secret sharing (VSS) problem, the goal is to design a function Share : 𝑋 → 𝑋̄
𝑛 ,

where 𝑋̄ = {0, 1}poly(ℓ,𝜆,𝑛) , that shares a secret 𝑥 ∈ 𝑋 by privately informing each player 𝑖 of its
piece Share(𝑥)𝑖, such that:

1. (Reconstructibility) Any subset of > 𝑛/2 players can recover the secret fully, even if the
remaining players are adversarial. That is, there exists a function Reconstruct : 𝑋𝑛 → 𝑋

such that, where (𝑥1, . . . , 𝑥𝑛) ← Share(𝑥), we have Reconstruct(𝑥′1, . . . , 𝑥
′
𝑛) = 𝑥 so long as

𝑥′
𝑖
= 𝑥𝑖 for > 𝑛/2 players 𝑖.

2. (Privacy) No subset of < 𝑛/2 players can learn any information about the secret 𝑥. That is,
for any such subset 𝐾 and any secret 𝑥, there exists a distribution Sim𝐾 ∈ Δ(𝑋𝑛) such that

∥Share(𝑥)𝐾 − Sim𝐾 ∥1 ≤ 2−𝜆,

where ∥·∥1 denotes the ℓ1-norm on probability distributions.

Theorem 5.16 ([248, 249]). There exist algorithms Share and Reconstruct, with runtime
poly(ℓ, 𝜆, 𝑛), that implement robust secret sharing.

VSS is a primitive used in a fundamental way to build secure MPC protocols; to be formally
precise, we will require VSS as a separate primitive as well to maintain the state of the mediator
throughout the game.

5.4.2.3 Simulating a Mediator

We will assume that the game Γ0 in Theorem 5.11 has been solved, and that its solution is given
by a (possibly randomized) function

𝑓 : Σ ×𝑂𝑛 → Σ × 𝐴𝑛 (5.2)

where Σ is the set of information states of the mediator in Γ0. At each step, the mediator takes 𝑛
observations 𝑜1, . . . , 𝑜𝑛 and its current infostate 𝑠 as input, and updates its infostate and outputs
action recommendations according to the function 𝑓 .
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Consider the function 𝑓 : ( 𝑋̄ ×𝑂)𝑛 → ( 𝑋̄ × 𝐴)𝑛 defined by

𝑓 ((𝑥1, 𝑜1), . . . , (𝑥𝑛, 𝑜𝑛)) = ((𝑥′1, 𝑎1), . . . , (𝑥′𝑛, 𝑎𝑛))

where

(𝑠′, 𝑎1, . . . , 𝑎𝑛) = 𝑓 (Reconstruct(𝑥1, . . . , 𝑥𝑛), 𝑜1, . . . , 𝑜𝑛)

(𝑥′1, . . . , 𝑥
′
𝑛) = Share(𝑠′).

That is, 𝑓 operates the mediator with its state secret-shared across the various players. The players
will run secure MPC on 𝑓 at every timestep. By the properties of MPC and secret sharing, this
securely implements the mediator in such a way that the players on team ▽ can neither break
privacy nor cause the protocol to fail, with probability better than 𝑂 ( |𝐻 | · 2−𝜆), where 𝐻 is the set
of histories of the game.

We have thus shown our main theorem, which is more formally stated as follows:

Theorem 5.17 (Formal version of Theorem 5.12). Let:

• Γ be a hidden-role game with a ▽-team of size 𝑘 < 𝑛/2,

• Γ∗ be identical to Γ except that there is an additional player who takes no nontrivial
actions but is always on team ▽;

• Γ0 be the zero-sum game defined by Theorem 5.11 based on Γ∗;

• 𝑥 be any strategy of the ▽player (mediator) in Γ0, represented by an arithmetic
circuit 𝑓 as in (5.2) with 𝑁 = poly( |𝐻 |𝑘 ) gates; and

• 𝜆 be a security parameter.

Then there exists a strategy profile 𝑥′ of the ▽players in CSPLIT(COMM𝑀,𝑅

priv
(Γ)), where

log𝑀 = 𝑅 = poly(𝜆, 𝑁, log |𝐻 |) such that:

1. (Equivalence of value) the value of 𝑥′ is within 2−𝜆 of the value of 𝑥 in Γ0, and

2. (Efficient execution) there is a poly(𝑟)-time randomized algorithm AΓ that takes as
input an infostate 𝑠𝑖 of CSPLIT(COMM𝑀,𝑅

priv
(Γ)) that ends with an observation, and

returns the (possibly random) action that player 𝑖 should play at 𝑠𝑖.

5.4.3 Computing No/Public-Communication Equilibria
In this section, we consider games with no communication or with public-communication and a
coordinated minority. Conversely to the private-communication case of Section 5.4.1, in this case
the problem of computing the value of a hidden-role equilibrium is in general NP-hard.

For the remainder of this section, when discussing the problem of “computing the value of a
game”, we always mean the following promise problem: given a game, a threshold 𝑣, and an
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allowable error 𝜖 > 0 (both expressed as rational numbers), decide whether the hidden-role value
of Γ is ≥ 𝑣 or ≤ 𝑣− 𝜖 . Our hardness results will hold even when 𝜖 = 1/poly( |𝐻 |). Further, utilities
will be given unnormalized by chance probability. That is, if we say that a player gets utility 1,
what we really mean is that the player gets utility 1/𝑝, where 𝑝 is the probability that chance
sampled all actions on the path to 𝑧. Thus the contribution to the expected value from this terminal
node will be 1. This makes calculations easier. Finally, the utility range of the games used in the
reductions will usually be of the form [−𝑀, 𝑀] where 𝑀 is large but polynomial in the size of
the game. Our definition of an extensive-form game allows only games with reward range [−1, 1].
This discrepancy is easily remedied by dividing all utility values in the proofs by 𝑀 .

Theorem 5.18. Even in 2-vs-1 games with public roles and 𝜖 = 1/poly( |𝐻 |), computing
the TME value (and hence also the hidden-role value, since adversarial team games are a
special case of hidden-role games) with public communication is NP-hard.

Intuitively, the proofs work by constructing gadgets that prohibit any useful communication, thus
reducing to the case of no communication.

Proof. We show that given any graph 𝐺, it is possible to construct a hidden-role game based
on 𝐺 whose value correspond to the size the graph’s max-cut. This reduces MAX-CUT to the
TME value problem.

Let 𝐺 be an arbitrary graph with 𝑛 nodes and 𝑚 edges, and consider the following team game
(no hidden roles). There are 3 players, 2 of whom are on team ▽. The game progresses as
follows.

1. Chance chooses two vertices 𝑣1, 𝑣2 in 𝐺, independently and uniformly at random. The
two players on team ▽observe 𝑣1 and 𝑣2 respectively.

2. The two players on team ▽select bits 𝑏1, 𝑏2, and the ▽ player selects a pair (𝑣′1, 𝑣
′
2).

There are now several things that can happen: (𝐿 is a large number to be picked later)

(a) (Agreement of players) If 𝑣1 = 𝑣2 and 𝑏1 ≠ 𝑏2, team ▽gets utility −𝐿.

(b) (Objective) If 𝑣1 ≠ 𝑣2, 𝑏1 ≠ 𝑏2, and (𝑣1, 𝑣2) is an edge in 𝐺, then team ▽gets
utility 1.

(c) (Non-leakage) If (𝑣′1, 𝑣
′
2) = (𝑣1, 𝑣2) then team ▽gets utility −(𝑛2 −1)𝐿. Otherwise,

team ▽gets utility 𝐿.5.12

Consider a sufficiently large 𝐿 = poly(𝑚). The game is designed in such a way that ▽’s
objective is to guess the vertices 𝑣1, 𝑣2 sampled by chance, but she has no information apart
from the transcript of communication to guess it. Therefore, ▽’s optimal strategy is to punish
any communication attempt between the players and play the most likely pair of vertices 𝑣1, 𝑣2.
If no communication happens, her best strategy is to play a random pair of vertices. On the
other hand, ▽optimal strategy must ensure that under no circumstance players play the same bit
when assigned to the same vertex (lest they incur the large penalty 𝐿). Therefore, the strategy
of both ▽players is to play a fixed bit in each vertex, and the optimal strategy is the one that
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assigns a bit to the vertices in such a way that the number of edges connecting vertices with
different bits is maximized. This corresponds to finding a max cut and therefore the value
of the game is (essentially) 𝑐∗ where 𝑐∗ is the true size of the maximum cut. Moreover, any
communication attempt would be immediately shut down by ▽ strategy since any leak of the
observation received on the public channel implies to receive a fraction of the large penalty 𝐿.

We now formalize this intuition.

First, note that ▽can achieve utility exactly 𝑐∗ by playing according to a maximum cut. To see
that ▽cannot do significantly better, consider the following strategy for team ▽. Observe the
entire transcript 𝜏 of messages shared between the two ▽players. Pick (𝑣1, 𝑣2) maximizing the
probability 𝑝(𝜏 |𝑣1, 𝑣2) that the players would have produced 𝜏.5.13

First, suppose that ▽does not communicate. Then ▽’s choice is independent of ▽’s, so ▽

can WLOG play a pure strategy. If 𝑏1 ≠ 𝑏2 for any pair (𝑣1, 𝑣2), then ▽loses utility 𝐿 in
expectation. For 𝐿 > 𝑛2, this makes any such strategy certainly inferior to playing the maximum
cut. Therefore, ▽should play the maximum cut, achieving value 𝑐∗.

Now suppose that ▽uses communication. Fix a transcript 𝜏, and let

𝛿 := max
𝑣1,𝑣2

𝑝(𝑣1, 𝑣2 |𝜏) −
1
𝑛2 .

Now note that we can write 𝑝(·|𝜏) = (1 − 𝛼)𝑞0 + 𝛼𝑞1, where 𝑞0, 𝑞1 ∈ Δ(𝑉2), 𝑞0 is uniform,
and 𝛼 ≤ Θ(𝑛4𝛿). Now consider any strategy that ▽could play, given transcript 𝜏. Such a
strategy has the form 𝑥1(𝑏1 |𝑣1) and 𝑥2(𝑏2 |𝑣2). Since 𝑞 is 𝛼-close to uniform, the utility of ▽

under this strategy conditioned on 𝜏 must be bounded above by

(1 − 𝛼)𝑢0 + 𝛼 ≤ (1 − 𝛼)𝑐∗ + 𝛼 ≤ 𝑐∗ + 𝛼 ≤ 𝑐∗ + Θ(𝑛4𝛿)

where 𝑢0 is the expected value of profile (𝑥1, 𝑥2) given 𝜏 if 𝑣1, 𝑣2 |𝜏 were truly uniform. But
now, in expectation over 𝜏, team ▽ can gain utility 𝐿𝑛2𝛿 by playing argmax𝑣1,𝑣2

𝑝(𝑣1, 𝑣2 |𝜏).
So, ▽’s utility is bounded above by

𝑐∗ + Θ(𝑛4𝛿) − 𝐿𝑛2𝛿 ≤ 𝑐∗

by taking 𝐿 sufficiently large. □

Since there is only one ▽-player in the above reduction, the result applies regardless of whether
the adversary is coordinated.

The next result illustrates the difference between the uncoordinated hidden-role value and the
coordinated hidden-role value which is the focus of our positive results. Whereas the coordinated
hidden-role value with private communication can be computed in polynomial time when 𝑘 is

5.12Note that ▽ playing uniformly at random means that the expected utility of this term is 0.
5.13Note again, as in Section 5.5, that this computation may take time exponential in 𝑟 and the size of 𝐺, but we

allow the players to perform unbounded computations.
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Communication Type
Adversary Team Assumptions None Public Private

Coordinated, Minority NP-complete
[292]

NP-hard P [Thm. 5.12]
Coordinated [Thm. 5.18] open problem

Minority ΣP
2 -complete ΣP

2 -hard coNP-hard
None [Thms. 5.19, 4.33] [Thm. 5.21] [Thm. 5.21]

Table 5.1: Complexity results for computing hidden-role value with a constant
number of players, for various assumptions about the adversary team and notions
of communication. The results shaded in green are new.

constant (Theorem 5.12), the uncoordinated hidden-role value cannot, even when 𝑘 = 2:

Theorem 5.19. Even in 3-vs-2 hidden-role games, the uncoordinated hidden-role value
problem with private communication is coNP-hard.

Proof. We reduce from UNSAT. Let 𝜙 be any 3-CNF-SAT formula, and consider the following
5-player hidden-role game. Two players are chosen uniformly at random to be on team ▽; the
rest are on team ▽. The players on team ▽ know each other. The players on team ▽ play the
SAT gadget game described by Koller and Megiddo [176]. Namely:

1. The players on team ▽ are numbered P1 and P2, at random, by chance.

2. Chance selects a clause 𝐶 in 𝜙 and tells P1.

3. P1 selects a variable 𝑥𝑖 in 𝐶, and that variable (but not its sign in 𝐶, nor the clause 𝐶
itself) is revealed to P2.

4. P2 selects an assignment 𝑏𝑖 ∈ {0, 1} to 𝑥𝑖. ▽ wins the gadget game if the assignment 𝑏𝑖
matches the sign of 𝑥𝑖 in 𝐶.

The value of this game is decreasing with 𝑀 and 𝑅 since ▽does nothing, so it is in the best
interest of ▽to select 𝑅 = 0 (i.e., allow no communication). In that case, the best probability
with which ▽ can win the game is exactly the maximum fraction of clauses satisfied by any
assignment, which completes the proof. □

The above result is fairly straightforward: it is known that optimizing the joint strategy of a
team with asymmetric information5.14 is hard [176], and private communication does not help
if ▽does not allow its use. However, next, we will show that the result even continues to apply
when ▽ has symmetric information, that is, when the original game Γ is coordinated. This
may seem mysterious at first, but the intuition is the following. Just because Γ has symmetric
information for the ▽-team, does not mean USPLIT(COMMpriv (Γ)) does. Indeed, ▽-players can
send different private messages to different ▽-players, resulting in asymmetric information among
▽-players. This result illustrates precisely the reason that we define two different split-personality

5.14For our purposes, we will say that ▽ has symmetric information if all players ▽ have the same observation at
every timestep. This implies that they can be merged into a single player without loss of generality.
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games, rather than simply dealing with the special case where the original game Γ has symmetric
information for the ▽-team.

Theorem 5.20. Even in 3-vs-2 hidden-role games with a mediator in which no ▽-player
has any information beyond the team assignment, the uncoordinated hidden-role value
problem with private communication is coNP-hard.

Proof. We will reduce from (the negation of) MAX-CUT. Let 𝐺 be an arbitrary graph with 𝑛
nodes and 𝑚 edges, and consider the following 5-player hidden-role game with 2 players on the
▽-team and 3 players on the ▽-team. Player 5 is always on team ▽and is the mediator. The
other four players are randomly assigned teams so that two are on team ▽and two are on team
▽. The game proceeds as follows.

1. Chance chooses vertices 𝑣1, . . . , 𝑣4 uniformly at random from 𝐺. The mediator privately
observes the whole tuple (𝑣1, . . . , 𝑣4).

2. For notational purposes, call the players on team ▽3 and 4, and ▽ 1 and 2. (The mediator
does not know these numbers.) After some communication, the following actions happen
simultaneously:

(a) P1 and P2 select bits 𝑏1, 𝑏2 ∈ {0, 1};

(b) P3 and P4 select vertices 𝑣′3, 𝑣
′
4 of 𝐺 and players 𝑖3, 𝑖4 ∈ {1, 2, 3, 4}.

3. The following utilities are given: (𝐿 is a large number to be picked later, and each item in
the list represents an additive term in the utility function)

(a) (Correct vertex identification) For each player 𝑖 ∈ {3, 4}, if 𝑣𝑖 ≠ 𝑣′
𝑖

then ▽gets
utility −𝐿4

(b) (Agreement of ▽-players) If 𝑣1 = 𝑣2 and 𝑏1 ≠ 𝑏2 then team ▽gets utility 𝐿.

(c) (Objective) If 𝑣1 ≠ 𝑣2, 𝑏1 ≠ 𝑏2, and (𝑣1, 𝑣2) is an edge in 𝐺, then team ▽gets
utility −1.

(d) (Privacy) For each 𝑗 ∈ {3, 4}, if 𝑖∗
𝑗

is on team ▽, then ▽gets utility 𝐿. Otherwise,

▽gets utility −𝐿/2.

We claim that this game has value (essentially) −𝑐∗, where 𝑐∗ is the actual size of the maximum
cut of 𝐺. To see this, observe first that the mediator must tell all players their true vertices 𝑣𝑖,
lest it risk incurring the large negative utility −𝐿2. Further, any player except the mediator who
sends a message must be on team ▽. This prevents team ▽ from communicating. Thus, the
mediator’s messages force ▽ to play an asymmetric-information identical-interest game, which
is hard.

We now formalize this intuition. First, consider the following strategy for team ▽: The mediator
sends all players their true types, and ▽-players play their types. If any ▽-player sees a message
sent from anyone except the mediator, the ▽-player guesses that that player is on team ▽.

128



Now consider any (pure) strategy profile of team ▽. First, ▽ achieves utility −𝑐∗ by observing
the mediator’s message and playing bits according to a maximum cut. We now show that this is
the best that ▽ can do. Sending messages is, as before, a bad idea. Thus, a pure strategy profile
of ▽ is given by four 𝑓1, 𝑓2, 𝑓3, 𝑓4 : 𝑉 → {0, 1} denoting how player 𝑖 should pick its bits. But
then 𝑓1 = 𝑓2 = 𝑓3 = 𝑓4; otherwise, the agreement of ▽-players would guarantee that ▽ is not
playing optimally for large enough 𝐿.

Now, for any (possibly mixed) strategy profile of team ▽, consider the following strategy profile
for each ▽-player. Let 𝑓 : 𝑉 → {0, 1} be a maximum cut. Pretend to be a ▽-player, and let 𝑣′

𝑖

be the vertex that would be played by that ▽-player. Play 𝑓 (𝑣′
𝑖
).

First, consider any ▽-player strategy profile for which, for some player 𝑖 and some 𝑣𝑖, the
probability that 𝑣′

𝑖
≠ 𝑣𝑖 exceeds 1/𝐿2. Then ▽gets a penalty of roughly 𝐿2 in expectation, but

now setting 𝐿 large enough would force ▽to have utility worse than −1, so that ▽would rather
simply play 𝑣𝑖 with probability 1.

Now, condition on the event that 𝑣𝑖 = 𝑣′𝑖 for all 𝑖 (probability at least 1−Θ(1/𝐿2)). In that case,
the utility of ▽is exactly −𝑐∗, because ▽ is playing according to the maximum cut. Thus, the
utility of ▽is bounded by −(1 − Θ(1/𝐿2))𝑐∗ + Θ(1/𝐿2 · 𝐿) ≤ −𝑐∗/𝑛2 + Θ(𝑛/𝐿) < 𝑐∗ + 1/2
for sufficiently large 𝐿. Thus, solving the hidden-role game to sufficient precision and rounding
the result would give the maximum cut, completing the proof. □

Theorem 5.21. Even in 5-vs-4 hidden-role games, the uncoordinated hidden-role value
problem with public communication is ΣP

2 -hard.

Proof. We reduce from ∃∀3-DNF-SAT, which is ΣP
2 -complete [144]. The ∃∀3-DNF-SAT

problem is the following. Given a 3-DNF formula 𝜙(𝑥, 𝑦) with 𝑘 clauses, where 𝑥 ∈ {0, 1}𝑚
and 𝑦 ∈ {0, 1}𝑛, decide whether ∃𝑥∀𝑦 𝜙(𝑥, 𝑦). Consider the following game. There are 9
players, 5 on team ▽and 4 on team ▽. One designated player, who we will call P0, is ▽and
has no role in the game. (The sole purpose of this player is so that ▽is a majority.) The other
players are randomly assigned teams. These other players are randomly assigned teams. For
the sake of analysis, we number the remaining players P1 through P8 such that P1, P3, P4, P5
are on team ▽and P2, P6, P7, P8 are on team ▽. ▽ knows the entire team assignment, whereas

▽dos not. We will call P3–P8 “regular players”, and P1–P2 “guessers”. The game proceeds as
follows.

1. For each regular ▽-player, chance selects a literal (either 𝑥 𝑗 or ¬𝑥 𝑗 ), uniformly at
random. For each regular ▽-player (P6–8), chance selects a literal (either 𝑦 𝑗 or ¬𝑦 𝑗 ),
also uniformly at random. Each player privately observes the variable (index 𝑗), but not
the sign of that variable.

2. After some communication, the following actions happen simultaneously.

(a) P3–P8 select assignments (0 or 1) to their assigned variables.
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(b) P1 (who observes nothing) guesses a player (among the six players P3–P8) that P1
believes is on team ▽.

(c) P2 (who observes nothing) guesses one literal for each ▽-player (there are 𝐾 :=
(2𝑚)3 such possible guesses.)

3. The following utilities are assigned. (𝐿 is a large number to be picked later, and each
item in the list represents an additive term in the utility function)

(a) (Satisfiability) Chance selects three regular players at random. If the three literals
given to those players form a clause in 𝜙, and that clause is satisfied, ▽gets utility
1.

(b) (Consistency) If chance selected the same variable three times, if the three players
did not give the same assignment, then the team ( ▽if the variable was an 𝑥𝑖 and ▽
if the variable was a 𝑦 𝑗 ) gets utility −𝐿2.

(c) (Privacy for ▽) If P2 guesses the three literals correctly, ▽ gets utility 𝐿3𝐾; other-
wise, ▽ gets utility −𝐿3.5.15

(d) (Privacy for ▽) If P1 guesses a ▽-player, ▽gets utility 𝐿; otherwise, ▽gets utility
−𝐿.

We claim that the value of this game with public communication is at least 1 if and only if 𝜙 is
∃∀-satisfiable. Intuitively, the rest of the proof goes as follows:

1. ▽will not use the public communication channels if 𝜙 is ∃∀-satisfiable. By the Pri-
vacy for ▽ term, ▽-players therefore cannot do so either without revealing themselves
immediately. Thus, ▽will get utility at least 1 if 𝜙 is ∃∀-satisfiable.

2. If 𝜙 is not ∃∀-satisfiable, then consider any ▽-team strategy profile. By the Privacy for ▽

term, team ▽cannot make nontrivial use of the public communication channel without
leaking information to P9. By the Consistency term, P1 through P3 must play the same
assignment, or else incur a large penalty. So, ▽must play essentially an assignment to
the variables in 𝑥, but such an assignment cannot achieve positive utility because there
will exist a 𝑦 that makes 𝜙 unsatisfied.

We now formalize this intuition. Suppose first that 𝜙 is ∃∀-satisfiable, and let 𝑥 be the satisfying
assignment. Suppose that ▽-players never communicate and assign according to 𝑥, and P4
guesses any player that sends a message. Then any ▽-strategy that sends a message is bad
for sufficiently large 𝐿 because it guarantees a correct guess from ▽; any ▽-strategy that is
inconsistent is bad because it will lose utility at least 𝐿; and any ▽-strategy that is consistent
will cause ▽to satisfy at least one clause. Thus ▽guarantees utility at least 1.

Now suppose that 𝜙 is not ∃∀-satisfiable. Consider any strategy profile for ▽. Suppose that the
▽-players play as follows. During the public communication phase, each ▽-player samples a
literal from the set {𝑥1,¬𝑥1, . . . , 𝑥𝑚,¬𝑥𝑚} uniformly at random and pretends to be a ▽-player
given that literal. P8 observes the public transcript, and selects the triplet of literals that
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is conditionally most likely given the transcript. By an identical argument to that used in
Theorem 5.18, ▽then cannot profit from using the communication channel for sufficiently large
𝐿. Therefore we can assume that ▽does not use the communication channels, and therefore by
the argument in the previous paragraph, neither does ▽.

Now, the strategy of each ▽-player 𝑖 can be described by a vector 𝑠𝑖 ∈ [0, 1]𝑚, where 𝑠𝑖 𝑗
is the probability that player 𝑖 assigns 1 to variable 𝑥𝑡 . For sufficiently large 𝐿, we have
𝑠𝑖 ∈ [0, 𝜖] ∪ [1− 𝜖, 1] where 𝜖 = 1/𝐿, because otherwise ▽would incur a penalty proportional
to 𝐿2𝜖 > 𝑘 and would rather just play (for example) the all-zeros profile, which guarantees
value 0. Condition on the event that every player at every variable chooses to play the most-
likely assignment according to the 𝑠𝑖s. This happens with probability at least 1 − Θ(𝑚𝜖).
These assignments must be consistent (i.e., every player must have the same most-likely
assignment), or else the players would once again incur a large penalty proportional to 𝐿2. Call
that assignment 𝑥, and let 𝑦 be such that 𝜙(𝑥, 𝑦) is unsatisfied. Suppose ▽ plays according to
𝑦. Then ▽’s expected utility is bounded above by Θ(𝑚𝜖𝑘): with probability 1 − Θ(𝑚𝜖) it is
bounded above by 0; otherwise it is bounded above by 𝑘 . For 𝜖 < Θ(1/𝑚𝑘) this completes the
proof. □

5.5 Worked Example
This section includes a worked example of value computation to illustrate the differences among
the notions of equilibrium discussed in this chapter and illustrates the utility of having a mediator
for private communication. Consider a 𝑛-player version of matching pennies MP(𝑛) as defined in
Section 5.1.4.

Proposition 5.22. Let MP(𝑛) be the 𝑛-player matching pennies game.

1. The TMECor and TMECom values of PUBLICTEAM(MP(𝑛)) are both 1/2.

2. Without communication or with only public communication, the value of MP(𝑛) is
1/2𝑛−1.

3. With private communication, the value of MP(𝑛) is 1/(𝑛 + 1).

Proof. The first claim, as well as the no-communication value, is known [19].

For the public-communication value, observe that, conditioned on the transcript, the bits chosen
by the players must be mutually independent of each other. Thus, the adversary can do the
following: pretend to be on team ▽, wait for all communication to finish, and then play 0 if the
string of all ones is more conditionally likely than the string of all 1s, and vice-versa5.16.

It thus only remains to prove the third claim.

(Lower bound) The players simulate a mediator using multi-party computation (see Theo-

5.15These utilities are once again selected so that a uniformly random guess gets utility 0.
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rems 5.11 and 5.12). Consider the following strategy for the mediator. Sample a string
𝑏 ∈ {0, 1}𝑛 uniformly at random from the set of 2𝑛 + 2 strings that has at most one mismatched
bit. Recommend to each player 𝑖 that they play 𝑏𝑖.

Consider the perspective of the adversary. The adversary sees only a recommended bit 𝑏𝑖.
Assume WLOG that 𝑏𝑖 = 0. Then there are 𝑛 + 1 possibilities:

1. 𝑏 is all zeros (1 way)

2. All other bits of 𝑏 are 1 (1 way)

3. Exactly one other bit of 𝑏 is 1 (𝑛 − 1 ways).

The adversary wins in the third case automatically (since the team has failed to coordinate),
and, regardless of what the adversary does, it can win only one of the first two cases. Thus the
adversary can win at most 𝑛/(𝑛 + 1) of the time, that is, this strategy achieves value 1/(𝑛 + 1).

(Upper bound) Consider the following adversary strategy. The adversary communicates as it
would do if it were on team ▽. Let 𝑏𝑖 be the bit that the adversary would play if it were on team

▽. The adversary plays 𝑏𝑖 with probability 1/(𝑛 + 1) and 1 − 𝑏𝑖 otherwise. We need only show
that no pure strategy of the medaitor achieves value better than 1/(𝑛 + 1) against this adversary.
A strategy of the mediator is identified by a bitstring 𝑏. If 𝑏 is all zeros or all ones, the team
wins if and only if the adversary plays 𝑏𝑖 (probability 1/(𝑛 + 1)). If 𝑏 has a single mismatched
bit, the team wins if and only if the mismatched bit is the adversary (probability 1/𝑛) and the
adversary flips 𝑏𝑖 (probability 𝑛/(𝑛 + 1)). □

5.6 Properties of Hidden-role Equilibria
In the following, we discuss interesting properties of hidden-role equilibria given the definition we
provided in Section 5.1.1, and that make them fairly unique relative to other notions of equilibrium
in team games.

5.6.1 The Price of Hidden Roles
One interesting question arising from hidden-role games is the price of having them. That is, how
much value does ▽lose because roles are hidden? In this section, we define this quantity and
derive reasonably tight bounds on it.

Definition 5.23. The public-team refinement of an 𝑛-player hidden-role game Γ is the adversarial
team game PUBLICTEAM(Γ) defined by starting with the (uncoordinated) split-personality game,
and adding the condition that all team assignments 𝑡𝑖 are publicly observed by all players.

5.16In general, computing the conditional probabilities could take exponential time, but when defining the notion
of value here, we are assuming that players have unbounded computational resources. This argument not work for
computationally-bounded adversaries. Indeed, if the adversary were computationally bounded, ▽would be able
to use cryptography to build private communication channels and thus implement a mediator, allowing our main
positive result Theorem 5.12 to apply.
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Definition 5.24. For a given hidden-role game Γ in which ▽is guaranteed a nonnegative value
(i.e., 𝑢𝑖 (𝑧) ≥ 0 whenever 𝑖 is on team ▽), the price of hidden roles PoHR(Γ) is the ratio between
the TME value of PUBLICTEAM(Γ) and the hidden-role value of USPLIT(Γ).

For a given class of hidden-role games G, the price of hidden roles PoHR(G) is the supremum of
the price of hidden roles across all games Γ ∈ G.

Theorem 5.25. Let 𝐷 ∈ Δ({ ▽,▽}𝑛) be any distribution of teams assignments. Let G𝑛,𝐷
be the class of all hidden-role games with 𝑛 players and team assignment distribution 𝐷.
Then the price of hidden roles of G𝑛,𝐷 is exactly the largest probability assigned to any
team by 𝐷, that is,

PoHR(G𝑛,𝐷) = max
𝑡∈{ ▽,▽}𝑛

Pr
𝑡′∼𝐷
[𝑡′ = 𝑡] .

The lower bound is achieved even in the presence of private communication.

Proof. Let 𝑡∗ be the team to which 𝐷 assigns the highest probability, and let 𝑝∗ be that
probability. Our goal is to show that the price of hidden roles is 1/𝑝∗.

(Upper bound) Team ▽assumes that the true ▽-team is exactly the team 𝑡∗. Then ▽gets utility
at most a factor of 1/𝑝∗ worse than the TME value of PUBLICTEAM(Γ): if the assumption
is correct, then ▽gets the TME value; if the assumption is incorrect, ▽gets value at least 0
thanks to the condition on ▽’s utilities in Definition 5.24.

(Lower bound) Consider the following game Γ. Nature first selects a team assignment 𝑡 ∼ 𝐷
and each player privately observes its team assignment. Then, all players are simultaneously
asked to announce what they believe the true team assignment is. The ▽-team wins if every

▽-player announces the true team assignment. If ▽wins, ▽gets utility 1; otherwise ▽gets
utility 0.

Clearly, if teams are made public, ▽wins easily. With teams not public, suppose that we add
a mediator to the game so that Theorem 5.10 applies. This cannot decrease ▽’s value. The
mediator’s strategy amounts to selecting what team each player should announce. Mediator
strategies in which different players announce different teams are dominated. The mediator
strategy in which the mediator tells every player to announce team 𝑡 wins if and only if 𝑡 is the
true team, which happens with probability at most 𝑝∗ (if 𝑡 = 𝑡∗). Thus, even the game with a
mediator added has value at most 𝑝∗, completing the proof. □

This implies immediately:

Corollary 5.26. Let G𝑛,𝑘 be the class of all hidden-role games where the number of players
and adversaries are always exactly 𝑛 and 𝑘 respectively. The price of hidden roles in G𝑛,𝑘
is exactly

(𝑛
𝑘

)
.

In particular, when 𝑘 = 1, the price of hidden roles is at worst 𝑛. This is in sharp contrast to the
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Variant 5 Players 6 Players
No special roles (Resistance) 3 / 10 = 0.3000* 1 / 3 ≈ 0.3333*
Merlin 2 / 3 ≈ 0.6667* 3 / 4 = 0.7500*
Merlin + Mordred 731 / 1782 ≈ 0.4102 6543 / 12464 ≈ 0.5250
Merlin + 2 Mordreds 5 / 18 ≈ 0.2778 99 / 340 ≈ 0.2912
Merlin + Mordred + Percival + Morgana 67 / 120 ≈ 0.5583 —

Table 5.2: Exact equilibrium values for 5- and 6-player Avalon. The values
marked * were also manually derived by Christiano [62]; we match their results.

‘—’: too large to solve.

price of communication and price of correlation in ATGs, both of which can be arbitrarily large
even when 𝑛 = 3 and 𝑘 = 1 [19, 56].

5.6.2 Order of Commitment and Duality Gap
In Definition 5.8, when choosing the TME as our solution concept and defining the split-personality
game, we explicitly choose that ▽should pick its strategy before ▽—that is, the team committing
to a strategy is the same one that has incomplete information about the roles. One may ask
whether this choice is necessary or relevant: for example, what happens when the TME problem
(5.1) satisfies the minimax theorem? Perhaps surprisingly, the answer to this question is that,
at least with private communication, the minimax theorem in hidden-role games only holds in

“trivial” cases, in particular, when the hidden-role game is equivalent to its public-role refinement
(Definition 5.23).

Proposition 5.27. Let Γ be any hidden-role game. Define UVal′priv(Γ) identically to
UValpriv(Γ), except that ▽ commits before ▽—that is, in (5.1), the maximization and
minimization are flipped. Then UVal′priv(Γ) is equal to the TME value of PUBLICTEAM(Γ)
with communication—that is, the equilibrium value of the zero-sum game in which teams
are public and intra-team communication is private and unlimited.

Proof. It suffices to show that team ▽can always cause the teams to be revealed publicly if ▽
commits first. Let 𝑠 be a long random string. All members of team ▽broadcast 𝑠 publicly at the
start of the game. Since ▽ commits first, ▽ cannot know or guess 𝑠 if it is sufficiently long; thus,
with exponentially-good probability, this completely reveals the teams publicly. Then, using
the private communication channels, team ▽can play a TMECom of PUBLICTEAM(Γ). □

Therefore, the choice of having ▽commit to a strategy before ▽ is forced upon us: flipping the
order of commitment would ruin the point of hidden-role games.
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5.7 Experimental Evaluation: Avalon
In this section, we apply Theorem 5.11 to instances of the popular hidden-role game The Resis-
tance: Avalon (hereafter simply Avalon). We solve various versions of the game with up to six
players.

A game of Avalon proceeds, generically speaking, as follows. There are 𝑛 players, ⌈𝑛/3⌉ of which
are randomly assigned to team ▽ and the rest to team ▽. Team ▽ is informed. Some special
rules allow players observe further information; for example, Merlin is a ▽-player who observes
the identity of the players on team ▽, except the ▽-player Mordred, and the ▽-player Percival
knows Merlin and Morgana (who is on team ▽), but does not know which is which. The game
proceeds in five rounds. In each round, a leader publicly selects a certain number of people
(defined as a function of the number of players and current round number) to go on a mission.
Players then publicly vote on whether to accept the leader’s choice. If a strict majority vote to
accept, the mission begins; otherwise, leadership goes to the player to the left. If four votes pass
with no mission selected, there is no vote on the fifth mission (it automatically gets accepted).
If a ▽-player is sent on a mission, they have the chance to fail the mission. The goal of ▽is to
have three missions pass. If Merlin is present, ▽ also wins by correctly guessing the identity of
Merlin at the end of the game. Avalon is therefore parameterized by the number of players and
the presence of the extra roles Merlin, Mordred, Percival, and Morgana.

Avalon is far too large to be written in memory: Serrino et al. [269] calculates that 5-player Avalon
has at least 1056 information sets. However, in Avalon with ≤ 6 players, many simplifications
can be made to the zero-sum game given by Theorem 5.11 without changing the equilibrium.
These are detailed in the appendix of the full paper [54], but here we sketch one of them which
has theoretical implications. Without loss of generality, in the zero-sum game in Theorem 5.11,
the mediator completely dictates the choice of missions by telling everyone to propose the same
mission and vote to accept missions, and ▽ can do nothing to stop this. Therefore, team ▽ always
has symmetric information in the game: they know each others’ roles (at least when 𝑛 ≤ 6),
and the mediator’s recommendations to the players may as well be public. Therefore, Avalon is
already natively without loss of generality a game with a coordinated adversary in the sense of
Section 5.3.2, so the seemingly strong assumptions used in Definition 5.6 are in fact appropriate
in Avalon. Even after our simplifications, the games are fairly large, e.g., the largest instance we
solve has 2.2 million infosets and 26 million terminal nodes.

Our results are summarized in Table 5.2. Games were solved using a CPU compute cluster
machine with 64 CPUs and 480 GB RAM, using two algorithms:

1. A parallelized version of PCFR+. PCFR+ was able to find an approximate equilibrium
with exploitability < 10−3 in less than 10 minutes in the largest game instance, and was able
to complete 10,000 iterations in under two hours for each game.

2. An implementation of the simplex algorithm with exact (rational) precision, which was
warmstarted using incrementally higher-precision solutions obtained from configurable
finite-precision floating-point arithmetic implementation of the simplex algorithm, using
an algorithm similar to that of Farina et al. [99]. This method incurred significantly higher
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runtimes (in the order of hours to tens of hours), but had the advantage of computing exact
game values at equilibrium.

Table 5.2 shows exact game values for the instances we solved.

Findings. We solve Avalon exactly in several instances with up to six players. In the simplest
instances (Resistance or only Merlin), Christiano [62] previously computed equilibrium values
by hand. The fact that we match those results is positive evidence of the soundness of both our
equilibrium concepts and our algorithms.

Curiously, as seen in Table 5.2, the game values are not “nice” fractions: this suggests to us that
most of the equilibrium strategies will likely be inscrutable to humans. The simplest equilibrium
not previously noted by Christiano, namely Merlin + 2 Mordreds with 5 players, is scrutable, and
is analyzed in detail in the appendix of the full paper [54].

Also curiously, having Merlin and two Mordreds (i.e., having a Merlin that does not actually know
anything) is not the same as having no Merlin. If it were, we would expect the value of Merlin and
two Mordreds to be 0.3 × 2/3 = 0.2 (due to the 1/3 probability of ▽ randomly guessing Merlin).
But, the value is actually closer to 0.28. The discrepancy is due to the “special player” implicit
correlation discussed in Section 5.1.4.

5.8 Conclusions and Future Research
In this chapter, we have initiated the formal study of hidden-role games from a game-theoretic
perspective. We build on the growing literature on ATGs to define a notion of equilibrium, and
give both positive and negative results surrounding the efficient computation of these equilibria.
In experiments, we completely solve real-world instances of Avalon. As this chapter introduces a
new and interesting class of games, we hope that it will be the basis of many future papers as well.
We leave many interesting questions open.

1. From our results, it is not even clear that hidden-role equilibria and values can be computed
in finite time except as given by Theorem 5.12. Is this possible? For example, is there a
revelation-principle-like characterization for public communication that would allow us to
fix the structure of the communication? We believe this question is particularly important,
as humans playing hidden-role games are often restricted to communicating in public and
cannot reasonably run the cryptographic protocols necessary to build private communication
channels or perform secure MPC.

2. Changing the way in which communication works can have a ripple effect on all the results.
One particular interesting change that we do not investigate is anonymous messaging, in
which players can, publicly or privately, send messages that do not leak their own identity.
How does the possibility of anonymous messaging affect the central results of this chapter?

3. We do not investigate or define hidden-role games where both teams have imperfect infor-
mation about the team assignment. What difference would that make? In particular, is there
a way to define an equilibrium concept in that setting that is “symmetric” in the sense that it
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does not require a seemingly-arbitrary choice of which team ought to commit first to its
strategy?
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Chapter 6

A Framework for Optimal Correlated
Equilibria and Mechanism Design in
Extensive-Form Games

6.1 Introduction
Various equilibrium notions in general-sum extensive-form games are used to describe situations
where the players have access to a trusted third-party mediator, who can communicate with the
players. Depending on the power of the mediator and the form of communication, these notions
include the normal-form [15] and extensive-form correlated equilibrium (NFCE and EFCE) [291],
the normal-form [226] and extensive-form [102] coarse-correlated equilibrium (NFCCE and
EFCCE), the communication equilibrium [109, 228], and the certification equilibrium [110].

Several of these notions, in particular the EFCE and EFCCE, were defined for mainly computa-
tional reasons: the EFCE as a computationally-reasonable relaxation to NFCE, and the EFCCE as
a computationally-reasonable relaxation of EFCE. When the goal is to compute a single correlated
equilibrium, these relaxations are helpful: there are polynomial-time algorithms for computing an
EFCE [153]. However, from the perspective of computing optimal equilibria—that is, equilibria
that maximize the expected value of a given function, such as the social welfare—even these
relaxations fall short: for all of the correlation notions above, computing an optimal equilibrium
of an extensive-form game is NP-hard [102, 291].

On the other hand, notions of equilibrium involving communication in games have arisen. These
differ from the notions of correlation in that the mediator can receive and remember information
from the players, and therefore pass information between players as necessary to back up their
suggestions. Certification equilibria [110] further strengthen communication equilibria by allow-
ing players to prove certain information to the mediator. To our knowledge, the computational
complexity of optimal communication or certification equilibria has never been studied. We do so
in this chapter.
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We make several contributions in this chapter.

Section 6.3: General equilibrium concepts. We define a general class of equilibrium concepts,
parameterized by a communication protocol that governs how the communication between the
mediator and the player should take place, and privacy constraints for the mediator that define,
intuitively, what messages the mediator is not allowed to share with other players. Our class
of equilibrium concepts includes, as special cases, all of the concepts discussed so far except
the normal-form correlated equilibrium (NFCE). Intuitively, our class includes essentially any
concept that can be formulated in terms of a communication device (mediator) that gives local
action recommendations to players.

Section 6.4: Algorithms for optimal direct equilibria. A direct equilibrium is one in which
the players all follow some predetermined strategy, namely, always reporting information honestly
and always obeying action recommendations. We give an algorithm that recovers an optimal
direct equilibrium for any of these equilibrium concepts in polynomial time in the size of the
original game, as long as the mediator has perfect recall.6.1

Critically, we employ a reduced mediator-augmented game that has size polynomial in the size of
the original game, yet captures all meaningful strategic considerations. Our reduced mediator-
augmented game improves upon earlier constructions for communication equilibria in several
critical ways, that together allow it to be of polynomial size:

1. Players who have provably deviated (e.g., by sending messages that cannot possibly be
consistent with truthful play) are assumed to not receive any further recommendations.

2. Only one player is allowed to deviate. That is, once any one player has deviated, other
players are assumed to be direct for the remainder of the game.

Section 6.5: Revelation principle. We state and prove a general version of the revelation
principle for our equilibrium class, which depends on an appropriate generalization of the nested
range condition [134]. Therefore, in particular, under this condition, the algorithm from the
previous section computes an optimal equilibrium.

One consequence of the previous two results is that an optimal communication equilibrium in an
extensive-form game can be computed in polynomial time. To our knowledge, this chapter is the
first to show this result.

Section 6.6: Optimal correlated equilibria. We then take a deep dive into optimal correlated
equilibria as a special case of our framework. We will show that the correlated equilibrium
concepts arise in our framework from considering mediators with imperfect recall, justifying the
complexity gap between optimal EFCE (which is NP-hard) and the polynomial-time notions.
As such, the algorithms from Chapter 4 can be used to develop parameterized algorithms for

6.1Mediator imperfect recall, as we will detail later, is used to represent correlated equilibrium concepts. For such
concepts, our algorithm runs in polynomial time if the mediator’s strategy space has a polynomial representation
(e.g., a polynomial-time separation oracle).
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computing optimal correlated equilibria, with runtimes 𝑂∗((𝑏 + 1)𝑘 ) for NFCCE, 𝑂∗((𝑏 + 𝑑)𝑘 )
for EFCCE, and 𝑂∗((𝑏𝑑)𝑘 ) for EFCE, where 𝑏, 𝑑, 𝑘 are as in Chapter 4 (branching factor, depth,
and information complexity respectively). We also show that these bounds are essentially optimal:
NP-complete problems can be solved by setting 𝑏 = 𝑂 (1) and 𝑘 = 𝑂 (𝑛), and even removing
the dependence on 𝑑 for EFCCE and EFCE would break the exponential time hypothesis (ETH).
We also show that our algorithms run in polynomial time in two-player games of public chance,
matching the previously-known result of Farina and Sandholm [97].

Section 6.7: Other special cases. We discuss several other solution concepts and problems,
including the communication and correlation notions discussed above, Bayes-correlated equilibria
(with application to information design), and automated mechanism design. We show that these
notions are all expressible in our framework, and therefore optimal equilibria in all of these
concepts can be found in polynomial time as long as the mediator has perfect recall. (The
imperfect-recall case, as above, leads to correlated equilibria.)

Section 6.9: Experiments. We empirically test the above claims via experiments on a standard
set of game instances.

6.2 Applications and Related Work
Correlated and communication equilibria have various applications that have been well-documented.
Here, we discuss just a few of them, as motivation.

Bargaining, negotiation, and conflict resolution [58, 101]. Two parties with asymmetric
information wish to arrive at an agreement, say, the price of an item. A mediator, such as a central
third-party marketplace, does not know the players’ information but can communicate with the
players.

Crowdsourcing and ridesharing [118, 204, 305]. A group of players each has individual goals
(e.g., to make money by serving customers at specific locations). The players are coordinated by a
central party (e.g., a ridesharing company) that has more information than any one of the players,
but the players are free to ignore recommendations if they so choose.

Information design in games [57, 119, 167, 208, 296]. The mediator (in that literature, usually
“sender”) has more information than the players (“receivers”), and wishes to tell information to
the receivers so as to persuade them to act in a certain way.

Automated mechanism design [67, 68, 172, 173, 235, 310, 311, 312]. Players have private
information unknown to the mediator. The mediator wishes to commit to a strategy—that is, set a
mechanism—such that players are incentivized to honestly reveal their information.

In fact, in Section 6.7.2 we will see that we recover many of the results in the above papers as
special cases of our main result.
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Some of the above examples are often used to motivate correlated equilibria. However, when
the mediator is a rational agent with the ability to remember information that it is told and pass
the information between players as necessary, we will argue that communication or certification
equilibrium should be the notion of choice, for both conceptual and computational reasons.

6.3 Extensive-Form Communication Games
The central notion of interest in this chapter is a broad class of equilibrium concepts for extensive-
form games which, as we will later show, captures many interesting problems—such as automated
mechanism design, information design, correlated equilibria, communication and certification
equilibria, and so on—as special cases. We will define notions of equilibrium by defining mediator-
augmented games. These games will be created by augmenting the game with a mediator. The
mediator has the power to send messages to and from the players, and may additionally have the
power of forcing players to take certain actions to be taken in response to certain messages.

Formally, we start from a base game Γ, which is a general-sum timeable extensive-form game.
There is a large, finite message space 𝑀 that both the mediator and the players use to communicate.
In particular, we will assume that messages can at least be either empty (⊥), information sets, or
actions—formally, {⊥} ⊔ I ⊔ A ⊆ 𝑀 . When a player reaches one of its infosets, it first selects
a message from 𝑀 and sends that message the mediator. The mediator replies with some other
message, and then the player selects an action. No messages can be sent out-of-turn—that is,
the only player allowed to communicate with the mediator is the one whose turn it is to play6.2.
Players always remember all messages that they have sent and received so far.

The message ⊥ is special: it indicates that a player wishes to immediately exit the communication
protocol. That is, after a player sends ⊥, all future messages between the player and mediator are
forced to be ⊥, and the player may play any action. The message ⊥ exists because we will explore
“coarse” equilibrium notions in which the player must choose whether or not commit to following
the mediator’s recommendations before knowing the recommendation: in such scenarios, sending
the message ⊥ allows a player to choose not to commit (and not to receive the recommendation).

We will use τ = (𝜏1, . . . , 𝜏𝑛) to denote a transcript of messages, where 𝜏𝑖 is the list of messages
exchanged between player 𝑖 and the mediator. That is, a history of the mediator-augmented game
is specified by a pair (ℎ, τ ) where ℎ is the current history (in the original game) and τ is the tuple
of transcripts. For any message 𝑚 ∈ 𝑀 , we will use juxtaposition (𝜏𝑖𝑚) to denote appending 𝑚 to
𝜏𝑖.

6.3.1 Communication Protocols
We will restrict how the agents will communicate in all stages of the communication protocol:
what messages the player can send to the mediator, what messages the mediator can send to the
player, and what actions the player can take in response to receiving certain messages.

6.2This restriction in particular implies that the mediator will always know precisely how many actions each player
has taken so far in the game, and in what order
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Definition 6.1. A communication protocol is a tuple (𝑆, 𝑅,A), where

1. 𝑆 : 𝐼 → 2𝑀 defines what messages the player is allowed to send, as a function of its current
infoset. This allows some messages to be certifiable, a la Forges and Koessler [110]: for
example, if there is only one information set 𝐼 for which 𝑚 ∈ 𝑆(𝐼), then sending 𝑚 confirms
to the mediator that the player’s true infoset is 𝐼. Players are always allowed to honestly
report its information. That is, 𝐼 ∈ 𝑆(𝐼) for all infosets 𝐼. If communication between the
mediator and a player has been terminated (i.e., the player has sent ⊥), the player must
continue to send ⊥ even if ⊥ ∉ 𝑆(𝐼).

2. 𝑅 : 𝑀 → 2𝑀 defines what messages the mediator can send to the player, as a function of
the message it is sent. That is, if the mediator receives message 𝑚, it may only reply with
messages 𝑚′ ∈ 𝑅(𝑚). We will impose two conditions on 𝑅:

a) If a player sends an infoset 𝐼, the mediator can send an action recommendation at 𝐼:
A(𝐼) ⊆ 𝑅(𝐼).

b) The mediator can always respond ⊥: ⊥ ∈ 𝑅(𝑚) for all 𝑚

3. A : 𝐼 × 𝑀 → 2A defines6.3 what actions a player is allowed to take as a function of
its current true information (not the information that it reported) and what message it
receives. If the player receives message 𝑚 at information set 𝐼, it may only take actions in
set A(𝐼, 𝑚) ⊆ A(𝐼). We make two restrictions on 𝐴:

a) Players can follow recommendations: 𝑎 ∈ A(𝐼, 𝑎) for all 𝑎 and 𝐼.

b) Players who get no recommendation can play any move: A(𝐼,⊥) = A(𝐼).

Furthermore, we impose a restriction that any player who could have deviated (i.e., by failing to
send honest information, or failing to follow a recommendation) could also choose to exit the
protocol. Formally, let 𝐼 be an 𝑖-infoset of player 𝑖. If there is some 𝑖-sequence 𝐼′𝑎 ≺ 𝐼 for which
{𝐼′,⊥} ⊉ 𝑆(𝐼′), or 𝑎 ∈ A(𝐼′, 𝑎′) for some action 𝑎′ ∈ A(𝐼′) \ {𝑎}, then we insist that ⊥ ∈ 𝑆(𝐼).
Intuitively, this condition states that no player can be compelled to send a (nonempty) message
proving that it has deviated. We will call this the Miranda condition6.4.

6.3.2 Imperfect Recall
We will sometimes consider cases where the mediator does not have a perfect memory. Formally,
let P ⊆ [𝑛] be a set of players at which messages will be considered private. When the mediator
is deciding what message to send to a player 𝑖, the mediator remembers the transcripts with
other players 𝑗 ≠ 𝑖 only if 𝑗 ∉ P, as well as the entire transcript with the player 𝑖. Intuitively,
the reason we call such messages private is that, by restricting the mediator’s information
partition in this fashion, the mediator is effectively prevented from sharing the information sent

6.3We are overloading the notation 𝐴 in three ways: A (with zero arguments) is the set of all possible actions,A(𝐼)
is the set of actions legal at infoset 𝐼, and A(𝐼, 𝑚) is the subset of actions legal at infoset 𝐼 after being told message
𝑚. Which is meant should be clear from context.

6.4Unlike the right against self-incrimination in criminal law, the mediator very well may infer from a player’s
silence that the player has deviated! We thank Gabriele Farina for suggesting the name Miranda condition.
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by players 𝑖 ∈ P with any other player. In symbols, at a history (ℎ, τ ) where ℎ is an 𝑖-node, the
mediator’s information is then the subvector τ( [𝑛]\P)∪{𝑖}, and any other history (ℎ′, 𝜏𝑖, τ ′−𝑖) with
τ( [𝑛]\P)∪{𝑖} = τ ′([𝑛]\P)∪{𝑖} lies in the same infoset.

6.3.3 Ex-Post Incentive Compatibility
To capture notions surrounding ex-post incentive compatibility from the mechanism design
literature, we introduce a deviator information partition J = J1 ⊔ · · · ⊔ J𝑛, where each J𝑖 is
a refinement of the corresponding player information partition I𝑖. When considering whether a
profile is an equilibrium, we insist that no player 𝑖 would have a profitable deviation, even if it
observed information according to J𝑖. For simplicitly, we will also assume that J𝑖 is perfect recall.
Intuitively, working with two different partitions J𝑖 and I𝑖 allows us to separate the information
partition in which the player must disclose information and act in equilibrium from the information
partition that a possible deviator has. This is precisely the difference between Bayes-incentive
compatibility and ex-post incentive compatibility in the mechanism design literature, a connection
we will make clearer in Section 6.7.2.

Since the deviator information partition is defined over the original game Γ, it does not allow
players to observe the messages exchanged between other players and the mediator—such
messages remain private.

6.3.4 Generalized Communication Equilibria
The above communication protocol and information partition for the mediator, together, define an
(𝑛 + 1)-player mediator-augmented game Γ̂(𝑆, 𝑅,A,P) where the extra player is the mediator6.5.
When 𝑆, 𝑅,A, and P are clear from context, we will omit them and simply write Γ̂ to mean the
mediator-augmented game.

We will consistently use hats to distinguish the mediator-augmented game Γ̂ from the original
game Γ—for example, ℎ̂ and 𝐼 will denote histories and infosets in Γ̂, respectively. We will use
the index 0 for the mediator, so that, for example, Î0 is the information partition of the mediator.
We will write Ĵ𝑖 for the information partition given by extending player 𝑖’s deviator information
partition J𝑖 to the augmented game. Finally, we will use Ξ to denote the set of all sequence-form
mixed strategies for the mediator in Γ̂, and ξ ∈ Ξ to denote a generic mediator strategy,

We are now ready to define the central solution concept of this chapter.

Definition 6.2. An (𝑆, 𝑅,A,P,J)-communication equilibrium is a strategy profile (ξ, x̂) :=
(ξ, x̂1, . . . , x̂𝑛) in Γ̂(𝑆, 𝑅,A,P) such that, for every 𝑖 ∈ [𝑛], player 𝑖’s strategy is a best response
even if its information partition were Ĵ𝑖 instead of Î𝑖.

We have not specified any incentive constraints for the mediator. That is, the mediator is concep-
tualized as having the power to commit to a strategy ξ. Thus, when evaluating whether a profile

6.5The deviator’s information partition J is not part of the definition of the mediator-augmented game, because J
only affects the incentive constraints, not what strategies are feasible.
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(ξ,x) is an equilibrium, the mediator’s strategy ξ should be treated as fixed.6.6

Every strategy profile (ξ, x̂) of Γ̂ induces a distribution over terminal nodes 𝑧 ∈ 𝑍 of the original
game Γ. We will write a sample from this distribution as 𝑧 ∼ (ξ, x̂). If two strategy profiles
induce the same distribution, we call them outcome-equivalent. We will only be concerned with
equilibria up to outcome-equivalence.

In many situations involving communication and correlation in games, it is desirable to have a
direct equilibrium—that is, one in which the strategy of every player is simply “always report
honest information and always follow mediator recommendations”.

We will assume that the rules of Γ and the parameters 𝑆, 𝑅,A,P,J are common knowledge
among all players including the mediator.

Definition 6.3. A strategy profile (ξ, x̂) is direct if:

1. (Mediator directness) If the transcript 𝜏𝑖 of a player 𝑖 is a sequence of player 𝑖, and player
𝑖 sends an infoset 𝐼 with 𝜎(𝐼) = 𝜏𝑖, then the mediator replies with an action 𝑎 ∈ A(𝐼).
Otherwise6.7, the mediator replies ⊥.

2. (Player directness) Players always send their true information 𝐼, and, upon receiving an
action 𝑎 ∈ A(𝐼), always play that action.

The directness constraints on each player specify a unique direct strategy ô𝑖 ∈ X̂𝑖, where X̂𝑖 ⊂ RΣ̂𝑖

is the realization-form strategy space of player 𝑖 in Γ̂red, and Ẑ is the set of terminal nodes in Γ̂red:
namely, we define ô𝑖 to be the pure strategy in which player 𝑖 always reports honest information
and follows recommendations. That is, (ξ, x̂) is direct if and only if x̂ = ô.

We will call any action by a player that violates the second condition above (i.e., any misreporting
of information, or disobedience of action recommendations) a deviation by that player.

6.4 Algorithm for Optimal Direct Equilibria
Given an objective function 𝑢 : Z → R, an optimal (𝑆, 𝑅,A,P,J)-communication equilibrium
is an equilibrium that maximizes the expected objective, E𝑧∼(ξ,x̂) 𝑢(𝑧). In this section, we will
be intersted in the following problem. Given a game, how should one compute an optimal
equilibrium? That is, given a game Γ and the sets 𝑆, 𝑅,A,P,J , is is it always possible to
compute an optimal equilibrium efficiently?

We will start by focusing on the restriction to direct equilibria. By optimal direct equilibrium, we
mean an optimal equilibrium among direct strategies. Such an equilibrium may not be optimal

6.6To emphasize that the mediator’s strategy is fixed, Forges [109] calls the mediator a communication device, with
the language suggesting that it is merely a fixed device used by the players rather than an entity with agency. The two
perspectives are equivalent; here, we will also be interested in computing optimal equilibria, in which case it will
make more sense to think of the mediator as a mechanism designer who can choose and commit to its strategy ξ.

6.7This condition is necessary because, if the mediator does not know what infoset the player is in, the mediator
may not be able to send the player a valid action, because action sets may differ by infoset.
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across all equilibria, as it is possible in general for there to be an equilibrium that is not outcome-
equivalent to any direct equilibrium. In the next section, we will give sufficient conditions on 𝑆
and 𝑅 such that any equilibrium can be converted to a direct equilibrium—if such conditions hold,
then the optimal direct equilibrium computed by the above theorem is also optimal among all
equilibria.

Theorem 6.4 (Algorithm for optimal direct equilibria). For any 𝑆, 𝑅,A,J , and objective
𝑢, an optimal direct (𝑆, 𝑅,A,P,J)-communication equilibrium can be found by solving
a linear program of size6.8 𝑂 ( |Z||Σ | + 𝑀), where 𝑀 is the size of the constraint matrix
describing the mediator’s sequence-form mixed strategy set in Γ̂. In particular, when
P = ∅, we have 𝑀 ≤ 𝑂 ( |Z||Σ |), so this algorithm runs in polynomial time.

Proof. Running computations directly on the mediator-augmented game Γ̂(𝑆, 𝑅,A,∅) is
hard, because the game may have a number of nodes that is exponential in |Z|. To prove
Theorem 6.4, we will therefore first construct a reduced mediator-augmented game Γ̂red that has
size polynomial in |Z|. Then, we will show that an optimal direct communication equilibrium
in Γ̂red can be computed by a linear program of polynomial size. Finally, we will show that every
communication equilibrium of Γ̂red is outcome-equivalent to a communication equilibrium of
Γ̂.

Starting from the full mediator-augmented game Γ̂, to construct the reduced game Γ̂red, we
introduce the following restrictions.

1. A player can never send any message that proves that it has deviated. Formally, if the
current transcript 𝜏𝑖 is a sequence of Γ for player 𝑖, then the player must either send ⊥, or
send an infoset 𝐼 with 𝜎(𝐼) = 𝜏𝑖.6.9

2. When a player sends an infoset 𝐼 to the mediator, the mediator may only send messages
𝑎 ∈ A(𝐼).

3. If some player has already deviated, then all other players always send honest information
and obey action recommendations. (these nodes are replaced by nature nodes in Γ̂red,
with one legal transition)

This construction is more general, and slightly stronger, than usual constructions used in special
cases. For example, in mechanism design, players do not take actions, so directness only means
that players report information honestly. In correlated equilibria, players take actions but do not
send information. Compared to the reduced game implied by the revelation principle of Forges
[109], ours is tighter, in two ways:

1. Players cannot send messages that prove that they have not been direct.

2. We completely ignore the part of the game tree that corresponds to the possibility that
multiple players may deviate.

6.8The size of a linear program is the number of nonzero entries in its constraint matrix.
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Both of these ingredients are critical to the small size of our reduced game. Without either one,
the game would have size that could grow exponentially with |Z|.

The above three conditions are enough for Γ̂red to have |Ẑ | ≤ |Z||Σ | terminal nodes. Indeed, in
every terminal node 𝑧 = (𝑧, τ ) of Γ̂red, there must be at most one 𝑖 for which 𝜏𝑖 ≠ 𝜎𝑖 (𝑧), since
the third condition ensures that at most one player has deviated. Moreover, by the first two
conditions above, 𝜏𝑖 must coincide with some sequence 𝜎𝑖 ∈ Σ𝑖 (where 𝜎𝑖 ≠ 𝜎𝑖 (𝑧)). Therefore,
𝑧 can be uniquely identified by specifying a terminal node 𝑧 ∈ 𝑍 and a deviation sequence
𝜎 ∈ Σ, which is what we needed.

We now show that an optimal direct equilibrium ξ of Γ̂red indeed gives an optimal direct
equilibrium in the full mediator-augmented game Γ̂. We show both directions.

To construct a direct equilibrium in Γ̂ from ξ, we must specify how the mediator acts upon
receiving a message 𝑚 that does not appear in Γ̂red. This is simple: the mediator treats such
messages the same as ⊥. The resulting mediator strategy yields a direct equilibrium in Γ̂,
because the only way for a player to deviate in Γ̂ that does not already exist in Γ̂red is to send
such a message 𝑚. By the Miranda condition, the player can already send ⊥ whenever such a
message 𝑚 exists, so the player gains no advantage from sending 𝑚 compared to sending ⊥.

To see that ξ is optimal among direct equilibria, consider any other direct equilibrium ξ′ in Γ̂.
By construction, the strategy ξ′ is a valid strategy in Γ̂red, except that ξ′ may not always respond
⊥ when a player sends ⊥. Then the restriction of ξ′ to Γ̂red must also be a direct equilibrium in
Γ̂red, because players have only less ability to deviate in Γ̂red than in Γ̂.

We now claim that an optimal direct Γ̂red-communication equilibrium can be computed in
polynomial time. To see this, we first write the following program, which directly encodes the
desired problem.

max
ξ∈𝑋̂0

∑︁
𝑧=(𝑧,τ )∈Ẑ

𝑢(𝑧)𝑝(𝑧) · ξ(𝑧)
∏
𝑖∈[𝑛]

ô𝑖 (𝑧)

s.t. max
ŷ𝑖∈𝑌𝑖

∑︁
𝑧=(𝑧,τ )∈Ẑ

𝑢𝑖 (𝑧)𝑝(𝑧) · ξ(𝑧) (ŷ𝑖 (𝑧) − ô𝑖 (𝑧))
∏
𝑗≠𝑖

ô 𝑗 (𝑧) ≤ 0 ∀𝑖 ∈ [𝑛]
(6.1)

where 𝑌𝑖 is the realization-form representation of player 𝑖’s decision space when player 𝑖 is
deviating, that is, the decision space given by the deviator’s information partition Ĵ𝑖. Since ô𝑖
is a constant in the program, the objective function is linear in ξ and the constraints are bilinear
in ξ and ŷ𝑖. That is, Program (6.1) can be written in the form

max
ξ:F0ξ=f0,ξ≥0

g⊤ξ s.t. max
ŷ𝑖 :F𝑖ŷ𝑖=f𝑖 ,ŷ𝑖≥0

ξ⊤A𝑖ŷ𝑖 ≤ 0 ∀𝑖 ∈ [𝑛] (6.2)

where g and the A𝑖s are appropriately chosen to match (6.1), and 𝑌𝑖 = {ŷ𝑖 ∈ RΣ̂𝑖 : F𝑖ŷ𝑖 =
f𝑖, ŷ𝑖 ≥ 0}.
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Dualizing the inner maximizations, we have the following linear program.

max g⊤ξ

s.t. F⊤𝑖 v𝑖 ≥ A⊤𝑖 ξ, f⊤𝑖 v𝑖 ≤ 0 ∀𝑖 ∈ [𝑛]
F0ξ = f0, ξ ≥ 0

(6.3)

It remains only to count the number of nonzero entries in the constraint matrices.

• For each player 𝑖, the matrix A𝑖 contains (at most) one nonzero entry for every 𝑧 ∈ Ẑ
with ŷ𝑖 (𝑧) − ô𝑖 (𝑧), i.e., every 𝑧 in which player 𝑖 has deviated. Since only one player has
deviated, the total number of nonzeros across all the A𝑖s must therefore be at most |Ẑ |.

• Each player’s constraint matrix F𝑖 contains 𝑂 ( |Σ̂𝑖 |) nonzero entries. We claim that∑
𝑖 |Σ̂𝑖 | ≤ 𝑂 ( |Ẑ |). To see this, note that each player’s sequence set Σ̂𝑖 consists of two

types of sequences: those in which player 𝑖 has not deviated, and those in which player
𝑖 has deviated. We count the types separately. For the former type, there are |Σ𝑖 |. For
the latter type, since only one player deviates, there are at most 𝑂 ( |Ẑ |) total across all
players. Thus, the total number of nonzeros is at most

∑
𝑖 |Σ𝑖 | +𝑂 ( |Ẑ |) ≤ 𝑂 ( |Ẑ |) across

all players.

• The mediator’s constraint matrix F0 has 𝑀 nonzeros, by assumption.

Thus, the total size of the LP is at most 𝑂 ( |Ẑ |) + 𝑀 ≤ 𝑂 ( |Z||Σ | + 𝑀). □

6.4.1 Discussion
When P ≠ ∅, we can use the same argument; however, the mediator will in general have imperfect
recall. Therefore, the constraint matrix F0 representing the mediator’s decision space will in
general have exponential size, unless P = NP [63]. This exponential blowup is unavoidable in
general: indeed, computing an optimal extensive-form correlated equilibrium, which we will later
see is a special case of our framework with P = I, is NP-complete [291].

When J ≠ I, in general, direct equilibria may not exist: indeed, consider a simple one-player
game in which nature flips a coin and the player then guesses the coin without observing it. If the
player does not observe the coin in I but does observe the coin in J , then the mediator cannot
recommend the player to guess correctly, but a deviating player can guess correctly, so there will
always be a profitable deviation. In such a case, if there is a direct equilibrium, then solving (6.3)
will produce an optimal direct equilibrium; otherwise, (6.3) will be infeasible. A simple additional
condition guarantees the existence of (direct) equilibria. Whenever a player 𝑖 has a nontrivial
decision to make, we will insist that it does not know in J𝑖 than it would know in I𝑖. That is, for
all 𝐼 ∈ I𝑖, if |A(𝐼) | > 1, then 𝐼 ∈ J𝑖. If J satisfies this condition, we will say that it is simple.
If J is simple, then in particular all Nash equilibria are direct (𝑆, 𝑅,A,P,J )-communication
equilibria (for any 𝑆, 𝑅,A, and P).6.10

6.9The Miranda condition ensures that the player will still always have at least one legal message to send.
6.10The condition |A(𝐼) | > 1—or, indeed, the mere concept that what happens at trivial information sets could be
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6.5 The Revelation Principle
Theorem 6.4 recovers an optimal direct equilibrium. However, in the general case, there may be
indirect equilibria that are better (with respect to the objective 𝑢) than the best direct equilibrium.
In this section, we state and prove a revelation principle for our setting, that will allow us to
ensure that, under reasonable conditions, the optimal direct equilibrium recovered by solving
Program (6.3) in fact cannot be improved upon by an indirect equilibrium.

To do this, we introduce a condition on the communication protocols 𝑆 and 𝑅. The condition we
will need is a generalization of the nested range condition (NRC) [134]. Intuitively, the nested
range condition states that the honest message 𝐼 is the most informative message that a player
could possibly send about its information. We will need the analogue of this condition for action
recommendations as well. Informally, that analogue states that the direct action recommendation
𝑎 is the most restricting message that the mediator could send that still allows the player to play 𝑎.

Definition 6.5 (Nested Range Condition for Generalized Communication Equilibria). A commu-
nication protocol (𝑆, 𝑅,A) satisfies the nested range condition if:

1. (NRC for 𝑆) Whenever a player at infoset 𝐼 can lie about its information by sending 𝐼′ ≠ 𝐼, it
can also lie at 𝐼 by sending any message that it could have sent at 𝐼′. Formally, if 𝐼′ ∈ 𝑆(𝐼)
and 𝑚 ∈ 𝑆(𝐼) then 𝑚 ∈ 𝑆(𝐼′).

2. (NRC for 𝐴) Whenever a player at infoset 𝐼 who receives a direct recommendation to play
action 𝑎 ∈ A(𝐼′) (possibly 𝐼′ ≠ 𝐼!) may instead play an action 𝑎′ ∈ A(𝐼), any other
message 𝑚 ∈ 𝑅(𝐼′) that would allow a direct player to play 𝑎 in 𝐼′ must also allow the
player to play 𝑎′ in 𝐼. Formally, if 𝑎′ ∈ A(𝐼, 𝑎), 𝑚 ∈ 𝑅(𝐼), and 𝑎 ∈ A(𝐼′, 𝑚), then
𝑎′ ∈ A(𝐼, 𝑚).

The nested range condition can be visualized by viewing the communication protocol (𝑆, 𝑅,A)
as a graph. Let 𝐺 (𝑆) be the directed graph whose node set is 𝑀 , and for which there is an edge
𝐼 → 𝑚 if 𝑚 ∈ 𝑆(𝐼). Similarly, let 𝐺 (𝑅,A) be the directed graph whose node set is 𝑀 and for
which there is an edge 𝑚 → 𝑎 if 𝑎 ∈ A(𝐼, 𝑚). Then, the nested range condition states that:

1. 𝐺 (𝑆) is transitive, in the sense that for every path 𝐼 → 𝐼′ → 𝑚 in 𝐺 (𝑆) there is an edge
𝐼 → 𝑚, and

2. 𝐺 (𝑅,A) is almost transitive, in the sense that for every path 𝑚 → 𝑎 → 𝑎′ in 𝐺 (𝑅,A)
where 𝑚 ∈ 𝑅(𝐼′) and 𝑎 ∈ A(𝐼′), there is an edge 𝑚 → 𝑎′.

This is visualized in Figure 6.1. The condition required for 𝑅 and 𝐴 to satisfy NRC is in some
sense global rather than local: we require it to hold even when 𝑎 and 𝑎′ are actions at different
infosets, so long as 𝑚 ∈ 𝑅(𝐼′). This is because, for the revelation principle to hold, the mediator
must always be able to send an action recommendation 𝑎 to a player in lieu of any other message
𝑚, without fear that sending 𝑎 would give the player more leeway to play a different action than

relevant—may seem strange. However, in our framework, “trivial” information sets have an effect: they induce a
round of communication with the mediator. Thus, if |A(𝐼) | > 1 and 𝐼 ∉ J𝑖 , that means that player 𝑖 at infoset 𝐼
could, at nodes ℎ ∈ 𝐼 condition its message to the mediator on the information set 𝐽 ∈ J𝐼 containing ℎ, which is a
strict subset of 𝐼.
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𝐼 𝐽

𝑚

𝑅(𝐽) ∋ 𝑚

𝑎 𝑎′

A(𝐽)

∈

Figure 6.1: A visualization of the nested range condition as transitivity of the
graphs 𝐺 (𝑆) (left) and 𝐺 (𝑅, 𝐴) (right). In both diagrams, if the solid edges exist,
then NRC states that the dashed edge must exist as well. The self-loops always exist
because the conditions in Section 6.3.1 demand that players always be allowed to
report honestly and obey recommendations. In the diagram on the right, 𝑎′ need
not be in A(𝐽).

sending 𝑚 would—even if the player reported false information and therefore the action 𝑎 is at
the completely wrong information set!

We now state the main result of this section.

Theorem 6.6 (Revelation principle). Let (𝑆, 𝑅,A) be a communication protocol satisfying
NRC. Then, for every P, every (𝑆, 𝑅,A,P,J)-communication equilibrium is outcome-
equivalent to a direct (𝑆, 𝑅,A,P,J)-communication equilibrium.

The above result is a generalization of the revelation principles commonly seen in the various
special cases that we will later discuss, and the proof follows the usual structure of revelation
principle proofs.

We dedicate the rest of this section to proving Theorem 6.6. For this proof, we will use the
notation 𝑎 = 𝑥(𝑆) to denote the action taken by pure strategy 𝑥 given information 𝑆. If 𝑥 is a
mixed strategy, the player replaces 𝑥 with a sampled pure strategy from from the mixed strategy
at the beginning of the game. If 𝑥 does not specify an action at 𝑆, x(𝑆) is set arbitrarily.

Given an equilibrium (ξ, x̂) in Γ̂, we first define translators for each player 𝑖, that work as
follows. The translator operates as an intermediary between player 𝑖 and the mediator. It maintains
separate transcripts with the mediator (𝜏𝑖) and the player (𝜋𝑖). When 𝑖 sends an infoset 𝐼 to the
translator, the translator samples a message 𝑠 = 𝑥𝑖 [𝜏𝑖, 𝐼]. That is, the translator assumes that the
player reported honestly, and samples the message 𝑠 that the player would have sent if playing
according to x̂𝑖. If the player sends a message that is not an infoset, the translator sets 𝑠 = ⊥.
The message 𝑠 is sent to the mediator. When the mediator sends a message 𝑟 to the translator,
the translator computes 𝑎 = 𝑥𝑖 [𝜏𝑖𝑠𝑟, 𝐼], and sends 𝑎 to the player as an action recommendation,
unless 𝜎𝑖 (𝐼′) ≠ 𝜋𝑖, in which case the translator sets 𝑎 = ⊥ instead. The translator then updates
the transcripts, by setting 𝜏𝑖 ← 𝜏𝑖𝑠𝑟 and 𝜋𝑖 ← 𝜋𝑖 𝐼

′𝑎. A visualization of the translator is given in
Figure 6.2. The key to the proof is showing that both the mediator and player 𝑖 can implement
player 𝑖’s translator.
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Player 𝑖
ŷ𝑖

Translator
x̂𝑖

Mediator
ξ

𝐽
𝑠 = 𝑥𝑖 [𝜏𝑖, 𝐽] if 𝐽 ∈ I𝑖
⊥ otherwise

𝑟
𝑎 = 𝑥𝑖 [𝜏𝑖𝑠𝑟, 𝐽] if 𝜎𝑖 (𝐽) = 𝜋𝑖

⊥ otherwise

ξ′
ŷ′
𝑖

𝜋𝑖
𝜏𝑖

Figure 6.2: A visualization of the translator used in the proof of the revelation
principle. The message 𝐽 reported by the (indirect) player ŷ𝑖 may not be its true
information (indeed, it may not be an infoset at all). In the direct equilibrium
ξ′, the mediator takes the role of the translator, becoming the entire shaded box.
If player 𝑖 has a profitable deviation ŷ𝑖 against ξ′, giving the player the role of
the translator (dashed box) yields a profitable deviation ŷ′

𝑖
against the original

mediator.

First, let us give the mediator the role of implementing the translator, thereby creating another
mediator strategy ξ′. The construction of the mediator information structure via P ensures that
ξ′ is able to compute 𝜏𝑖 and τ̃−𝑖 from its current memory (𝜋𝑖, π̃−𝑖). Therefore, the mediator can
still compute the messages ξ(𝜏𝑖, τ̃−𝑖) that it should send to to the players. Thus, ξ′ is indeed a
valid mediator strategy, and (ξ′, ô), where ô is any6.11 direct strategy profile of the players, is
outcome-equivalent to (ξ, x̂).

It remains only to show that (ξ′, ô) is an equilibrium. To see this, suppose for contradiction
that some player 𝑖 had a profitable deviation ŷ𝑖 ∈ 𝑌𝑖 against (ξ′, ô−𝑖). We will construct a
profitable deviation ŷ′

𝑖
for player 𝑖 against the original equilibrium (ξ, x̂), by allowing the player

to implement its own translator. To verify that this is possible, we need to check the following.

1. If ŷ𝑖 specifies sending false information 𝐼′ ≠ 𝐼 at infoset 𝐼, then the translator would send
𝑠 = x𝑖 (𝜏𝑖, 𝐼′). The nested range condition on 𝑆 is sufficient for this to be legal for ŷ′

𝑖
: we

have 𝐼′ ∈ 𝑆(𝐼) and 𝑠 ∈ 𝑆𝐼′ , and NRC guarantees that 𝑠 ∈ 𝑆(𝐼). If ŷ𝑖 specifies sending a
message 𝑚 at 𝐼 that is not an infoset, then the translator would send 𝑠 = ⊥. This is legal for
ŷ′
𝑖

because of the Miranda condition.

2. If ŷ𝑖 at an infoset 𝐼 specifies playing an action 𝑎′ when it receives action recommendation
𝑎 after sending (possibly false) information 𝐼′, then 𝑎′ must be a legal action to play after
any message 𝑟 ∈ 𝑅(𝐼′) from which the translator can output 𝑎 = x̂𝑖 (𝜏𝑖, 𝐼′). The nested
range condition on 𝑅 is sufficient for this to be legal for ŷ′

𝑖
: we have 𝑎 ∈ A(𝐼′, 𝑟) and

𝑎′ ∈ A(𝐼, 𝑎), and NRC guarantees 𝑎′ ∈ A(𝐼, 𝑟).

Therefore, ŷ′
𝑖

achieves the same outcome distribution against (ξ, x̂−𝑖) that ŷ𝑖 achieves against
(ξ′, ô−𝑖), so in particular x̂′′

𝑖
is a profitable deviation against the equilibrium (ξ′, ô). This is a

6.11Since we are working with the non-reduced game for the moment, there is technically not a unique direct strategy
for any given player, since the directness constraints do not specify how the player should act upon receiving a
recommendation that is not an action. However, for this proof, that is a meaningless distinction, since ξ′ never sends
messages that are not actions.
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contradiction, so the proof is complete.

Theorems 6.4 and 6.6 together give the following immediate corollary:

Corollary 6.7. If (𝑆, 𝑅,A) satisfies NRC and J is simple, then an optimal (𝑆, 𝑅,A,∅,J)-
communication equilibrium can be computed by solving a linear program of size𝑂 ( |Z||Σ |).

6.6 Optimal Correlated Equilibria
We now take a deep dive into notions of correlated equilibrium, through the lens of the com-
munication game framework that we have introduced. The problem of computing one EFCE
(and, therefore, one NFCCE/EFCCE) can be solved in polynomial time in the size of the game
tree [153] via a variation of the ellipsoid against hope algorithm [159, 237]. Moreover, there
exist decentralized no-regret learning dynamics guaranteeing that the empirical frequency of play
after 𝑇 rounds is an 𝑂 (1/

√
𝑇)-approximate EFCE with high probability, and an EFCE almost

surely in the limit [106]. Using regret minimizers to play large multi-player games has already
led to superhuman practical performance in multi-player poker [39]. However, the problem of
computing an optimal correlated equilibrium is NP-complete [291], and it is this latter problem
that is of interest to us in this section.

Contributions and structure. This section makes a number of contributions related to the
computation of optimal (i.e., one that maximizes a given linear objective function, such as social
welfare or any weighted sum of expected player utilities) NFCCE, EFCCE, and EFCE in general
multi-player general-sum extensive-form games.

In particular, we show how our techniques for team games from Chapter 4 can be used to give
new parameterized algorithms for computing optimal correlated equilibria. Specifically, we give
bounds on the size of the public states of mediator-augmented games for each of the solution
concepts as a function of the depth 𝑑, the maximum branching factor 𝑏, and a suitably-defined
information-complexity 𝑘 of the input game that is independent of the solution concept. However,
our overall complexity bounds are different depending on the solution concept: the bound for
NFCCE in particular does not depend exponentially on the depth of the game, whereas the bounds
for EFCCE and EFCE do. We show that this difference is inherent, therefore contributing new
complexity-theoretic separations between the solution concepts.

• We show that an optimal EFCE in an extensive-form game can be computed by solving a
linear program of size 𝑂∗((𝑏𝑑)𝑘 ), where the notation 𝑂∗ suppresses factors polynomial
in the size of the game (Theorem 6.15). For optimal EFCCE and optimal NFCCE, we
establish bounds of 𝑂∗((𝑏 + 𝑑 − 1)𝑘 ) and 𝑂∗((𝑏 + 1)𝑘 ), respectively.

• In games with public player actions, we show that the bounds for NFCCE and EFCCE can
be further improved to 𝑂∗(3𝑘 ) and 𝑂∗(𝑑𝑘 ), respectively (Theorem 6.17). We show that the
bound for EFCE cannot be improved in this manner.
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Figure 6.3: Comparison of different notions of correlation in extensive-form
games.
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Figure 6.4: An example game, between two players ▲ (P1) and ▼ (P2). The root
node is a chance node, at which chance moves uniformly at random. Dotted lines
connect nodes in the same information set. Bold lowercase letters are the names of
nodes. We will refer to infosets by naming all the nodes within them; for example,
b and de are infosets. At terminal nodes, the utility of ▲ is listed below the name
of the node. ▼ has utility zero at every terminal node, and in this game the only
role of ▼ is to incentivize ▲ to act in a certain way.

• In two-player games with public chance actions, our algorithm runs in polynomial time
(Theorem 6.19) for all three solution concepts. The problem in this setting had already
been shown to be solvable in polynomial time using a different technique by Farina and
Sandholm [97]; we match their results and discuss the relationship between our algorithm
and theirs in Section 6.6.5.1.

• We show that the gap between the NFCCE bound and the EFCCE and EFCE bounds is
fundamental. Matching the bound for NFCCE—in particular, removing the dependence on
𝑑—is impossible for EFCCE and EFCE under standard complexity assumptions, demon-
strating a fundamental complexity-theoretic gap for coarse correlation between normal and
extensive form (Theorem 6.23).
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6.6.1 Example of Solution Concepts
In this section, we give an example that illustrates the difference between NFCCE, EFCCE, and
EFCE. Consider the extensive-form game in Figure 6.4. The game has two players (𝑛 = 2), whose
nodes are pictorially marked with ▲ for Player 1 and ▼ for Player 2 respectively, and 19 nodes
(denoted a through s), of which nine (a through i) are nonterminal. The root node is a chance
node, at which the chance player moves uniformly at random. Player 1 (▲) observes the outcome
of the chance node, and can pick between a left or a right action. Player 2 (▼) however does not
observe the outcome of the chance node; rather, the player only observes the choice of Player
1. This imperfect knowledge of the state is encoded by the information partition I2 of Player 2,
which contains the two information sets {{d, e}, {f, g}}, denoted in the figure with dotted lines
connecting the nodes in the same information set. If the game hits state d, then Player 1 (▲) gets
to play a second move. However, Player 1 will not observe the action chosen by Player 2 at d; this
is captured again by the information set {h, i}. Nodes b and c do not bear any uncertainty, and are
therefore singleton elements in their corresponding information sets. In summary, the information
partitions of the players are I1 = {{b}, {c}, {h, i}} and I2 = {{d, e}, {f, g}}. At terminal nodes,
the payoffs for ▲, ▼ are listed below the node. ▼ has utility zero at every terminal node.

This game represents a signalling game between two players, ▲ and ▼. ▼ has no rewards and will
therefore never have incentives to deviate from recommendations. ▲ scores a point if ▼ plays the
same action as chance played at the root, but chance’s action is only privately revealed to ▲, so
▼ relies on ▲ to signal the chance action through ▲’s own action. ▲ also has the opportunity to
receive a bonus point for guessing ▼’s action in case d is reached.

We will refer to the pure profiles in this game using the notation bcdfh , where the letters
indicate which actions were played at the respective infosets containing those nodes. For example,
LRLRL means that ▲ plays left at b, right at c, and left at infoset hi; while ▼ plays left at de

and right at fg—in particular, ▲ copies chance, and ▼ copies ▲. If ▲ plays right at b, we leave ▲’s
action at hi unspecified since it is irrelevant; for example, RLRL is a valid pure strategy.

We make the following observations about our example game.

• The correlated profile 𝜇1 := 1
2 LRLRR + 1

2 RLRL is an NFCCE: ▲ is getting utility
1, which is larger than any utility it can get by unilaterally deviating without seeing
any recommendations: since ▼’s marginal strategy is uniform random, a best unilateral
deviation for ▲ is to always play left, securing expected utility 3/4. However, 𝜇1 is not
an EFCCE, because ▲ can profitably deviate at trigger hi by playing left instead of right.
This deviation cannot be expressed as an NFCCE deviation, because it requires ▲ to follow
recommendations at b and c.

• The correlated profile 𝜇2 := 1
2 LRLRL + 1

2 RRRR is an EFCCE. ▲ still gets total expected
utility 1. ▲ is already getting the optimal utility at c and hi; and at b, ▲ is currently
getting a conditional utility of 1, and she cannot improve upon this without seeing the
recommendation at b. However, 𝜇2 is not an EFCE, because ▲ can profitably deviate
upon being recommended to play right at b by instead playing left at b and right at hi.
This deviation cannot be expressed as an EFCCE deviation, because, in the deviation, ▲

153



conditions her action at infoset hi on the recommendation that she received at b.

• The pure profile LRLRL is an EFCE (in fact, being uncorrelated, it is a Nash equilibrium).

6.6.2 Mediator-Augmented Games for Correlated Equilibria
Notions of correlation in extensive-form games are recovered from our mediator-augmented
framework by forcing all information to be private, and forcing players to disclose information.
That is, P = [𝑛]. We then create different notions of correlated equilibrium by varying the
communication protocol (𝑆, 𝑅,A).

1. To recover extensive-form correlated equilibrium (EFCE) [291], set 𝑆(𝐼) = {𝐼,⊥} and
A(𝐼, 𝑚) = A(𝐼) for all 𝑚. That is, the player is allowed to play any action.

2. To recover extensive-form coarse correlated equilibrium (EFCCE) [102], set6.12 𝑆(𝐼) =
{𝐼,⊥} and A(𝐼, 𝑎) = {𝑎} for all 𝑎 ∈ A(𝐼). That is, players are forced to obey any
recommendation they see, but may still choose not to see a recommendation.

3. To recover normal-form coarse correlated equilibrium (NFCCE) [226], add 𝑛 dummy nodes
𝑑1, . . . , 𝑑𝑛 to the top of the game tree. Node 𝑑𝑖 belongs to player 𝑖, and has a single legal
action that leads to node 𝑑𝑖+1. Node 𝑑1 is the root of the modified game tree, and 𝑑𝑛+1 is
the root of the original game tree. These nodes serve the purpose of forcing a round of
communication with the mediator before the game begins. Now set 𝑆({𝑑𝑖}) = {{𝑑𝑖},⊥} for
every player 𝑖, 𝑆(𝐼) = {𝐼} for all other infosets 𝐼 ≻ 𝑑𝑛, andA(𝐼, 𝑎) = {𝑎} for all 𝑎 ∈ A(𝐼)
and all 𝐼. That is, players are only allowed to decide whether to follow the mediator at the
root of the game (send {𝑑𝑖}), or completely play on their own (send ⊥).

The choice to use mixed strategies rather than behavioral strategies as the set of valid strategies
for the mediator is what allows our notion to recover correlated equilibria instead of merely Nash
equilibria.

Unlike all the other special cases we will discuss, correlated equilibria involve an imperfect-recall
mediator—that is, P ≠ ∅. As mentioned before, this is unsurprising, because optimal correlated
equilibria are hard to compute. In this light, our results could be interpreted as reducing the
problem of computing optimal correlated equilibria to the problem of representing the strategy
space of an imperfect-recall player (the mediator).

Our methods do not encompass stronger notions of correlated equilibrium such as the autonomous
correlated equilibrium (ACE) [109, 291] or normal-form correlated equilibrium (NFCE) [15].
This is because the revelation principle in those settings would require the mediator to recommend
to the player an action at every infoset that the player could possibly have reached, breaking the
“local” nature of our reduced game and revelation principle. Indeed, the computational complexity
of computing even one equilibrium in an extensive-form game remains an open problem for both
ACE and NFCE.

6.12Here, we do not need to specify what 𝑅𝐼 (𝑚) is for 𝑚 ∉ A(𝐼): this is pointless, because the revelation principle
(Theorem 6.6) holds and players cannot lie, so without loss of generality the mediator’s recommendations can be
assumed to always be actual actions 𝑎 ∈ A(𝐼)
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Figure 6.5: Augmented games Γ𝑐 for NFCCE (top) and EFCCE (bottom), where
Γ is the example game in Figure 6.4. The obedient strategies o1,o2 are given
by the thick colored lines below ▲ and ▼’s decision points. Red circles denote
decision points of the mediator. Augmented histories are labeled as ℎ𝜏, where ℎ is
the true node and 𝜏 is the transcript of the deviating player. If no superscript is
present, there is no deviating player. For cleanliness, 𝜏 is abbreviated in all three
diagrams. For NFCCE, 𝜏 is the player 𝑖 who deviated—for example, p2 means
terminal node p was reached, but ▼ deviated. For EFCCE, 𝜏 is the node at which
the player deviated—for example, pd means terminal node p was reached, but ▼
deviated at node d.
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nature acts
at the root

mediator picks
a rec for ▲

▲ observes rec
and takes action

mediator picks
a rec for ▼

▼ observes rec
and takes action

(can only deviate if
▲ has not deviated)

if ▲ has not deviated,
mediator picks
a rec for ▲

▲ observes rec
and takes action

(can only deviate if
▼ has not deviated)

p qh ph q rd sd pd qd r si ri s pb qb rb sb

j ke je k jc kc lb mb l mf lf m nc oc n og ng o

Figure 6.6: Augmented game Γ𝑐 for EFCE, where Γ is the example game in
Figure 6.4. Notation is as in Figure 6.5. The trigger 𝜏 is the node at which the
player deviated, followed by the recommendation ( or ) given to the player at that
node—for example, qh means terminal node q was reached but ▲ deviated after
being recommended to play at h.

For this section only, it will be important to distinguish the different augmented games. Therefore,
instead of using hats, we will use the notation Γ𝑐 , where 𝑐 ∈ {NFCCE,EFCCE,EFCE}, to
denote the augmented game for solution concept 𝑐. Similarly, superscripts 𝑐 will denote generic
components, strategies, Pwithin that augmented game, e.g., x𝑐

𝑖
is a strategy for player 𝑖.

For concreteness, Figures 6.5 and 6.6 depicts the augmented games derived from the example of
Figure 6.4 for the three solution concepts of interest.

6.6.3 Comparison to Relevant Sequence-Based Construction of Ξ
Our construction via the mediator-augmented game uses a vector ξ ∈ Ξ𝑐 to represent a correlated
profile. It is instructive to compare this representation to other representations of correlated
profiles, in particular, the correlation plan defined and used by von Stengel and Forges [291]. In
this section, we will review the notion of correlation plan defined by that paper, and compare it to
our construction.

Definition 6.8. A sequence tuple (𝐼1𝑎1, . . . , 𝐼𝑛𝑎𝑛) ∈ Σ1 × · · · × Σ𝑛 is relevant if there is a history
ℎ in Γ such that either 𝜎𝑖 (ℎ) = 𝐼𝑖𝑎𝑖 for every player 𝑖, or there is a player 𝑗—the deviator—such
that 𝜎𝑖 (ℎ) = 𝐼𝑖𝑎𝑖 for all 𝑖 ≠ 𝑗 and 𝐼 𝑗 ⪯ ℎ.

This definition was first proposed by von Stengel and Forges [291] in the two-player case; here,
we generalize it to arbitrarily many players. Intuitively, the relevant tuples are those that appear in
the linear program defining any of the three notions.

Definition 6.9 ([291]). For a correlated profile 𝜇 ∈ Δ(𝑋1 × · · · × 𝑋𝑛), the correlation plan is
the vector ξ ∈ RΣ defined by ξ(𝜎1, . . . , 𝜎𝑛) = Ex∼𝜇

∏
𝑖∈[𝑛] x𝑖 (𝜎𝑖). We denote by Ξ the set of all
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correlation plans.

von Stengel and Forges [291] go on to show that correlation plans are a sufficient representation
for computing (optimal) EFCE, in the sense that, if one could efficiently represent the set of
all correlation plans, then one can compute optimal EFCE efficiently. Farina et al. [101, 102]
generalizes this observation to NFCCE and EFCCE as well. Our linear program (6.3) achieves the
same claim: if Ξ𝑐 is efficiently representable then optimal equilibria in notion 𝑐 can be computed
efficiently. One may wonder, therefore, about the relationship between the two.

It turns out that each of our Ξ𝑐 polytopes is in some sense merely a sub-vector of Ξ with the
indices renamed. That is, there is a natural injectiion from sequences of the mediator in Γ𝑐 to
relevant tuples (𝜎1, . . . , 𝜎𝑛) ∈ Σ. A mediator sequence in Γ𝑐 corresponds to some history ℎ𝜏. If
𝜏 = ⊥ then ℎ𝜏 corresponds to (𝜎1(ℎ), . . . , 𝜎𝑛 (ℎ)), that is, ξ(ℎ𝜏) = ξ(𝜎1(ℎ), . . . , 𝜎𝑛 (ℎ)); if 𝜏 is
a nonempty trigger (say, P1 WLOG), then ℎ𝜏 corresponds to (𝜎1(𝜏), 𝜎2(ℎ), . . . , 𝜎𝑛 (ℎ)), where
𝜎1(𝜏) is the last sequence of player 𝑖 before 𝜏. By construction of Γ𝑐, this must be a relevant
tuple.

In some sense, Ξ𝑐 is therefore a refined notion of correlation plan that is specific to the equilibrium
concept 𝑐, only requiring the sequence tuples that are relevant for that concept. In the next
section, we will show that, in fact, the differences between the various Ξ𝑐s result in separations
in the complexity of representing each polytope, and therefore separations in the complexity of
computing optimal equilibria.

6.6.4 Representing Imperfect-Recall Decision Spaces
The key barrier to computing optimal equilibria, in a sense, is that the mediator in the augmented
game has imperfect recall. We will now describe a methods of overcoming this imperfect recall
and thus of arriving at algorithms for computing optimal equilibria, by applying the TB-DAG
from Chapter 4.

Definition 6.10. A set 𝐵 ⊆ H is a (reachable) belief of player 𝑖 if

1. 𝐵 contains at least one decision point for player 𝑖, that is, 𝐵 ∩H𝑖 ≠ ∅

2. there exists a pure strategy x𝑖 for player 𝑖 such that 𝐵 is a connected component of G𝑖 [{ℎ ∈
H : 𝑥𝑖 [ℎ] = 1}] where G𝑖 [·] denotes an induced connected component of G𝑖.

We will use B𝑖 to denote the set of (reachable) beliefs of player 𝑖.

Intuitively, beliefs represent sets of nodes that an imperfect-recall player will always be able to
distinguish in the future: that is, if 𝐵 is a belief corresponding to pure strategy x𝑖, then, upon
reaching the belief 𝐵, player 𝑖 knows that it has reached belief 𝐵, and player 𝑖 knows that it will
never forget having reached 𝐵. We first show the following useful lemma about the TB-DAG
from Chapter 4:
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Algorithm 6.7 (CorrelationDAG): Optimal Correlated Equilibria via Correlation DAG

1: input: extensive-form game Γ, desired solution concept 𝑐, objective 𝑔 : Z → R
2: construct the augmented game Γ𝑐

3: compute a polytope representation of the mediator’s strategy space, Ξ𝑐, using Proposition 6.11
4: solve the LP (6.3)
5: return ξ

Proposition 6.11. There exists a representation of player 𝑖’s decision space as DAG
decision problem with 𝑂∗(𝑅𝑖) entries, where

𝑅𝑖 :=
∑︁
𝐵∈B𝑖

∏
𝐼∈I𝑖 :
𝐼∩𝐵≠∅

|A(𝐼) | (6.4)

Proof. 𝑅𝑖 counts, up to a constant factor, the number of nodes in 𝑖’s TB-DAG. To see that the
number of edges is 𝑂∗(𝑅𝑖), notice that each observation point 𝐵a has exactly one incoming
edge and at most |𝐵a| outgoing edges. □

We use the above result to construct a representation of the mediator’s decision space, Ξ𝑐, in the
augmented game Γ𝑐. We call the representation of Ξ𝑐 using Proposition 6.11 the correlation DAG
for notion 𝑐. Proposition 6.11 immediately gives an algorithm for solving the program (6.3). This
algorithm is given in Algorithm 6.7 (CorrelationDAG).

6.6.4.1 Analyzing the Size of the Representation

To analyze the complexity of CorrelationDAG, it suffices to bound the quantity in (6.4). Nota-
tionally, we will use 𝑅𝑐0 to denote the quantity 𝑅0 in (6.4) in the augmented game Γ𝑐. We first
introduce some useful definitions.

Definition 6.12. A public state is a connected component of 𝐺 = 𝐺 [𝑛] .

Definition 6.13. Given a node ℎ and a player 𝑖, the last infoset 𝐼𝑖 (ℎ) is the lowest (i.e., most
recent) infoset reached by player 𝑖 on the path to ℎ.

Definition 6.14. The information complexity 𝑘 of an extensive-form game is the greatest number
of unique last infosets in any public state. In symbols, 𝑘 = max𝑃∈P |{𝐼𝑖 (ℎ) : ℎ ∈ 𝑃, 𝑖 ∈ [𝑛]}|.

Notice that it is possible for 𝑘 to be much smaller than 𝑛|𝑃 |, because the set of last infosets
may contain duplicates. For example, in normal-form games (converted to extensive form in the
canonical manner), we have 𝑘 = 𝑛 since each terminal node is a public state and each player has
only one infoset. As an example, the information complexity of the game in Figure 6.4 is 3: the
public state de has three last infosets, namely b, c, and de itself.

Chapter 4 uses the definition of information complexity to bound the representation size of
Proposition 6.11.In this section, we show similar bounds in our setting. Note that 𝑏 and 𝑘 , as
defined above, are the branching factor and information complexity of the original game Γ, not
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of the mediator in Γ𝑐—therefore, we cannot directly apply Theorem 4.25 to arrive at a bound of
(𝑏 + 1)𝑘 . Indeed, the mediator in Γ𝑐 can have much higher information complexity than Γ. Thus,
we need to be more careful in our analysis.

Theorem 6.15. Let 𝑘 be the information complexity of a timeable game Γ, 𝑏 be its branch-
ing factor, and 𝑑 be its depth. Then 𝑅NFCCE

0 ≤ 𝑂∗
(
(𝑏 + 1)𝑘

)
, 𝑅EFCCE

0 ≤ 𝑂∗
(
(𝑏 + 𝑑 − 1)𝑘

)
,

and 𝑅EFCE
0 ≤ 𝑂∗

(
(𝑏𝑑)𝑘

)
.

Proof. The expression (6.4) counts the number of pairs (𝐵,a) where 𝐵 is a belief of the
mediator Γ𝑐 and a ∈ ∏

𝐼∈I0,𝐼∩𝐵≠∅ 𝐴𝐼 . Our goal will therefore be to bound this number.

NFCCE: It suffices, for each last-infoset 𝐼 of 𝑃, to specify whether the player (1) does not
play to 𝐼 at all, or (2) plays to 𝐼 and chooses one of the 𝑏 actions available therein.
There are at most (𝑏+1)𝑘 such choices. Each choice induces a disjoint collection
of pairs (𝐵,a); that is, surely at most |𝑃 | pairs. Thus, 𝑅NFCCE

0 = 𝑂∗((𝑏 + 1)𝑘 ).

EFCCE: For each of the 𝑘 last-infosets 𝐼 at 𝑃, we need to specify whether the player played
to reach 𝐼 and then played one of the (at most) 𝑏 actions available there, or she
deviated at one of the (at most) 𝑑 − 2 infosets 𝐼′ ≺ 𝐼. There are at most 𝑏 + 𝑑 − 1
ways to do this, so, by the above argument, we have 𝑅EFCCE

0 = 𝑂∗((𝑏 + 𝑑 − 1)𝑘 ).

EFCE: For EFCE, we need to additionally specify which action was recommended
at the deviation point, of which there are at most 𝑏 possibilities, for a total
of 𝑏(𝑑 − 1) + 𝑏 = 𝑏𝑑 options. Thus, again by the same argument, 𝑅EFCE

0 =

𝑂∗((𝑏𝑑)𝑘 ). □

As an example, consider an extensive-form game of the following form. Chance first samples
and privately reveals types 𝑡𝑖 ∈ [𝑇] to each player 𝑖. Thereafter, there is no further privacy:
all actions by the players and chance after the root are public. By definition, we see that this
game is a public-action game, and we have 𝑘 = 𝑛𝑇 because each sequence of post-root actions
induces a public state with 𝑇 private states for each of the 𝑛 players. Thus, Theorem 6.15 gives
an algorithm for computing optimal EFCEs that runs in time poly( |H |, (𝑏𝑑)𝑛𝑇 ); in particular, if
𝑛 = 𝑇 = 𝑂 (1) then the algorithm runs in polynomial time. To our knowledge, we are the first to
give a polynomial-time algorithm for this setting, even when 𝑛 = 𝑇 = 2.

We now show two settings in which we can improve our bounds from Theorem 6.15. They both
depend on certain information being public.

6.6.4.2 Public Player Actions

First, we discuss the setting in which player actions are public.

Definition 6.16. A game has public player actions if, for all public states 𝑃 ∈ P containing at
least one non-chance node, for all actions 𝑎 ∈ ⋃

ℎ∈𝑃A(ℎ), the set {ℎ𝑎 : ℎ ∈ 𝑃, 𝑎 ∈ A(ℎ)} is a
union of public states.

Poker, for example, has this structure: the root public state contains only a chance node, and every
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action thereafter is fully public. In this setting, we can remove the dependencies on 𝑏 for NFCCE
and EFCCE:

Theorem 6.17. In games with public player actions, 𝑅NFCCE
0 = 𝑂∗

(
3𝑘

)
and 𝑅EFCCE

0 =

𝑂∗
(
𝑑𝑘

)
.

Proof. Theorem 4.30 constructs, starting with a game Γ with public actions, a new strategically
equivalent game Γ′ with branching factor 2, no higher parameter 𝑘 , and at most polynomially
larger size. The method works by breaking up each high-branching-factor node into several
successive binary decisions, in such a way that public state size is preserved. For NFCCE, this
is sufficient to immediately conclude the desired result. For EFCCE, it suffices to additionally
observe that one only needs to care about trigger histories ℎ𝜏 in Γ′ where 𝜏 is a valid trigger in
Γ. The number of these is at most the depth 𝑑 of the original game Γ. □

Once again, the bound for NFCCE matches the bound for team gamess, up to polynomial factors.
The bound on 𝑅EFCE

0 cannot be improved in this fashion, for two reasons. First, the (𝑏𝑑)𝑘 term
in that analysis comes from counting the number of triggers at a given node, which has not
changed. Second, as above, the proof of Theorem 6.17 modifies the original game tree to have
lower branching factor. This is an invalid transformation for EFCE, because some EFCE triggers
present in the original game would not be expressible in the new game.

6.6.5 Two-Player Games with Public Chance
We now discuss the case where chance actions are public. Since it is already NP-hard to compute
optimal equilibria in three-player games with no chance nodes [291], we restrict our attention to
two-player games. Farina and Sandholm [97] showed, via a different construction, that in games
with public chance, Ξ has a polynomial-sized representation and therefore optimal NFCCEs,
EFCCEs, and EFCEs can be computed in polynomial time. In this section, we show that our
correlation DAG matches this bound.

Definition 6.18. A game has public chance actions if, for every two nodes ℎ, ℎ′ in the same
public state, the lowest common ancestor ℎ ∧ ℎ′ is not a chance node.

We will assume for the rest of this section that levels in Γ uniquely specify whose move it is—that
is, for every level of the game tree, there exists a player 𝑖 (possibly nature) such that every node in
the level is a decision node of player 𝑖. Since we have already assumed timeability, this additional
assumption is without loss of generality by adding dummy nodes. Most practical games, including
the games we use in our experiments, already satisfy this assumption without further modification.

Theorem 6.19. In two-player timeable games with public chance actions, we have
𝑅𝑐0 = poly( |H |) for all three notions 𝑐.

Initially, one may ask whether it is possible to prove this result by directly applying Theorem 6.15.
In particular, if it were the case that all two-player games of public chance had constant information
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Figure 6.8: Two examples of two-player extensive-form game trees with no
chance moves and large information complexity 𝑘 . In both examples, 𝑘 can be
increased arbitrarily by increasing the branching factor of the root node. The
left example would be easily reparable with a tighter definition of information
complexity (that takes into account the fact that only one of the infosets in the
second layer is reachable in any pure strategy profile), but the right example is not
so easily reparable, and examples such as these are the reason that the proof of
Theorem 6.19 is more involved than one may initially expect.

· · ·ℎ1 ℎ2 ℎ𝑛−1 ℎ𝑛

Figure 6.9: Visualization of the proof of Lemma 6.20 (other nodes, such as the
ancestors of ℎ2, are not shown). Since both ▼ infosets are used to make connections
in G𝑐 [𝐵], they must both be played to by ▼, which is impossible since this would
require ▼ to make two different moves at the top node.

complexity, Theorem 6.19 would follow immediately. Unfortunately, this is not the case: in
Figure 6.8, we exhibit two families of two-player extensive-form games with no chance actions
and information complexity that is linear in the size of the game.

Proof. Let Γ be a two-player game with public chance actions, and call the two players ▲ and
▼. Let 𝑐 be any of the three solution concepts. For a node ℎ𝜏 in Γ𝑐, we will use 𝜎̃𝑖 (ℎ𝜏) to denote
the sequence infosets reached and recommendations received by player 𝑖 has received on the
path from the root to ℎ𝜏, not including at ℎ itself. 𝜎̃𝑖 (ℎ𝜏) is always a valid player 𝑖 sequence in
Γ. However, it is not the same as player 𝑖’s sequence 𝜎𝑖 (ℎ𝜏): for example, for NFCCE, if player
𝑖 deviated at ℎ𝜏 then 𝜎̃𝑖 (ℎ𝜏) = ∅𝑖 (because a deviating player receives no recommendations)
but player 𝑖 still sees information sets and actions on the path to ℎ.

Throughout this proof, for notational shorthand, we write ℎ𝜏 ∈ 𝐼, where 𝐼 is an infoset of player
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𝑖 in Γ, if ℎ ∈ 𝐼 and 𝜏 is not a trigger of player 𝑖.

Lemma 6.20. Let 𝐵 be a mediator belief in Γ𝑐, and suppose (WLOG) that the mediator is
giving a recommendation to player 1. Then there exists a unique information set 𝐼 ∈ I▲, and a
sequence 𝜎 ∈ Σ▼, such that:

• the mediator only gives a recommendation at information set 𝐼: for every ℎ𝜏 ∈ 𝐵, either
ℎ ∈ 𝐼 or 𝜏 is a trigger of ▲;

• for every ℎ𝜏 ∈ 𝐵 ∩ 𝐼, we have 𝜎̃▼ (ℎ𝜏) ⪯ 𝜎; and

• there is an ℎ𝜏 ∈ 𝐵 ∩ 𝐼 with 𝜎̃▼ (ℎ𝜏) = 𝜎.

Further, the map 𝐵 ↦→ (𝐼, 𝜎) is injective.

Proof. Let ℎ𝜏1
1 ∈ 𝐵 be any decision point for the mediator, and let 𝐼 ∋ ℎ1.

We first claim that there is no other node ℎ𝜏𝑛𝑛 ∈ 𝐼′ ≠ 𝐼 and player 1 not having devi-
ated. (See Figure 6.9 for a visual representation of the argument in this paragraph.) Let
ℎ
𝜏1
1 —ℎ

𝜏2
2 — · · ·—ℎ

𝜏𝑛
𝑛 be a path through the induced connectivity graph G𝑐0 [𝐵]. Further, as-

sume WLOG that ℎ𝜏2
2 ∉ 𝐼 and ℎ𝜏𝑛−1

𝑛−1 ∉ 𝐼′; otherwise, move ℎ𝜏1
1 and ℎ𝜏𝑛𝑛 along the path toward

each other until this is true. We first ask: what is ℎ1 ∧ ℎ𝑛? By definition of public chance,
it cannot be a chance node, or else ℎ1 and ℎ𝑛 could not be in the same public state, much
less the same belief. It cannot be a ▲-node, because then the mediator cannot recommend
▲ to play to both ℎ1 and ℎ𝑛. It must therefore be a ▼-node. We now ask: how are ℎ𝜏1

1 and
ℎ
𝜏2
2 connected? ℎ𝜏1

1 ∈ 𝐼 and ℎ𝜏2
2 ∉ 𝐼; therefore, ℎ1 and ℎ2 must be connected by an infoset at

which the mediator recommends to ▼. Therefore, the mediator must recommend ▼ to play to
ℎ1. The same applies to ℎ𝜏𝑛𝑛 . But this is a contradiction, because it implies that ▼ must have
been recommended two distinct actions at ℎ1 ∧ ℎ𝑛.

Now let ℎ𝜏2
2 ∈ 𝐵 with ℎ2 ∈ 𝐼. We claim that either 𝜎̃▼ (ℎ𝜏1

1 ) ⪯ 𝜎̃▼ (ℎ
𝜏2
2 ) or 𝜎̃▼ (ℎ𝜏1

1 ) ⪰ 𝜎̃▼ (ℎ
𝜏2
2 ).

Consider the node ℎ := ℎ1 ∧ ℎ2. Since ℎ1, ℎ2 ∈ 𝐼 and 𝐼 belongs to ▲, ℎ must be a ▼-node
(again, it cannot be a chance node, because chance is public). Let 𝑎1 and 𝑎2 be the actions at
ℎ leading to ℎ1 and ℎ2 respectively. There are two cases:

• The mediator does not recommend ▼ to play to ℎ, or recommends an action at ℎ that
is neither 𝑎1 nor 𝑎2. Then 𝜏1 = 𝜏2 = 𝜎▼ (ℎ𝜏1

1 ) = 𝜎▼ (ℎ
𝜏2
1 ).

• At ℎ, the mediator recommends one of 𝑎1 or 𝑎2 (WLOG, 𝑎1). Then 𝜎̃▼ (ℎ𝜏2
2 ) =

𝐼 (ℎ)𝑎1 ⪯ 𝜎̃▼ (ℎ𝜏1
1 ).

Therefore, the set {𝜎̃2(ℎ𝜏) : ℎ𝜏 ∈ 𝐵∩ 𝐼} is totally ordered, and so it has a maximum element,
which we call 𝜎. Then, by definition, 𝜎 satisfies the desired properties.

We therefore have a map 𝜙 : B𝑐0 → (I1 × Σ2) ⊔ (I2 × Σ1) associating each mediator belief
to a pair consisting of an infoset of one player and a sequence of the other player.

It remains to show that 𝜙 is injective. Let (𝐼, 𝜎) ∈ I1 × Σ2 (WLOG). Let ℎ𝜏 ∈ 𝐼 with
𝜎▼ (ℎ𝜏) = 𝜎, and pick an ℎ𝜏 so that 𝜏 = ⊥ if one exists. First, suppose 𝜏 = ⊥. There is only
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Figure 6.10: An example of a timeable triangle-free game in which our con-
struction will be exponentially-sized (in the branching factor of the root node).
In this game, the algorithm of Farina and Sandholm [97] works by essentially

“re-ordering” the game tree so that ▼’s decision point is moved to the root, at
which point the chance decision can be treated as public, thereby removing the
exponentiality.

one way to reach ℎ⊥: at every belief 𝐵′, the mediator must play the action leading to ℎ, and
then observe the public observation containing ℎ′. Thus, the belief containing ℎ⊥ must be
unique.

If 𝐵 ∩ 𝐼 contains no trigger-less node, then it contains only nodes with ▼-triggers. But then
𝐵 ⊆ 𝐼, because no node with a ▼-trigger can ever be connected to a node with a ▲-trigger,
and every node in 𝐵 \ 𝐼 must have a ▲-trigger because of Lemma 6.20. But this precisely
fixes what 𝐵 is: namely, 𝐵 = {ℎ𝜏 ∈ 𝐼 : 𝜎▼ (ℎ𝜏) ⪯ 𝜎}, because all such ℎ𝜏 must be in 𝐵, and
Lemma 6.20 states that no others can be. □

Thus, the number of beliefs is polynomial in the size of the game. Since every belief overlaps
exactly one mediator information set, it follows that 𝑅𝑐0 is polynomial in the game size. □

6.6.5.1 Discussion: Relationship to Triangle-Freeness

Theorem 6.19 implies that CorrelationDAG runs in polynomial time in two-player games of public
chance. As we mentioned, we are not the first to exhibit a polynomial-time algorithm in this
setting; Farina and Sandholm [97] has exhibited one using a different technique, namely by
showing that the von Stengel–Forges (vSF) polytope [291] is tight. It is instructive to compare
the two approaches. The approach of Farina and Sandholm [97] carries many similarities to our
approach for this special case—in particular, their approach also works by effectively constructing
a DAG representation of ΞEFCE. However, while their approach dynamically chooses which
information set to expand next on the fly, our approach uses the fixed ordering provided by
the timeable game to decide which information set is “next”. When the game is timeable, our
approaches give essentially the same representation: indeed, the proof in the previous section
shows that there is a decision point of the mediator in Γ𝑐 for every relevant pair (𝐼1, 𝜎2) or (𝜎1, 𝐼2),
which are precisely the branching points in the representation of Farina and Sandholm [97].

Unlike their approach, our correlation DAG algorithm provides an FPT guarantee on any game.
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However, it is limited to timeable games, whereas theirs generalizes beyond timeable games to a
family they coin triangle-free games. Here, for the sake of completeness, we include a definition
of triangle-freeness.

Definition 6.21. In a two-player game, two information sets 𝐼1 ∈ I1 and 𝐼2 ∈ I2 are connected,
denoted 𝐼1 ⊲⊳ 𝐼2, if there exists a node ℎ with ℎ ⪰ 𝐼1 and ℎ ⪰ 𝐼2. A triangle is a collection of four
infosets 𝐼1, 𝐼′1 ∈ I1 and 𝐼2, 𝐼′2 ∈ I2 such that 𝐼1 ⊲⊳ 𝐽1, 𝐼2 ⊲⊳ 𝐽2, and 𝐼1 ⊲⊳ 𝐽2.

Intuitively, triangle-freeness is useful because it guarantees the existence of some “branching
order” that can be used to fill in the polytope ΞEFCE. We refer the reader to the paper of Farina
and Sandholm [97] for more details. It is not difficult to construct triangle-free games in which
our construction would be exponentially-sized; see Figure 6.10. We leave to future research the
question of whether it is possible to extend our algorithm so that it is also runs in polynomial time
in all triangle-free games, achieving the best of both worlds.

6.6.5.2 Fixed-Parameter Hardness of Representing ΞEFCCE and ΞEFCE

A natural question is whether it is possible to achieve the same bound for EFCCE and EFCE as
achieved for NFCCE and team games—namely, a construction whose exponential term depends
only on 𝑏 and 𝑘 . It turns out that our construction does not accomplish this, and in fact, no
representation of Ξ𝑐 for 𝑐 = EFCCE or 𝑐 = EFCE can have size 𝑂∗( 𝑓 (𝑘)) for any function
𝑓 under standard complexity assumptions even when 𝑏 = 2. To do this, we first review some
fundamental notions of parameterized complexity.

Definition 6.22. A fixed-parameter tractable (FPT) algorithm for a problem is an algorithm that
takes as input an instance 𝑥 and a parameter 𝑘 ∈ N, and runs in time 𝑓 (𝑘)poly( |𝑥 |), where |𝑥 | is
the bit length of 𝑥 and 𝑓 : N→ N is an arbitrary function.

The 𝑘-CLIQUE problem6.13 is widely conjectured to not admit an FPT algorithm parameterized
by the clique size 𝑘 . In the literature on parameterized complexity, this conjecture is known as
FPT≠ W[1], and is implied by the exponential time hypothesis [59]. We now show that this
conjecture implies lower bounds on the complexity of representing the polytopes ΞEFCCE and
ΞEFCE.

Theorem 6.23. Assuming FPT≠W[1], there is no FPT algorithm for linear optimization
over ΞEFCCE or ΞEFCE parameterized by information complexity, even in two-player games
with constant branching factor.

Proof. We reduce from 𝑘-CLIQUE. Let 𝐺 = (𝑉, 𝐸) be a graph with 𝑛 nodes (identified with
the positive integers [𝑛]), and construct the following two-player game Γ (see also Figure 6.11):

• Chance chooses an integer 𝑗1 ∈ [𝑘] and tells ▲ but not ▼. Transition to the node ( 𝑗1, 1).
• For each 𝑣1 ∈ [𝑛 + 1], the node ( 𝑗1, 𝑣1) is a decision node for ▲. ▲ may exit or continue.

6.13The 𝑘-CLIQUE problem is to decide whether a given graph contains a clique of size at least 𝑘 .
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Figure 6.11: The game used in the proof of Theorem 6.23, for 𝑛 = 𝑘 = 2.

If ▲ exits, transition to the terminal node ( 𝑗1, 𝑣1, E). Otherwise, transition to ( 𝑗1, 𝑣1 + 1).
• At the node ( 𝑗1, 𝑛 + 2), Chance chooses an integer 𝑗2 ∈ [𝑘] and tells ▼, Transition to the

node ( 𝑗1, 𝑗2, E).
• For each 𝑣2 ∈ [𝑛], the node ( 𝑗1, 𝑗2, 𝑣2) is a decision node for ▼. ▼ may exit or continue. If
▼ exits, transition to the terminal node ( 𝑗1, 𝑗2, 𝑣2, E). Otherwise, transition to ( 𝑗1, 𝑣1+1).

• Finally, ( 𝑗1, 𝑗2, 𝑛 + 1) is a terminal node for all 𝑗1, 𝑗2.

Since this result is only concerned with representing the correlation plan polytope (not nec-
essarily with computing optimal equilibria), we do not need to specify utilities or chance
probabilities—these do not affect the construction of the augmented game Γ𝑐 nor the polytope
Ξ𝑐.6.14 We will identify the information sets of both players 𝑖 by ( 𝑗𝑖, 𝑣𝑖) for 𝑗 ∈ [𝑘], and the
infoset-action pairs by ( 𝑗𝑖, 𝑣𝑖, E) and ( 𝑗𝑖, 𝑣𝑖,C) for exiting and continuing respectively.

Γ has information complexity 2𝑘 since every public state has at most 𝑘 sequences for each
player. Every non-chance node has branching factor exactly 2.

Given a correlation plan ξ, define the vector mξ ∈ [0, 1] [𝑘]×[𝑛]×[𝑘]×[𝑛] where mξ ( 𝑗1, 𝑣1, 𝑗2, 𝑣2)
is the probability that each player 𝑖 exits at exactly the 𝑣𝑖th opportunity conditioned on ob-
serving 𝑗𝑖. Notice that, for 𝑗1, 𝑗2 ∈ [𝑘] and 𝑣1, 𝑣2 ∈ [𝑛], mξ ( 𝑗1, 𝑣1, 𝑗2, 𝑣2) is a linear
function of both the correlation plan spaces ΞEFCCE and ΞEFCE: for ξ ∈ ΞEFCCE, it is ex-
posed as 𝜉 [( 𝑗1, 𝑗2, 𝑣2,E) ( 𝑗1,𝑣1+1)] − 𝜉 [( 𝑗1, 𝑗2, 𝑣2,E) ( 𝑗1,𝑣1)]; for ξ ∈ ΞEFCE, it is exposed as
𝜉 [( 𝑗1, 𝑗2, 𝑣2,E) ( 𝑗1,𝑣1,E)]. (For ΞNFCCE, mξ is not a linear function of ξ, so, as expected, the
argument fails here.)
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Let 𝑀 = {mξ : ξ ∈ Ξ𝑐} ⊆ [0, 1] [𝑘]×[𝑛]×[𝑘]×[𝑛] be the polytope of vectors m corresponding to
correlated strategies. At this point, since 𝑀 does not depend on the notion of equilibrium, we
have no more need to distinguish between EFCCE and EFCE. It suffices to show that linear
optimization on 𝑀 can decide 𝑘-CLIQUE. First, we characterize the vertices of 𝑀 . A vertex of
𝑀 is characterized by, for each player 𝑖 ∈ {1, 2} and each 𝑗 ∈ [𝑘], picking at most one vertex
𝑣𝑖, 𝑗 ∈ [𝑛], and constructing m by setting m( 𝑗1, 𝑣1, 𝑗2, 𝑣2) = 1

{
𝑣1, 𝑗1 = 𝑣1 and 𝑣2, 𝑗2 = 𝑣2

}
.

Now consider the objective function 𝑔 : 𝑀 → R defined by

𝑔(m) = E
𝑗1, 𝑗2∈[𝑘]
𝑣1,𝑣2∈[𝑛]

{
m( 𝑗1, 𝑣1, 𝑗2, 𝑣2) if 𝑗1 = 𝑗2 and 𝑣1 = 𝑣2 ≤ 𝑛; or 𝑗1 ≠ 𝑗2 and (𝑣1, 𝑣2) ∈ 𝐸
0 otherwise

where the expectation is over a uniformly random sample. We now claim that maxm∈𝑀 𝑔(m) =
1 if and only if 𝐺 has a clique of size 𝑘 , which will complete the proof.

(⇐) If 𝐺 has a 𝑘-clique {𝑣∗1, . . . , 𝑣
∗
𝑘
}, then we set 𝑣𝑖, 𝑗 = 𝑣∗

𝑗
for both players 𝑖 ∈ {1, 2}, and

indeed this achieves 𝑔(m) = 1 by construction.

(⇒) If 𝑔(m) = 1, then for all 𝑗 we must have
∑
𝑣∈[𝑛]m( 𝑗 , 𝑣, 𝑗 , 𝑣) = 1, i.e., 𝑣1, 𝑗 = 𝑣2, 𝑗 . But

then {𝑣1, 𝑗 , . . . , 𝑣1,𝑘 } must be a clique by construction, because otherwise there would be
some 𝑗1 ≠ 𝑗2 for which m( 𝑗1, 𝑣1, 𝑗 , 𝑗2, 𝑣1, 𝑗 ) = 0. □

Technically speaking, this result does not establish parameterized hardness of computing optimal
EFCCEs or EFCEs, as there could hypothetically be a method for doing so that exploits the
special nature of the (6.3). Indeed, the proof of Theorem 6.23 exploits the fact that the objective
coefficient 𝑔[ℎ𝜏] may depend on 𝜏 as well as ℎ, which is not the case for the LP (6.3). However,
we know of no technique for optimal equilibria that would not also imply the ability to optimize
over Ξ𝑐. Therefore, Theorem 6.23 is a lower bound that applies to all known techniques for
computing optimal EFCCEs and EFCEs.

6.7 Other Special Cases
We will now discuss several other equilibrium concepts and problems, beyond optimal correlation,
that are special cases of our framework. In most cases, the choice of 𝑅 does not affect the
equilibrium, and we will leave it unspecified. Also, unless otherwise specified, we consider the
case J = I—that is, the player’s information partition in the equilibrium matches the player’s
information partition for deviations. A summary and inclusion diagram for the equilibrium notions
discussed and introduced in this section can be found in Figure 6.12.

6.14Note that Ξ𝑐 is not the set of EFCEs—it is a representation of the set of correlation plans. That set does not
depend on utilities or chance probabilities.
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Figure 6.12: Inclusion diagram for the equilibrium notions discussed in Sec-
tion 6.7. Arrows indicate subset relationships.

167



6.7.1 Communication in Games
Games with simultaneous moves. There are settings in which it is useful for multiple players

to simultaneously engage in a round of communication with the mediator before selecting moves,
also simultaneously. To model this case in our framework, add dummy nodes so that every player
has a round of communication with the mediator after they learn their information and before any
player has to select a move.

𝑆-certification equilibria. Forges and Koessler [110] defined a notion of certification equilibria
for single-step Bayesian games. To recover that setting in our framework, we transform the
Bayesian game into an extensive-form game in the natural way, with simultaneous moves (see
above). We set A(𝐼, 𝑚) = A(𝐼) for all 𝐼 (i.e., no action restrictions) and P = ∅ (mediator has
perfect memory), and finally we use the set of legal action reports 𝑆(𝐼) to control what information
is certifiable. As such, the special case A(𝐼, 𝑚) = A(𝐼) and P = ∅ may be thought of as a
generalization of the framework of Forges and Koessler [110] to extensive-form games.

Communication equilibria. Communication equilibria, in the sense of Forges [109] and
Myerson [228], are 𝑆-certification equilibria where 𝑆(𝐼) = 𝑀 for all 𝐼. That is, there are
no restrictions on the communication protocol. To our knowledge, our framework gives the first
algorithm for the polynomial-time computation of optimal communication equilibria.

Full-certification equilibria. A special case of certification equilibria of particular interest is
what we coin the full-certification equilibrium, in which 𝑆(𝐼) = {𝐼,⊥} for all 𝐼. That is, players
may choose to withhold information, but they may not lie. For full-certification equilibria, the
size of game Γ̂ reduces dramatically. Indeed, in all terminal histories (𝑧, τ ) of Γ̂red, we must have
𝜏𝑖 = 𝐼𝑎 for 𝐼 ⪯ 𝑧 for (at most) one player 𝑖, and τ−𝑖 = σ−𝑖 (𝑧). Thus, (𝑧, τ ) is uniquely determined
by selecting a terminal node 𝑧 ∈ 𝑍 , an infoset 𝐼 ⪯ 𝑧, and an action 𝑎 ∈ A(𝐼). Therefore, we
have |Ẑ | ≤ |𝑍 |𝐵𝐷, where 𝐵 is the maximum branching factor and 𝐷 is the depth of the game
tree. That is, the size of Γ̂ (and hence the size of the LP given by Theorem 6.4) goes from almost
quadratic to almost linear in |𝑍 |. Thus, optimal full-certification equilibria are at once easy to
compute and easy to motivate.

Coarseness. Our framework enables us to naturally adapt the notion of coarseness from correla-
tion to communication and certification equilibria. Therefore, we make the following definitions:

• An extensive-form coarse 𝑆-certification equilibrium is a (𝑆, 𝑅,A,∅,I)-communication
equilibrium where, for every 𝐼, we have 𝑅(𝐼) = A(𝐼), A(𝐼, 𝑚) = A(𝐼) for 𝑚 ∉ A(𝐼),
and A(𝐼, 𝑎) = {𝑎} for 𝑎 ∈ A(𝐼). That is, a player who has reported honest information
so far is bound to obey the mediator’s recommendation; a player who has been dishonest
is not. This is the only special case in this section for which we will need to specify the
mediator’s message set 𝑅(𝐼) explicitly: it matters because the mediator is not allowed
here to “accidentally” force an action by sending a recommendation 𝑎 ∈ A(𝐼) ∩ 𝑅(𝐼′) in
response to being told false information 𝐼′ at infoset 𝐼. Indeed, if we try to set 𝑅(𝐼) = 𝑀 for
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all 𝐼, the nested range condition (and with it the revelation principle) ceases to hold, because
a path 𝑎∈A(𝐼) → 𝑎′∈A(𝐼′) → 𝑎′′∈A(𝐼) would exist in the graph 𝐺 (𝑅,A) (cf. Figure 6.1).

We define extensive-form coarse communication equilibria and extensive-form coarse
full-certification equilibria, analogously to the non-coarse cases, by setting 𝑆(𝐼) = 𝑀

and 𝑆(𝐼) = {𝐼,⊥} for all 𝐼, respectively. In the latter case, the discussion about setting
𝑅(𝐼) = A(𝐼) is not relevant, because the NRC failure case described in the previous
paragraph only happens if 𝐼′ ∈ 𝑆(𝐼) for 𝐼′ ≠ 𝐼.

• A normal-form coarse certification equilibrium is recovered by adding dummy nodes and
setting 𝑆, 𝑅,A as in NFCCE, and using P = ∅ instead of P = I. That is, in normal-
form coarse certification equilibrium, each player can choose to either play completely
on its own, or delegate its play, including observations, completely to the mediator. The
distinction between communication and certification disappears in the normal-form coarse
case, because normal-form coarseness already enforces that players cannot deviate.

Coarse certification equilibria, both normal-form and extensive-form, generalize the notion
of mediated equilibrium [220] to extensive-form games. That is, in normal-form games
(converted to extensive form using the above simultaneous move construction), the three
notions coincide.

Private communication equilibria. The above discussion gives an interpretation of correlated
equilibria as certification equilibria with privacy constraints. That is, correlated equilibrium
notions arise from certification equilibria if we add the condition that the mediator should
regard the information sent by players as private, and not leak such messages to other players.
Analogously, we can add privacy constraints to the notions of communication equilibria by setting
P = I, creating two new equilibrium concepts, the private communication equilibrium and private
coarse communication equilibrium6.15. While it is still possible to apply the TB-DAG to these
notions, the resulting algorithm would not have fixed-parameter runtime, because the mediator
cannot trust any information it is told by players and therefore cannot even learn information that
is publicly known to all players.

6.7.2 Mediator Surrogates: Mechanism Design and Information Design
In settings such as mechanism design and information design, the mediator itself has abilities in
the game that are not directly specifiable in our language. For example, in mechanism design,
the mediator has the power to dictate the outcome of the game (and players take no actions); in
information design, the mediator has information that players do not have. Therefore, to model
these situations in our framework, we introduce in this subsection the concept of a mediator
surrogate, M. The mediator surrogate is an extra player in Γ, added in to represent the mediator.
The mediator surrogate does not have incentives—that is, 𝑢M(𝑧) = 0 for all 𝑧. If the mediator
should have information that players do not have, the mediator surrogate observes that information.
If the mediator should have power to take actions in the game (such as dictate outcomes), the

6.15Private normal-form coarse communication equilibria are equivalent to NFCCEs.
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mediator surrogate takes those actions on behalf of the mediator. The mediator surrogate has no
choice but to report honest information and follow recommendations, and all information reported
by the mediator surrogate is usable—that is, we have IM ∩ P = ∅, and for 𝐼 ∈ IM, we have
𝑆(𝐼) = {𝐼} and 𝑅𝐼 (𝑎) = {𝑎} for each 𝑎 ∈ A(𝐼).

Since the mediator has full control over the actions taken by its surrogate, we will now cease to
distinguish between the mediator and the surrogate and refer to both collectively as the mediator.

The settings of mechanism design, where the mediator has the power to take actions and the
players have an informational advantage, and information design, where the mediator has an
informational advantage and the players take actions, are usually treated separately in the literature.
We promote a more unified approach. Indeed, in this section, we will show that both mechanism
design and information design are special cases of our general framework. We are not the first to
point out the connections between communication equilibria, mechanism design, and information
design: for example, Bergemann and Morris [24] discuss in depth the relationship between the
three notions in the context of Bayesian games. On top of that paper, our contribution is that we
extend their ideas of unification to the more general setting of arbitrary extensive-form games and
provide efficient algorithms for all of those cases.

6.7.2.1 Mechanism Design

In mechanism design, the players do not take any actions in the game, but have an informational
advantage over the mediator. That is, the surrogate’s information partition IM is the trivial partition
in which it only knows what actions it has taken so far. The players have no actions—that is, every
decision node for every (non-surrogate) player has only one child, but have information about the
world state that the mediator does not have. As such, the sole purpose of the decision points of
the players is to create a round of communication where the players may report their information
to the mediator. The goal of automated mechanism design is to compute an optimal mechanism,
which in our framework means an optimal communication equilibrium6.16.

Payments. One particular common desirable feature in mechanism design is payments: the
mediator can collect payments from or give payments to players, as a means of incentivizing
players to report truthfully or of simply gaining revenue.

We can make this concrete as follows. When the mediator picks an outcome, chance picks a
random player 𝑖 ∈ [𝑛], reveals it to the mediator. The mediator then selects a payment 𝑝 ∈ {𝐿,𝑈}
to be given to 𝑖, where 𝐿,𝑈 ∈ R are a minimum or maximum payment to that player6.17. The
player gains utility 𝑛𝑝 and the mediator loses utility 𝑛𝑝. By varying the probability with which the
mediator makes the two payments, the mediator can (in expectation) pay any player any amount
in the range [𝐿,𝑈]. The size of the mediator-augmented game increases by a factor of 𝑂 (𝑛).
Assuming that players’ utilities are a linear function of the amount of money they earn or pay, this

6.16We do not consider optimal mechanism design in (weakly-)dominant strategies—we only insist that the profile
in which players report honestly is a Nash equilibrium. However, we do consider ex-post incentive compatibility,
which in many settings is equivalent to weakly-dominant incentive compatibility.

6.17If the player is paying money, then 𝑝 < 0.
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construction suffices to model payments to all 𝑛 players in the range [𝐿,𝑈]. The ability of the
mediator to “commit” to its strategy ξ is critical when payments are involved: if a mediator could
not credibly commit, then it would never make a payment because it has negative incentive to do
so.

This method of allocating payments assumes that the utilities of the players and the objective
functions are both quasilinear: that is, that they can be expressed in the form 𝑢(𝑧, 𝑝) = 𝑣(𝑧) + 𝑝,
where 𝑧 ∈ 𝑍 is the terminal node reached in the game and 𝑝 is the amount of money paid to that
player (or mediator). This assumption is typical in settings involving mechanism design.

Ex-post incentive compatibility. A common problem in mechanism design is designing mech-
anisms that are ex-post incentive compatible—that is, mechanisms that are incentive-compatible
even when players know each others’ private information. In our framework, this is accomplished
by setting J to be the perfect-information partition in Γ—thus allowing players to observe each
others’ private information before deciding whether or not to truthfully report their information.
Thus, in all settings described below, we could either work with Bayes-incentive compatibility by
setting J = I, or ex-post incentive compatibility by setting J to be perfect-information.

Individual rationality. At a particular point in the game, we say that a player satisfies individual
rationality if, conditioned on its information at that point (that is, its infoset 𝐽 ∈ J and its transcript
with the mediator), its expected utility is nonnegative. In our framework, we can impose individual
rationality constraints by explicitly adding, in the original game Γ, decision nodes that allow the
corresponding players to leave the game, accepting no further payoffs. In particular, the common
types of individual rationality discussed in the mechanism design literature can be naturally
incorporated:

1. ex-ante individual rationality, by adding such a decision node for each player before the
root node of Γ,

2. ex-interim individual rationality, by adding such a decision node for each player after players
observe their own types, and

3. ex-post individual rationality, by adding such a decision node for each player when the
game terminates, and revealing to that player all the information in the game except the
mediator’s payment.

This modification will increase the size of Γ by a factor of around 2𝑛, where the exact factor will
depend on what it means in the game for a player to leave the game. Keeping the mediator’s
payment hidden for ex-post individual rationality is critical: since the mediator can only choose a
minimum or maximum payment (𝐿 or𝑈), the “hidden” payment is what allows the mediator to
essentially select the payment by randomizing between the extreme payments 𝐿 and𝑈.

This formulation of ex-post individual rationality leads to two perhaps-unintuitive properties that
differ slightly from those usually considered in traditional mechanism design.

1. In certain settings (for example, if every outcome has very negative reward for each player
and the mediator cannot pay the players), it may be impossible, or undesirable for the

171



mediator, to actually incentivize players to not leave the game. In that case, when an optimal
equilibrium is computed in Γ, the mediator will sometimes recommend a player to leave.

2. Since our notion of individual rationality is formulated by explicitly allowing players to
walk away, the mechanism must be robust to “double deviations” of the following form:
a player reports dishonestly, and then only accepts desirable outcomes. For example, in
an auction setting, this would mean that the bidder places an overbid, and then rejects the
outcome if the proposed price is higher than its valuation. This type of deviation is typically
not considered in mechanism design, but our framework results in mechanisms that are also
robust to them.

One way to recover the more “usual” notion of individual rationality is to explicitly include
constraints on the mediator’s and players’ strategies. In particular, (1) is circumvented by directly
preventing the mediator from selecting outcomes that are not ex-post individually rational for an
honest player, and (2) is circumvented by directly preventing a deviating player in the augmented
game from leaving the game after sending false information. Since such general constraints are
not a part of our framework, we will not discuss these circumvention techniques further.

Single-stage automated mechanism design. A consequence of the above analysis is that we
recover the Bayes-Nash randomized automated mechanism design algorithm of Conitzer and
Sandholm [67, 68] as a special case, as follows. That paper considers an automated mechanism
design scenario with 𝑇 types per player and 𝑛 players. A type assignment θ ∈ [𝑇]𝑛 is sampled
from some joint distribution, and each type 𝜃𝑖 is revealed privately to player 𝑖. A round of
communication ensues, in which each player informs the mediator about its own type (or lies
about it). The mediator then chooses an outcome 𝑜 ∈ [𝑂], and each player receives a utility
that is a function of their own type 𝜃𝑖 and the outcome 𝑜. The resulting game has size 𝑇𝑛𝑂, and
each player has at most 𝑇2 sequences, so the overall LP (6.3), after including payments, has size
poly(𝑂,𝑇𝑛), which is the same result observed by Conitzer and Sandholm [68].

Automated multi-stage mechanism design. Zhang and Conitzer [310] consider an automated
dynamic mechanism design setting in a Markov game with one player. Their main positive result
is an LP for the setting of short-horizon MDPs, which can be viewed as a special case of our
framework by simply unrolling the (short-horizon) MDP into an extensive-form game.

Papadimitriou et al. [235] study a dynamic auction design setting. In their most general setup,
there are 𝑘 players (bidders) with independent valuations for each of 𝐷 items to be sold in
sequence. The agents in their setting know all their valuations upfront, but only report their
valuations for the item currently being sold. That is, in I, the players only learn their current
valuations, whereas in J , the players learn their future valuations as well. In this setting, our
algorithm matches their positive results, Theorems 7 and 8, that use a “dynamic programming LP”
to compute the optimal randomized mechanism.

Sandholm et al. [264] study multi-stage mechanism design, but they use multiple stages for the
purpose of reducing the amount of communication necessary for preference elicitation in what
would otherwise be a single-stage setting. Their work is therefore orthogonal to ours.
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Automated mechanism design with partially-verifiable types. Zhang et al. [311] give an
algorithm for finding the optimal direct mechanism in a single-agent, single-stage setting with
partially-verifiable types. The positive results in their paper focus on the case when all types
have the same preferences over outcomes. Our work differs from that one in that we consider
extensive-form (multi-stage) settings and a more general setup (in which the players can also take
actions and can have arbitrary utility functions). However, we share in common with that paper
the fact that we only compute the optimal direct mechanism, and hence rely on the revelation
principle holding for that mechanism to be optimal across communication structures.

Kephart and Conitzer [172] analyze mechanism design in a single-stage, single-agent setting with
costly reporting and not assuming the revelation principle. Their goal is to, given a social choice
function, determine whether that function can be implemented. They analyze a large spectrum of
cases, and discuss for each case whether this implementation problem is easy or (NP-)hard. In a
follow-up paper [173], the same authors carefully investigate when the revelation principle does
or does not hold (still in the single-stage, single-agent setting with reporting costs). When the
revelation principle does hold, as we have discussed above, our framework matches, as a special
case, the polynomial-time algorithm of Conitzer and Sandholm [67, 68], and both can be used to
compute whether a social choice function is implementable, simply by adding the appropriate
linear constraints to the linear program formulation. However, when the revelation principle fails,
that approach will fail to find an implementation for any social choice function that cannot be
implemented by a direct mechanism.

6.7.2.2 Information Design and Bayes-Correlated Equilibria

In information design [167] (also known as Bayesian persuasion), the roles of the mediator and
player are reversed compared to automated mechanism design: the mediator (“principal”) has
informational advantage, and the player(s) take the actions. The difference between the two
settings lies in who has the commitment power: in automated mechanism design, the side with
the power to take actions has the commitment power; in information design, the side with the
informational advantage has commitment power.

Information design is closely related to the concept of Bayes-correlated equilibria [23]. A Bayes-
correlated equilibrium in a single-stage game is modeled in our framework as follows. Nature
samples a state of the world θ = (𝜃1, . . . , 𝜃𝑛) ∈ Θ from a known prior, and reveals the full
vector θ to the mediator. Each player 𝑖 then observes 𝜃𝑖 and takes an action. A Bayes-correlated
equilibrium is a communication equilibrium of this game6.18. Information design is then the
problem of computing an optimal Bayes-correlated equilibrium. The main result of this section
thus implies that optimal information design in a single-stage setting with |A| actions per player
and 𝑇 types can be done in time poly(𝑇, |A|𝑛). For more on the connection between these
concepts in the single-stage setting, we refer the reader to Bergemann and Morris [24].

There are at several reasonable generalizations of Bayes-correlated equilibria to the extensive-form
setting, depending on what information the mediator observes. Indeed, adding a mediator surrogate

6.18In this setting, communication and certification equilibria coincide because the players have no information to
misreport.
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that observes extra information to the notions of correlated and communication equilibrium
notions discussed in the previous section yields Bayes-versions of correlated, communication,
and certification equilibria in extensive-form games.

1. Celli et al. [57] define a different notion of Bayes-correlated equilibria that is closer to
normal-form correlated equilibrium. In their notion, there is still a world state θ that is fully
known to the mediator at the start of the game, but the mediator can only send a single
message to the players after observing θ. They work with both normal-form coarse and
normal-form versions of their equilibrium concept, which they call Bayes-NFCCE and
Bayes-NFCE, respectively. In our framework, Bayes-NFCCE is recovered by starting from
NFCCE and introducing a mediator surrogate that observes θ. Bayes-NFCE is not captured
by our framework for the same reason that NFCE is not. In addition, our framework allows
us to immediately define Bayes-EFCCE and Bayes-EFCE by starting from EFCCE and
EFCE respectively and adding the same surrogate.

2. The original paper of Bergemann and Morris [23] motivates Bayes-correlated equilibria
as the set of equilibria that can arise across all possible information structures that the
players could possibly have. With that motivation, the logical extension of Bayes-correlated
equilibria in extensive-form games is to allow the mediator to have perfect information about
the current history ℎ6.19. In this case, 𝑆 does not matter (since the mediator already knows
the players’ information), but players are free to play whatever action they wish. That is, we
set6.20 A(𝐼, 𝑚) = A(𝐼). To avoid name collisions with the notions already defined by Celli
et al. [57], we will call the resulting notion Bayes-perfect-information EFCE, or Bayes-PI-
EFCE. Similarly, we can define Bayes-PI-EFCCE and Bayes-PI-NFCCE by combining the
same surrogate with the constructions for EFCCE and NFCCE in the previous section6.21.

Gan et al. [119] study information design in Markov games with a single player, in which the
principal can send messages to the player at every time step. The extensive-form analogue of
their setting is, once again, a special case of our framework. The complexity gap between myopic,
advice-myopic, and far-sighted players, discussed in that paper for Markov games, disappears in
extensive-form games because extensive form naturally allows history-dependent strategies for
both the mediator and the players.

Wu et al. [296] study information design in Markov games with myopic players. That is, a
new player arrives at every timestep. After performing a single action, the player gains a
reward dependent on the true state (which, of course, the player may not actually know) and its
action, and then leaves the system forever. The authors devise an online learning algorithm that
provably has low regret for the sender. Compared to their setting, our setting is significantly more

6.19If the extensive-form game is being used to model a case with simultaneous moves, one could only have the
surrogate observe the history at the beginning of each simultaneous stage of the game.

6.20The choices of 𝑆, 𝑅, and P do not affect the equilibrium notion, because the mediator already knows the player’s
information anyway. Therefore players never have any incentive to misreport, and the mediator gains no useful
information from the player’s report.

6.21Bayes-PI-NFCE is meaningless as a notion: NFCEs are fundamentally restricted by the mediator only being
allowed to send one message to the players, whereas the sequential nature of the Bayes-PI family of equilibria
depends on the mediator’s ability to send multiple messages.
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general—allowing multiple non-myopic agents as well as other forms of limited information and
communication—but ours is based on linear programming instead of online learning, and works
with extensive-form games instead of Markov games.

Zhang et al. [312, 313] consider an automated mechanism design setting in which both the
mediator and the (single) player have the ability to quit the process at each timestep (immediately
ending the game), and there is no information asymmetry. They study Markov games, which
in this setting are significantly more involved than extensive-form games. In our framework,
the extensive-form analogue of this setting is more appropriately formulated as an “information-
design-like” setting. We can do this by explicitly adding an exit action to every player decision
node that immediately ends the game, and setting 𝑆(𝐼) = 𝐼 (mediator learns player’s information)
and A(𝐼, 𝑎) = {𝑎, EXIT} (player may only obey the recommendation or exit) for every 𝐼 and
𝑎 ∈ A(𝐼).

6.8 Learning Optimal Equilibria
In this section, we introduce a new paradigm of learning in games for computing optimal equilibria.
It applies to extensive-form settings with any number of players, including information design,
and solution concepts such as correlated, communication, and certification equilibria. Further, our
framework is general enough to also capture optimal mechanism design and optimal incentive
design problems in sequential settings.

Summary of Our Results. A key insight that underpins our results is that computing optimal
equilibria in multi-player extensive-form games can be cast via a Lagrangian relaxation as a
two-player zero-sum extensive-form game. This unlocks a rich technology, both theoretical and
experimental, developed for computing minimax equilibria for the more challenging—and much
less understood—problem of computing optimal equilibria.

We thus focus on computing an optimal equilibrium by employing regret minimization techniques
in order to solve the induced bilinear saddle-point problem. Such considerations are motivated in
part by the remarkable success of no-regret algorithms for computing minimax equilibria in large
two-player zero-sum games (e.g., see [31, 37]), which we endeavor to transfer to the problem of
computing optimal equilibria in multi-player games.

In this context, we show that employing standard regret minimizers, such as OGD or CFR, leads
to a rate of convergence of 𝑇−1/4 to optimal equilibria by appropriately tuning the magnitude of
the Lagrange multipliers (Corollary 6.27). We also leverage the technique of optimism, pioneered
by Chiang et al. [61], Rakhlin and Sridharan [252] and Syrgkanis et al. [281], to obtain an
accelerated 𝑇−1/2 rate of convergence (Corollary 6.28). These are the first learning dynamics that
(provably) converge to optimal equilibria. Our bilinear formulation also allows us to obtain last-
iterate convergence to optimal equilibria via optimistic gradient descent/ascent (Theorem 6.29),
instead of the time-average guarantees traditionally derived within the no-regret framework. As
such, we bypass known barriers in the traditional learning paradigm by incorporating an additional
player, a mediator, into the learning process. Furthermore, we also study an alternative Lagrangian
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relaxation which, unlike our earlier approach, consists of solving a sequence of zero-sum games
(cf. [101]). While the latter approach is less natural, we find that it is preferable when used in
conjunction with deep RL solvers since it obviates the need for solving games with large reward
ranges—a byproduct of employing the natural Lagrangian relaxation.

Experimental results. We demonstrate the practical scalability of our approach for computing
optimal equilibria and mechanisms. First, we obtain state-of-the-art performance in a suite of 23
different benchmark game instances for seven different equilibrium concepts. Our algorithm sig-
nificantly outperforms existing LP-based methods, typically by more than one order of magnitude.
We also use our algorithm to derive an optimal mechanism for a sequential auction design problem,
and we demonstrate that our approach is naturally amenable to modern deep RL techniques.

6.8.1 Preliminaries
In this section, we will work only with games that are already mediator-augmented; therefore, we
will drop the hats and refer to the augmented game itself as Γ. Thus, for us, a game has 𝑛 players, a
mediator 0, and chance C. We will also assume that J = I, i.e., the player’s information partition
is the same whether or not the player is deviating. This assumption is for simplicity of notation
only; our results generalize immediately to the cases J ≠ I that are disucssed in Section 6.7.

Revelation principle. The revelation principle allows us, without loss of generality, to restrict
our attention to equilibria where each player is playing some fixed pure strategy o𝑖 ∈ X𝑖.

Definition 6.24. The game Γ satisfies the revelation principle if there exists a direct pure strategy
profile o = (o1, . . . ,o𝑛) for the players such that, for all strategy profiles (ξ,x) for all players
including the mediator, there exists a mediator strategy ξ′ ∈ Ξ and functions 𝑓𝑖 : X𝑖 → X𝑖 for
each player 𝑖 such that:

1. 𝑓𝑖 (o𝑖) = x𝑖, and

2. 𝑢 𝑗 (ξ′,x′𝑖,o−𝑖) = 𝑢 𝑗 (ξ, 𝑓𝑖 (x′𝑖),x−𝑖) for all x′
𝑖
∈ X𝑖, and players 𝑗 ∈ [𝑛] ∪ {0}.

The function 𝑓𝑖 in the definition of the revelation principle can be seen as a simulator for Player 𝑖:
it tells Player 𝑖 that playing x′

𝑖
if other players play (ξ,o−𝑖) would be equivalent, in terms of all

the payoffs to all agents (including the mediator), to playing 𝑓 (x′
𝑖
) if other agents play (ξ,x−𝑖). It

follows immediately from the definition that if (ξ,x) is an 𝜖-equilibrium, then so is (ξ′,o)—that
is, every equilibrium is payoff-equivalent to a direct equilibrium. This version of

This revelation principle generalizes the revelation principle from Section 6.5, and applies and
covers many cases of interest in economics and game theory. For example, in (single-stage or
dynamic) mechanism design, the direct strategy o𝑖 of each player is to report all information
truthfully, and the revelation principle guarantees that for all non-truthful mechanisms (ξ,x) there
exists a truthful mechanism (ξ′,o) with the same utilities for all players.6.22 For correlated equi-
librium, the direct strategy o𝑖 consists of obeying all (potentially randomized) recommendations

6.22In a mechanism design context, a strategy for the mediator ξ induces a mechanism; here we slightly abuse
terminology by referring to (ξ, o) also as a mechanism.
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that the mediator gives, and the revelation principle states that we can, without loss of generality,
consider only correlated equilibria where the signals given to the players are what actions they
should play. In both these cases (and indeed in general for the notions we consider in this section),
it is therefore trivial to specify the direct strategies o without any computational overhead. Indeed,
we will assume throughout the section that the direct strategies o are given.

Although the revelation principle is a very useful characterization of optimal equilibria, as long as
we are given o, all of the results in this section actually apply regardless of whether the revelation
principle is satisfied: when it fails, our algorithms will simply yield an optimal direct equilibrium
which may not be an optimal equilibrium.

Recall the linear program (6.2) that appeared in the proof of Theorem 6.4:

max
ξ∈Ξ

g⊤ξ s.t. max
x𝑖∈X𝑖

ξ⊤A𝑖x𝑖 ≤ 0 ∀𝑖 ∈ [𝑛] . (6.5)

Theorem 6.4 now proceeds by taking the dual linear program of the inner maximization, which
suffices to show that (6.5) can be solved using linear programming.6.23

Finally, although our main focus in this section is on games with discrete action sets, it is worth
pointing out that some of our results readily apply to continuous games as well using, for example,
the discretization approach of Kroer and Sandholm [184].

6.8.2 Lagrangian Relaxations and a Reduction to a Zero-Sum Game
Our approach relies on Lagrangian relaxations of the linear program (6.5). In particular, in this
section we introduce two different Lagrangian relaxations. The first one (Section 6.8.2.1) reduces
computing an optimal equilibrium to solving a single zero-sum game. We find that this approach
performs exceptionally well in benchmark extensive-form games in the tabular regime, but it may
struggle when used in conjunction with deep RL solvers since it increases significantly the range of
the rewards. This shortcoming is addressed by our second method, introduced in Section 6.8.2.2,
which instead solves a sequence of suitable zero-sum games.

6.8.2.1 “Direct” Lagrangian

Directly taking a Lagrangian relaxation of the LP (6.5) gives the following saddle-point problem:

max
ξ∈Ξ

min
𝜆∈R≥0,

x𝑖∈X𝑖 :𝑖∈[𝑛]

g⊤ξ − 𝜆
𝑛∑︁
𝑖=1

ξ⊤A𝑖x𝑖 . (L1)

We first point out that the above saddle-point optimization problem admits a solution (ξ∗,x∗, 𝜆∗):
6.23Computing optimal equilibria can be phrased as a linear program, and so in principle Adler’s reduction could

also lead to an equivalent zero-sum game [7]. However, that reduction does not yield an extensive-form zero-sum
game, which is crucial for our purposes; see Section 6.8.2.
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Proposition 6.25. The problem (L1) admits a finite saddle-point solution (ξ∗,x∗, 𝜆∗).
Moreover, for all fixed 𝜆 > 𝜆∗, the problems (L1) and (6.5) have the same value and same
set of optimal solutions.

Proof. Let 𝑣 be the optimal value of (6.3). The Lagrangian of (6.3) is

max
ξ∈Ξ

min
𝜆𝑖∈R≥0,

x𝑖∈X𝑖 :𝑖∈[𝑛]

g⊤ξ −
𝑛∑︁
𝑖=1

𝜆𝑖ξ
⊤A𝑖x𝑖 .

Now, making the change of variables x̄𝑖 := 𝜆𝑖x𝑖, the above problem is equivalent to

max
ξ∈Ξ

min
x̄𝑖∈X̄𝑖 :𝑖∈[𝑛]

g⊤ξ −
𝑛∑︁
𝑖=1

ξ⊤A𝑖x̄𝑖 . (6.6)

where X̄𝑖 is the conic hull of X𝑖: X̄𝑖 := {𝜆𝑖x𝑖 : x𝑖 ∈ X𝑖}. Note that, when X𝑖 is a polytope of
the form X𝑖 := {F𝑖x𝑖 = f𝑖,x𝑖 ≥ 0}, its conic hull can be expressed as X̄𝑖 = {F𝑖x𝑖 = 𝜆𝑖f𝑖,x𝑖 ≥
0, 𝜆𝑖 ≥ 0}. Thus, (6.6) is a bilinear saddle-point problem, where Ξ is compact and convex and
X̄𝑖 is convex. Thus, Sion’s minimax theorem [273] applies, and we have that the value of (6.6)
is equal to the value of the problem

min
x̄𝑖∈X̄𝑖 :𝑖∈[𝑛]

max
ξ∈Ξ

g⊤ξ −
𝑛∑︁
𝑖=1

ξ⊤A𝑖x̄𝑖 . (6.7)

Since this is a linear program6.24 with a finite value, its optimum value must be achieved
by some x̄ := (x̄1, . . . , x̄𝑛) := (𝜆1x1, . . . , 𝜆𝑛x𝑛). Let 𝜆∗ := max𝑖 𝜆𝑖. Using the fact that
ξ⊤A𝑖o𝑖 = 0 for all ξ, the profile

x̄′ :=
(
𝜆∗x′1, . . . , 𝜆

∗x′𝑛
)

where x′𝑖 = o𝑖 +
𝜆𝑖

𝜆∗
(x𝑖 − o𝑖)

is also an optimal solution in (6.7). Therefore, for any 𝜆 ≥ 𝜆∗, x′ := (x′1, . . . ,x
′
𝑛) is an optimal

solution for the minimizer in (2.1) that achieves the value of (6.3), so (6.3) and (2.1) have the
same value.

Now take 𝜆 > 𝜆∗, and suppose for contradiction that (2.1) admits some optimal ξ ∈ Ξ that is
not optimal in (6.3). Then, either g⊤ξ < 𝑣, or ξ violates some constraint maxx𝑖

ξ⊤A𝑖x𝑖 ≤ 0.
The first case is impossible because then setting x𝑖 = o𝑖 for all 𝑖 yields value less than 𝑣 in
(2.1). In the second case, since we know that (2.1) and (6.3) have the same value when 𝜆 = 𝜆∗,
we have

g⊤ξ − 𝜆max
x∈𝑋

𝑛∑︁
𝑖=1

ξ⊤A𝑖x𝑖 < g⊤ξ − 𝜆∗max
x∈𝑋

𝑛∑︁
𝑖=1

ξ⊤A𝑖x𝑖 ≤ 𝑣. □

6.24This holds by taking a dual of the inner minimization.
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We will call the smallest possible 𝜆∗ the critical Lagrange multiplier.

Proposition 6.26. For any fixed value 𝜆, the saddle-point problem (L1) can be expressed
as a zero-sum extensive-form game.

Proof. Consider the zero-sum extensive-form game Γ̂ between two players, the mediator and
the deviator, with the following structure:

1. Nature picks, with uniform probability, whether or not there is a deviator. If nature picks
that there should be a deviator, then nature samples, also uniformly, a deviator 𝑖 ∈ [𝑛].
Nature’s actions are revealed to the deviator, but kept private from the mediator.

2. The game Γ is played. All players, except 𝑖 if nature picked a deviator, are constrained to
according to o𝑖. The deviator plays on behalf of Player 𝑖.

3. Upon reaching terminal node 𝑧, there are two cases. If nature picked a deviator 𝑖, the
utility is −2𝜆𝑛 ·𝑢𝑖 (𝑧). If nature did not pick a deviator, the utility is 2𝑔(𝑧) +2𝜆

∑𝑛
𝑖=1 𝑢𝑖 (𝑧).

The mediator’s expected utility in this game is

𝑔(ξ,o) − 𝜆
𝑛∑︁
𝑖=1
[𝑢𝑖 (ξ,x𝑖,o−𝑖) − 𝑢𝑖 (ξ,o)] . □

This characterization enables us to exploit technology used for extensive-form zero-sum game
solving to compute optimal equilibria for an entire hierarchy of equilibrium concepts

We will next focus on the computational aspects of solving the induced saddle-point problem (L1)
using regret minimization techniques.

The first challenge that arises in the solution of (L1) is that the domain of the minimizing player
is unbounded—the Lagrange multiplier is allowed to take any nonnegative value. Nevertheless,
we show that it suffices to set the Lagrange multiplier to a fixed value (that may depend on the
time horizon); appropriately setting that value will allow us to trade off between the equilibrium
gap and the optimality gap. We combine this theorem with standard regret minimizers (such as
variants of CFR employed in the experiments) to guarantee fast convergence to optimal equilibria.

Corollary 6.27. There exist regret minimization algorithms such that when employed
in the saddle-point problem (L1), the average strategy of the mediator ξ̄ := 1

𝑇

∑𝑇
𝑡=1 ξ

(𝑡)

converges to the set of optimal equilibria at a rate of 𝑇−1/4. Moreover, the per-iteration
complexity is polynomial for communication equilibria, while for NFCCE, EFCCE and
EFCE, implementing each iteration admits a fixed-parameter tractable algorithm.

Proofs from this section require additional machinery, and are therefore deferred to the appendix
of the full paper [316].

Furthermore, we leverage the technique of optimism, pioneered by Chiang et al. [61], Rakhlin and
Sridharan [252], Syrgkanis et al. [281], to obtain a faster rate of convergence.

179



Corollary 6.28 (Improved rates via optimism). There exist regret minimization algorithms
that guarantee that the average strategy of the mediator ξ̄ := 1

𝑇

∑𝑇
𝑡=1 ξ

(𝑡) converges to the
set of optimal equilibria at a rate of 𝑇−1/2. The per-iteration complexity is analogous to
Corollary 6.27.

While this rate is slower than the (near) 𝑇−1 rates known for converging to some of those
equilibria [10, 79, 105, 245], Corollaries 6.27 and 6.28 additionally guarantee convergence to
optimal equilibria; improving the 𝑇−1/2 rate of Corollary 6.28 is an interesting direction for future
research.

Last-iterate convergence. The convergence results we have stated thus far apply for the average
strategy of the mediator—a typical feature of traditional guarantees in the no-regret framework.
Nevertheless, an important advantage of our mediator-augmented formulation is that we can also
guarantee last-iterate convergence to optimal equilibria in general games. Indeed, this follows
readily from our reduction to two-player zero-sum games, leading to the following guarantee.

Theorem 6.29 (Last-iterate convergence to optimal equilibria in general games). There
exist algorithms that guarantee that the last strategy of the mediator ξ(𝑇) converges to
the set of optimal equilibria at a rate of 𝑇−1/4. The per-iteration complexity is analogous
to Corollaries 6.27 and 6.28.

As such, our mediator-augmented paradigm bypasses known hardness results in the traditional
learning paradigm since iterate convergence is no longer tied to Nash equilibria.

6.8.2.2 Thresholding and Binary Search

A significant weakness of the above Lagrangian is that the multiplier 𝜆∗ can be large. This means
that, in practice, the zero-sum game that needs to be solved to compute an optimal equilibrium
could have a large reward range. While this is not a problem for most tabular methods that can
achieve high precision, more scalable methods based on reinforcement learning tend to be unable
to solve games to the required precision. In this section, we will introduce another Lagrangian-
based method for solving the program (6.5) that will not require solving games with large reward
ranges.

Specifically, let 𝜏 ∈ R be a fixed threshold value, and consider the bilinear saddle-point problem

max
ξ∈Ξ

min
λ∈Δ(𝑛+1),
x𝑖∈X𝑖 :𝑖∈[𝑛]

λ0(g⊤ξ − 𝜏) −
𝑛∑︁
𝑖=1

λ𝑖ξ
⊤A𝑖x𝑖, (L2)

This Lagrangian was also stated—but not analyzed—by Farina et al. [101], in the special case of
correlated equilibrium concepts (NFCCE, EFCCE, EFCE). Compared to that paper, ours contains
a more complete analysis, and is general to more notions of equilibrium.

Like (L1), this Lagrangian is also a zero-sum game, but unlike (L1), the reward range in this
Lagrangian is bounded by an absolute constant:
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Proposition 6.30. Let Γ be a (mediator-augmented) game in which the reward for all
agents is bounded in [0, 1]. For any fixed 𝜏 ∈ [0, 1], the saddle-point problem (L2) can be
expressed as a zero-sum extensive-form game whose reward is bounded in [−2, 2].

Proof. Consider the zero-sum extensive-form game Γ̂ between two players, the mediator and
the deviator, with the following structure:

1. The deviator picks an index 𝑖 ∈ [𝑛] ∪ {0}.
2. If 𝑖 ≠ 0, nature picks whether Player 𝑖 can deviate, uniformly at random.
3. The game Γ is played. All players, except 𝑖 if 𝑖 ≠ 0 and nature selected that 𝑖 can deviate,

are constrained to play according to o𝑖. The deviator plays on behalf of Player 𝑖.
4. Upon reaching terminal node 𝑧, there are three cases. If nature picked 𝑖 = 0, the utility is
𝑔(𝑧) − 𝜏. Otherwise, if nature picked that Player 𝑖 ≠ 0 can deviate, the utility is −2𝑢𝑖 (𝑧).
Finally, if nature picked that Player 𝑖 ≠ 0 cannot deviate, the utility is 2𝑢𝑖 (𝑧).

The mediator’s expected utility in this game is exactly

λ0 · 𝑔(ξ,o) −
𝑛∑︁
𝑖=1

λ𝑖 [𝑢𝑖 (ξ,x𝑖,o−𝑖) − 𝑢𝑖 (ξ,o)]

where λ ∈ Δ𝑛+1 is the deviator’s mixed strategy in the first step. □

The above observations suggest a binary-search-like algorithm for computing optimal equilibria;
the pseudocode is given as Algorithm 6.13 (BinSearch). The algorithm solves 𝑂 (log(1/𝜖)) zero-
sum games, each to precision 𝜖 . Let 𝑣∗ be the optimal value of (6.5). If 𝜏 ≤ 𝑣∗, the value of (L2)
is 0, and we will therefore never branch low, in turn implying that 𝑢 ≥ 𝑣∗ and ℓ ≥ 𝑣∗ − 𝜖 . As a
result, we have proven:

Theorem 6.31. BinSearch returns an 𝜖-approximate equilibrium ξ whose value to the
mediator is at least 𝑣∗ − 2𝜖 . If the underlying game solver used to solve (L2) runs in time
𝑓 (Γ, 𝜖), then BinSearch runs in time 𝑂 ( 𝑓 (Γ, 𝜖) log(1/𝜖)).

The differences between the two Lagrangian formulations can be summarized as follows:

1. Using (L1) requires only a single game solve, whereas using (L2) requires 𝑂 (log(1/𝜖))
game solves.

2. Using (L2) requires only an 𝑂 (𝜖)-approximate game solver to guarantee value 𝑣∗ − 𝜖 ,
whereas using (L1) would require an 𝑂 (𝜖/𝜆∗)-approximate game solver to guarantee the
same, even assuming that the critical Lagrange multiplier 𝜆∗ in (L1) is known.

Which is preferred will therefore depend on the application. In practice, if the games are too
large to be solved using tabular methods, one can use approximate game solvers based on deep
reinforcement learning. In this setting, since reinforcement learning tends to be unable to achieve
the high precision required to use (L1), using (L2) should generally be preferred. In Section 6.9,
we back up these claims with concrete experiments.
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Algorithm 6.13 (BinSearch): Pseudocode for binary search-based algorithm

1: input: game Γ with mediator reward range [0, 1], target precision 𝜖 > 0
2: ℓ ← 0, 𝑢 ← 1
3: while 𝑢 − ℓ > 𝜖 do
4: 𝜏 ← (ℓ + 𝑢)/2
5: run an algorithm to solve game (L2) until either
6: (1) it finds a ξ achieving value ≥ −𝜖 in (L2), or
7: (2) it proves that the value of (L2) is < 0
8: if case (1) happened then ℓ ← 𝜏

9: else 𝑢 ← 𝜏

10: return the last ξ found

6.9 Experiments
Here, we describe some of the experiments that we have run using the algorithms described in
this part. Since all the techniques in this part are interrelated, this section is standalone rather than
a subsection.

6.9.1 Optimal Equilibria in Tabular Games
We first extensively evaluate the empirical performance of our two-player zero-sum reduction
(Section 6.8.2.1) for computing seven equilibrium solution concepts across 23 game instances; the
results using the method of Section 6.8.2.2 are slightly inferior, and are included in the appendix
of Zhanget al. [316].

The game instances we use are also described in detail in the appendix of Zhanget al. [316],
and belong to following eight different classes of established parametric benchmark games,
each identified with an alphabetical mnemonic: B – Battleship [101], D – Liar’s dice [199], GL –
Goofspiel [254], K – Kuhn poker [187], L – Leduc poker [275], RS – ridesharing game [305], S –
Sheriff [101], TP – double dummy bridge game [305].

In Figure 6.15, we have plotted the payoff spaces of some representative instances. The plots show
how the polytopes of communication and full-certification equilibria behave relative to correlated
equilibria. In the battleship and sheriff instances, the space of communication equilibrium payoffs
is a single point, which implies that the space of NFCE (and hence Nash) equilibrium payoffs is
also that single point. Unfortunately, that point is the Pareto-least-optimal point in the space of
EFCEs. In the ridesharing instances, communication allows higher payoffs. This is because the
mediator is allowed to “leak” information between players.

6.9.2 Exact Sequential Auction Design
Next, we use our approach to derive the optimal mechanism for a sequential auction design
problem. In particular, we consider a two-round auction with two bidders, each starting with a
budget of 1. The valuation for each item for each bidder is sampled uniformly at random from
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Game # Nodes NFCCE EFCCE EFCE COMM CERT
LP CFR LP CFR LP CFR LP CFR LP CFR

B2222 1573 0.00s 0.00s 0.00s 0.01s 0.00s 0.02s 2.00s 1.49s 0.00s 0.02s
B2322 23,839 0.00s 0.01s 3.00s 0.69s 9.00s 1.60s timeout 4m 41s 2.00s 1.24s
B2323 254,239 6.00s 0.33s 1m 21s 14.23s 3m 40s 44.87s timeout timeout 37.00s 40.45s
B2324 1,420,639 38.00s 2.73s timeout 3m 1s timeout 10m 48s timeout timeout timeout 6m 14s

D32 1017 0.00s 0.01s 0.00s 0.02s 12.00s 0.40s 0.00s 0.06s 0.00s 0.01s
D33 27,622 2m 17s 12.93s timeout 1m 46s timeout timeout timeout 4m 37s 4.00s 3.14s

GL3 7735 0.00s 0.01s 1.00s 0.02s 0.00s 0.01s timeout 7.72s 0.00s 0.02s

K35 1501 49.00s 0.76s 46.00s 0.67s 57.00s 0.55s 1.00s 0.03s 0.00s 0.01s

L3132 8917 26.00s 0.59s 8m 43s 5.13s 8m 18s 6.10s 8.00s 3.46s 1.00s 0.10s
L3133 12,688 38.00s 0.94s 20m 26s 8.88s 21m 25s 6.84s 12.00s 3.40s 1.00s 0.22s
L3151 19,981 timeout 15.12s timeout timeout timeout timeout timeout 16.73s 2.00s 0.21s
L3223 15,659 4.00s 0.44s 1m 10s 2.94s 2m 2s 5.52s 19.00s 18.19s 1.00s 0.61s
L3523 1,299,005 timeout 1m 7s timeout timeout timeout timeout timeout timeout timeout 2m 58s

S2122 705 0.00s 0.00s 0.00s 0.01s 0.00s 0.02s 2.00s 0.35s 0.00s 0.02s
S2123 4269 0.00s 0.01s 1.00s 0.06s 1.00s 0.15s 1m 33s 59.63s 1.00s 0.15s
S2133 9648 1.00s 0.02s 3.00s 0.11s 3.00s 0.49s timeout 12m 11s 2.00s 0.92s
S2254 712,552 1m 58s 7.43s timeout 22.01s timeout 3m 34s timeout timeout timeout 2m 42s
S2264 1,303,177 3m 43s 11.74s timeout 39.23s timeout timeout timeout timeout timeout timeout

TP3 910,737 1m 38s 7.44s timeout 13.76s timeout 13.46s timeout timeout timeout 26.70s

RS212 598 0.00s 0.00s 0.00s 0.00s 0.00s 0.00s 2.00s 0.01s 0.00s 0.00s
RS222 734 0.00s 0.00s 0.00s 0.00s 0.00s 0.00s 3.00s 0.01s 0.00s 0.00s
RS213 6274 timeout 14.68s timeout 15.54s timeout 23.37s 6m 25s 8.74s 0.00s 0.02s
RS223 6238 timeout timeout timeout timeout timeout timeout 8m 54s 4.00s 1.00s 0.01s

Table 6.14: Experimental comparison between our learning-based approach
(‘CFR’, Section 6.8.2.1) and our linear-programming-based method (‘LP’, Sec-
tion 6.4). Within each pair of cells corresponding to ‘LP’ vs ‘CFR,’ the faster
algorithm is shaded blue while the hue of the slower algorithm depends on how
much slower it is. If both algorithms timed out, they are both shaded gray.

the set {0, 1/4, 1/2, 3/4, 1}. We consider a mediator-augmented game in which the principal
chooses an outcome (allocation and payment for each player) given their reports (bids). We
use CFR+ [283] as learning algorithm and a fixed Lagrange multiplier 𝜆 := 25 to compute the
optimal communication equilibrium that corresponds to the optimal mechanism. We terminated
the learning procedure after 10000 iterations, at a duality gap for (L1) of approximately 4.2×10−4.
Figure 6.16 (left) summarizes our results. On the y-axis we show how exploitable (that is, how
incentive-incompatible) each of the considered mechanisms are, confirming that for this type of
sequential settings, second-price auctions (SP) with or without reserve price, as well as the first-
price auction (FP), are typically incentive-incompatible. On the x-axis, we report the hypothetical
revenue that the mechanism would extract assuming truthful bidding. Our mechanism is provably
incentive-compatible and extracts a larger revenue than all considered second-price mechanisms.
It also would extract less revenue than the hypothetical first-price auction if the bidders behaved
truthfully (of course, real bidders would not behave honestly in the first-price auction but rather
would shade their bids downward, so the shown revenue benchmark in Figure 6.16 is actually not
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Figure 6.15: Payoff spaces for various games and notions of equilibrium. The
symbol ⋆ indicates that the set of communication equilibrium payoffs for that
game is (at least, modulo numerical precision) that single point. In the battleship
instance, many of the notions overlap.

achievable). Intriguingly, we observed that 8% of the time the mechanism gives an item away for
free. Despite appearing irrational, this behavior can incentivize bidders to use their budget earlier
in order to encourage competitive bidding, and has been independently discovered in manual
mechanism design recently [85].

6.9.3 Scalable Sequential Auction Design via Deep Reinforcement Learning
We also combine our framework with deep-learning-based algorithms for scalable equilibrium
computation in two-player zero-sum games to compute optimal mechanisms in two sequential
auction settings. To compute an optimal mechanism using our framework, we use the PSRO
algorithm [191], a deep reinforcement learning method based on the double oracle algorithm
that has empirically scaled to large games such as Starcraft [288] and Stratego [212], as the
game solver in BinSearch.6.25 To train the best responses, we use proximal policy optimization
(PPO) [268].

First, to verify that the deep learning method is effective, we replicate the results of the tabular
experiments in Section 6.9.2. We find that PSRO achieves the same best response values and
optimal equilibrium value computed by the tabular experiment, up to a small error. These results
give us confidence that our method is correct.

Second, to demonstrate scalability, we run our deep learning-based algorithm on a larger auction
environment that would be too big to solve with tabular methods. In this environment, there
are four rounds, and in each round the valuation of each player is sampled uniformly from
{0, 0.1, 0.2, 0.3, 0.4, 0.5}. The starting budget of each player is, again, 1. We find that, like the
smaller setting, the optimal revenue of the mediator is ≈ 1.1 (right-side of Figure 6.16). This

6.25We also tested PSRO on the Lagrangian (L1), but this proved to be incompatible with deep learning due to the
large reward range induced by the multiplier 𝜆.
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Figure 6.16: Exploitability is measured by summing the best response for both
bidders to the mechanism. Zero exploitability corresponds to incentive compati-
bility. In a sequential auction with budgets, our method is able to achieve higher
revenue than second-price auctions and better incentive compatibility than a first-
price auction.

revenue exceeds the revenue of every second-price auction (none of which have revenue greater
than 1).6.26

6.10 Conclusion and Future Research
We proposed a new paradigm of learning in games. It applies to mechanism design, information
design, and solution concepts in multi-player extensive-form games such as correlated, communi-
cation, and certification equilibria. Leveraging a Lagrangian relaxation, our paradigm reduces
the problem of computing optimal equilibria to determining minimax equilibria in zero-sum
extensive-form games. We also demonstrated the scalability of our approach for computing
optimal equilibria by attaining state-of-the-art performance in benchmark tabular games, and by
solving a sequential auction design problem using deep reinforcement learning. Along the way,
we have shown parameterized complexity results—both upper and lower bounds—for the special
case of computing optimal correlated equilibria.

Possible directions of future research include the following.

1. Is there a better-than-quadratic-size linear program or similar algorithm for communication
equilibria?

2. Is it possible to extend our augmented game construction to also cover normal-form corre-
lated equilibria while maintaining efficiency?

6.26We are inherently limited in this setting by the inexactness of best responses based on deep reinforcement
learning; as such, it is possible that these values are not exact. However, because of the success of above tabular
experiment replications, we believe that our results should be reasonably accurate.
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3. Investigate further the comparison between communication and correlation in games. For
example, when and why do communication equilibria achieve higher social welfare than
extensive-form correlated equilibria?

4. Extend CorrelationDAG in such a way that it also has polynomial size in all triangle-free
games.

5. An intelligent combination—rather than merely a selection of one versus the other—of
the correlation DAG and the column generation algorithm may lead to faster practical
algorithms.

6. Investigate possible use of the payoff structure in the game; for example, investigate
extensions of the concept of smooth games [256].
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Part II

Learning Agents in Games, Correlated
Equilibria, and Optimization
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Chapter 7

Steering Learning Agents to Optimal
Equilibria

7.1 Introduction
Any student of game theory learns that games can have multiple equilibria of different quality—for
example, in terms of social welfare. As such, a foundational problem that has received tremendous
interest in the literature revolves around characterizing the quality of the equilibrium reached
under no-regret learning dynamics. The outlook that has emerged from this endeavor, however, is
discouraging: typical learning algorithms can fail spectacularly at reaching desirable equilibria.
This is rather dramatically illustrated in the example of Figure 7.1 (second panel). Learning agents
initialized at either A, B, or C will in fact converge to the Pareto-pessimal Nash equilibrium of the
game (bottom-left corner); only an initialization close to the Pareto-dominant equilibrium (such
as D in the top-right corner) will end up with the desired outcome.

Our goal in this chapter is to develop methods to steer learning agents toward better equilibrium
outcomes. To do so, we will use a mediator that can observe the agents playing the game, give
advice to the agents (in the form of action recommendations), and pay the agents as a function
of what actions they played. Our goal is to develop algorithms that allow the mediator to steer
agents to a target equilibrium, while not spending too much money doing so. Critically, our
only assumption on the agents’ behavior is that they have no regret in hindsight. This is a fairly
mild assumption compared to the assumptions made by many past papers on similar topics. We
elaborate on the comparison to related work in the full paper [318].

Beyond the obvious relation to equilibrium selection, our model also has implications for the
problem of information design and Bayesian persuasion (e.g., [167]). Indeed, we will show that
we can steer players not only to any Nash equilibrium but to any Bayes-correlated equilibrium
(BCE)—the solution concept most naturally associated with the problem of information design.

188



C

2

0,3 0,0

1

3,0 2

0,0 4,4

H S

H S

H S

Strategy of Player 1

St
ra

te
gy

of
Pl

ay
er

2

Without payments
AA

BB

CC

DD

AA
BB

CC

DD

Strategy of Player 1

St
ra

te
gy

of
Pl

ay
er

2

With vanishing payments
AA

BB

CC

DD

AA
BB

CC

DD

Iteration
0.0

0.5

1.0

1.5

2.0

Realized per-iteration payment

2.4

2.7

3.0

3.3

3.6

3.9

So
ci

al
W

el
fa

re
Figure 7.1: Left: An extensive-form version of a stag hunt. Chance plays
uniformly at random at the root note, and the dotted line connecting the two
nodes of Player 2 indicates an infoset: Player 2 cannot distinguish the two nodes.
The game has two equilibria: one at the bottom-left corner, and one at the top-
right corner (star). The latter is Pareto-dominant. Introducing vanishing realized
payments alters the gradient landscape, steering players to the optimal equilibrium
(star) instead of the suboptimal one (opposite corner). The capital letters show
the players’ initial strategies. Lighter color indicates higher welfare and the star
shows the highest-welfare equilibrium. Further details are in the appendix of the
full paper [318].

7.2 Summary of Our Results
Here we summarize our model and results. There is a fixed, arbitrary extensive-form game Γ,
being played repeatedly over rounds 𝑡 = 1, . . . , 𝑇 . Players’ rewards are assumed to be normalized
to range [0, 1]. The players are assumed to play in such a way that their regret increases sublinearly
as a function of 𝑇 . This is a fairly natural and mild assumption (as discussed in the previous
paragraph), and moreover there are many well-known algorithms that players can use to efficiently
achieve sublinear regret in extensive-form games, perhaps the best-known of which is CFR, which
has regret 𝑇1/2 ignoring game-dependent constants.7.1

Broadly speaking, the goal of this chapter is to design methods of steering the learning behavior
of the players so that they reach desirable equilibria instead of undesirable ones. We do this by
introducing a mediator to the game. After each round, the mediator observes how the players
played the game, and has the power to give nonnegative payments 𝑝 (𝑡)

𝑖
to each player 𝑖 at each

round 𝑡. We will first consider the case where a target pure Nash equilibrium is given as part of
the problem instance.

A few observations follow easily. If the mediator’s payments are not bounded, the mediator
can trivially steer the players toward any outcome at all—not just equilibrium outcomes—by
simply paying the players to play that outcome. We must therefore somehow bound the budget
of the mediator. We will study two different budgets: a per-round budget, which constrains the
individual payments 𝑝 (𝑡)

𝑖
, and a total budget, which constrains their sum over time. We start by

showing that the total budget must be allowed to grow with time.

7.1Throughout the introduction, game-dependent constants are omitted for clarity and to emphasize the dependence
on 𝑇 . In all cases, the omitted game-dependent constant is polynomial in the number of nodes in the game tree.
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Proposition 7.1 (Informal version of Proposition 7.9). For any fixed total budget 𝐵, there
is a time horizon 𝑇 large enough that the steering problem is impossible.

As a result, the total budget must be allowed to grow with the time horizon, but yet, for the
problem to be interesting, the budget cannot be allowed to grow too fast. We thus focus on the
regime where the budget is allowed to grow with 𝑇 , but only sublinearly—that is, the average
per-round payment must vanish in the limit 𝑇 →∞. We are interested in algorithms for which
both the average budget and rate of convergence to the desired equilibrium can both be bounded
by 𝑇−𝑐 for some absolute constant 𝑐 > 0. We show the following.

Theorem 7.2 (Informal version of Theorems 7.11 and 7.16). Steering to pure-strategy
equilibria is possible in normal-form or Bayesian games, with absolute constant per-round
budget. The average budget and rate of convergence to equilibrium are both 𝑇−1/4.

Intuitively, the mediator sends payments in such a way as to 1) reward the player a small amount
for playing the equilibrium, and 2) compensate the player for deviations of other players. The goal
of the mediator is to set the payments in such a way that the target equilibrium actions become
strictly dominant for the players, and therefore the players must play them.

Next we turn to the extensive-form setting. Settings such as information design, in which first
a signal is designed, and then players take actions, are naturally extensive-form games. We
distinguish between two settings: the full feedback setting, in which the mediator observes every
player’s entire strategy at every round, and the trajectory-feedback setting, in which the mediator
only observes the trajectories that are actually played by the players.7.2

The full feedback setting yields results similar to the normal-form setting.

Theorem 7.3 (Informal version of Theorem 7.13). Steering to pure-strategy equilibria
is possible in extensive-form games with full feedback, with absolute constant per-round
budget. The average budget and rate of convergence to equilibrium are both 𝑇−1/4.

The trajectory feedback case, however, is quite different.

Theorem 7.4 (Informal version of Theorem 7.17). With only trajectory feedback and
absolute constant per-round budget, steering in general extensive-form games is impossible,
even to the welfare-maximizing pure Nash equilibrium.

Intuitively, the discrepancy is because, with only trajectory feedback, it is not possible to make
the target equilibrium dominant using only nonnegative, vanishing-on-average payments, so the
techniques used for the previous results cannot apply. This phenomenon can already be observed
in the “stag hunt” game in Figure 7.1: for Player 2, Stag (S) cannot be a weakly-dominant strategy

7.2This distinction becomes only meaningful for extensive-form games. For normal-form games, the two settings
above coincide, because the “trajectory” in a normal-form game is just a list consisting of each player’s chosen action.
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unless a payment is given at the boxed node, which would be problematic because such payments
would also appear in the welfare-optimal equilibrium (S, S). Thus, one needs to be more clever.
Fortunately, steering is still possible in this setting, but only if the per-round budget is also allowed
to grow:

Theorem 7.5 (Informal version of Theorem 7.19). Steering to pure-strategy equilibria is
possible in extensive-form games with bandit feedback. The average budget and rate of
convergence to equilibrium are both 𝑇−1/8, and the per-round budget grows at rate 𝑇1/8.

Next, we generalize our results beyond pure Nash equilibria. To do this, we will require the
mediator to have the additional ability to give advice to the players, in the form of action
recommendations. First, we show that using advice is a necessary condition for steering to even
mixed Nash equilibria.

Theorem 7.6 (Informal version of Theorem 7.21). Without advice, there exists a normal-
form game in which the unique optimal Nash equilibrium is mixed, and it is impossible to
steer players toward it.

If we allow advice, it turns out to be possible to steer players not just to mixed Nash equilibria but
to a far broader set of equilibria known as the Bayes-correlated equilibria.

Theorem 7.7 (Informal version of Theorem 7.23). With advice, steering to Bayes-
correlated equilibria is possible in extensive-form games. The conditions and rates are the
same as those for pure Nash equilibria.

Intuitively, the result follows because Bayes-correlated equilibria can be viewed as the pure Nash
equilibria of an augmented game in which the advice is treated as part of the game’s observations.
Bayes-correlated equilibria are a very general solution concept that include, for example, all the
extensive-form correlated equilibria [291] and communication equilibria [109, 228], among other
notions.

In Section 7.7, we study the problem of steering without prior knowledge of the utility functions.
Since the equilibrium in this setting is not known a priori, we show that, at least for normal-form
games, it is possible for a mediator to first learn the utilities, and then compute the optimal
equilibrium and steer players toward it. Along the way, we define a new solution concept, the
correlated equilibrium with payments, that characterizes the optimal outcome for the mediator,
given a particular utility function of the mediator.

Finally, we complement our theoretical analysis by implementing and testing our steering algo-
rithms in several benchmark games in Section 7.8.
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Per-Iteration Payment
Absolute Constant Growing with 𝑇

Normal Form and Bayesian Games 𝑇−1/4 (Theorems 7.13 and 7.16)
Extensive Form Games Impossible (Theorem 7.17) 𝑇−1/8 (Theorem 7.19)

Table 7.2: Summary of our positive algorithmic results for steering to a known
equilibrium with trajectory feedback. In this table, we hide polynomial game-
dependent constants, and assume that regret minimizers incur regret 𝑇−1/2.

7.3 The Steering Problem
In this section, we introduce what we call the steering problem. Informally, the steering problem
asks whether a mediator can always steer players to any given equilibrium of an extensive-form
game.

Definition 7.8 (Steering Problem for Pure-Strategy Nash Equilibrium). Let Γ be an extensive-
form game with payoffs bounded in [0, 1]. Let o be an arbitrary pure-strategy Nash equilibrium
of Γ, which we will call the target equilibrium. The mediator knows the game Γ, as well as a
function 𝑅(𝑇) = 𝑜(𝑇), which may be game-dependent, that bounds the regret of each player. At
each round 𝑡 ∈ [𝑇], the mediator picks payment functions for each player, 𝑝 (𝑡)

𝑖
: X1 × · · · × X𝑛 →

[0, 𝑃], where 𝑝 (𝑡)
𝑖

is linear in x𝑖 and continuous in x−𝑖, and 𝑃 defines the largest allowable
per-iteration payment. Then, players pick strategies x(𝑡)

𝑖
∈ X𝑖. Each player 𝑖 then gets utility

𝑣
(𝑡)
𝑖
(x𝑖) := 𝑢𝑖 (x𝑖,x(𝑡)−𝑖 ) + 𝑝

(𝑡)
𝑖
(x𝑖,x(𝑡)−𝑖 ). The mediator has two desiderata.

(S1) (Payments) The time-averaged realized payments to the players, defined as

max
𝑖∈[𝑛]

1
𝑇

𝑇∑︁
𝑡=1

𝑝
(𝑡)
𝑖
(x(𝑡)),

converges to 0 as 𝑇 →∞.

(S2) (Target Equilibrium) Players’ actions are indistinguishable from the Nash equilibrium o.
That is, for every terminal node 𝑧, the directness gap, defined as∑︁

𝑧∈Z

����� 1𝑇 𝑇∑︁
𝑡=1

x̂(𝑡) (𝑧) − ô(𝑧)
����� =






 1
𝑇

𝑇∑︁
𝑡=1

x̂(𝑡) − ô







1

,

converges to 0 as 𝑇 →∞, where x̂ ∈ Δ(Z) is the probability distribution onZ induced by
profile x.

The assumption imposed on the payment functions in Definition 7.8 ensures the existence of
Nash equilibria in the payment-augmented game (e.g., [116], p. 34). Throughout this chapter,
we will refer to players as direct if they are playing actions prescribed by the target equilibrium
strategy o. Critically, (S2) does not require that the strategies themselves converge to the direct
strategies, i.e., x(𝑡)

𝑖
→ o𝑖, in iterates or in averages. They may differ on nodes off the equilibrium
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path. Instead, the requirement defined by (S2) is that the outcome distribution over terminal nodes
converges to that of the equilibrium. Similarly, (S1) refers to the realized payments 𝑝 (𝑡)

𝑖
(x(𝑡)), not

the maximum offered payment maxx∈X 𝑝 (𝑡)𝑖 (x).

For now, we assume that the pure Nash equilibrium is part of the instance, and therefore our only
task is to steer the agents toward it. In Section 7.6 we show how our steering algorithms can be
extended to other equilibrium concepts such as mixed or (Bayes-)correlated equilibria, and to the
case where the mediator needs to compute the equilibrium.

The mediator does not know anything about how the players pick their strategies, except that they
will have regret bounded by a function that vanishes in the limit and is known to the mediator.
This condition is a commonly adopted behavioral assumption [49, 178, 231]. The regret of Player
𝑖 ∈ [𝑛] in this context is defined as

REGX𝑖 (𝑇) :=
1

𝑃 + 1

[
max
x∗
𝑖
∈X𝑖

𝑇∑︁
𝑡=1

𝑣
(𝑡)
𝑖
(x∗𝑖 ) −

𝑇∑︁
𝑡=1

𝑣
(𝑡)
𝑖
(x(𝑡)

𝑖
)
]
.

That is, regret takes into account the payment functions offered to that player. (The division by
1/(𝑃 + 1) is for normalization, since 𝑣 (𝑡)

𝑖
s has range [0, 𝑃 + 1].)

How large payments are needed to achieve (S1) and (S2)? If the mediator could provide totally
unconstrained payments, it could enforce any arbitrary outcome. On the other hand, if the
total payments are restricted to be bounded, the steering problem is information-theoretically
impossible:

Proposition 7.9. There exists a game and some function 𝑅(𝑇) = 𝑂 (
√
𝑇) such that, for all

𝐵 ≥ 0, the steering problem is impossible if we add the constraint
∑∞
𝑡=1

∑𝑛
𝑖=1 𝑝

(𝑡)
𝑖
(x(𝑡)) ≤ 𝐵.

Proof. Suppose that the mediator’s goal is for the players to coordinate on the equilibrium (B,
B) in the coordination 2-player game with the following payoff matrix.

A B

A 0.5, 0.5 0,0

B 0,0 1,1

Set 𝑅(𝑇) = 2
√
𝑇 . We will show that, regardless of the mediator’s strategy, it is possible for the

players to play (A, A) for all but finitely many rounds.

Suppose the players play as follows. Let Γ(𝑡) be the game at time 𝑡 induced by the mediator’s
payoff function 𝑝 (𝑡) . For the first 𝐵2 rounds, play an arbitrary Nash equilibrium of Γ(𝑡) . After
that, if (A, A) is a Nash equilibrium of Γ(𝑡) , play it. Otherwise, play a strategy profile x(𝑡) for
which

∑𝑛
𝑖=1 𝑝

(𝑡)
𝑖
(x(𝑡)) > 1

2 (Such a strategy profile must exist, for otherwise (A, A) would be a
Nash equilibrium).
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The total regret of the players after 𝑇 rounds is (at most) 0 for 𝑇 ≤ 𝐵2, since we have assumed
that they are playing a Nash equilibrium of Γ(𝑡) , and at most (𝑃+1)𝑘 for 𝑇 > 𝐵2, where 𝑘 is the
number of times that the final case triggers, since the reward range of Γ(𝑡) is at most [0, 𝑃 + 1].
But the final case can only trigger at most 2𝐵 times since the mediator only has a total budget
of 𝐵. Therefore, the regret is bounded by 2(𝑃 + 1)

√
𝑇/(𝑃 + 1) = 2

√
𝑇 for any 𝑇 , and for all

but 2𝐵 + 𝐵2 rounds, the players are playing a suboptimal equilibrium. So, desideratum (S2)
in Definition 7.8 cannot be satisfied. □

Hence, a weaker requirement on the size of the payments is needed. Between these extremes, one
may allow the total payment to be unbounded, but insist that the average payment per round must
vanish in the limit.

7.4 Steering in Normal-Form Games
We start with the simpler setting of normal-form games, that is, extensive-form games in which
every player has one information set, and the set of histories correspond precisely to the set of
pure profiles. This setting is much simpler than the general extensive-form setting (we consider in
the next section), and we can appeal to a special case of a result in the literature [219].

Proposition 7.10 (Costless implementation of pure Nash, special case of 𝑘-implementation,
[219]). Let o be a pure Nash equilibrium in a normal-form game. Then there exist
functions 𝑝∗

𝑖
: X1 × · · · × X𝑛 → [0, 1], with 𝑝∗

𝑖
(o) = 0, such that in the game with utilities

𝑣𝑖 := 𝑢𝑖 + 𝑝∗𝑖 , the profile o is weakly dominant: 𝑣𝑖 (o𝑖,x−𝑖) ≥ 𝑣𝑖 (x𝑖,x−𝑖) for every profile
x.

Proof. The payment function

𝑝∗𝑖 (x) := (o⊤𝑖 x𝑖)
(
1 −

∏
𝑗≠𝑖

o⊤𝑗 x 𝑗

)
,

which on pure profiles x returns 1 if and only if x𝑖 = o𝑖 and x 𝑗 ≠ o 𝑗 for some 𝑗 ≠ 𝑖 makes
equilibrium play weakly dominant. □

This is almost enough for steering: the only problem is that o is only weakly dominant, so
no-regret players may play other strategies than o. This can be fixed by adding a small reward
𝛼 ≪ 1 for playing o𝑖. That is, we set

𝑝𝑖 (x) := 𝛼o⊤𝑖 x𝑖 + 𝑝∗𝑖 (x) = (o⊤𝑖 x𝑖)
(
𝛼 + 1 −

∏
𝑗≠𝑖

o⊤𝑗 x 𝑗

)
. (7.1)

On a high level, the structure of the payment function guarantees that the average strategy of any
no-regret learner 𝑖 ∈ [𝑛] should be approaching the direct strategy o𝑖 by making o𝑖 the strictly
dominant strategy of player 𝑖. At the same time, it is possible to ensure that the average payment
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will also be vanishing by appropriately selecting parameter 𝛼. With an appropriate choice of 𝛼,
this is enough to solve the steering problem for normal-form games:

Theorem 7.11 (Normal-form steering). Let 𝑝𝑖 (x) be defined as in (7.1), set 𝛼 =
√
𝜖 , where

𝜖 := 𝑛𝑅(𝑇)/𝑇 , and let 𝑇 be large enough that 𝛼 ≤ 1. Then players will be steered toward
equilibrium, with both payments and directness gap bounded by 2

√
𝜖 .

Proof. By construction of the payments, the utility for player 𝑖 is at least 𝛼 higher for playing
o𝑖 than for any other action, regardless of the actions of the other players. Let 𝜖 := 𝑛𝑅(𝑇)/𝑇
and 𝛿

(𝑡)
𝑖

:= 1 − o⊤
𝑖
x(𝑡)
𝑖

. Then the above property ensured by the payments implies that
𝑅(𝑇)/𝑇 = 𝜖/𝑛 ≥ 𝛼 E𝑡∈[𝑇] 𝛿(𝑡)𝑖 . Let 𝑧∗ be the terminal node induced by profile o. Then the
directness gap is

2E
𝑡

[
1 − x̂(𝑡) (𝑧∗)

]
= 2 − 2E

𝑡

∏
𝑖

(1 − 𝛿(𝑡)
𝑖
) ≤ 2E

𝑡

∑︁
𝑖

𝛿
(𝑡)
𝑖
≤ 2𝜖/𝛼,

and the payments are bounded by

E
𝑡
𝑝𝑖 (x) ≤ 𝛼 + E

𝑡

[
1 −

∏
𝑗≠𝑖

(1 − 𝛿(𝑡)
𝑖
)
]
≤ 𝛼 + 𝜖/𝛼.

So, taking 𝛼 =
√
𝜖 completes the proof. □

We note that no effort was made throughout this chapter to optimize the game-dependent or
constant factors, so long as they remained polynomial in |Z|—they can very likely be improved.

7.5 Steering in Extensive-Form Games
This section considers steering in extensive-form games. We will first consider a model in which
steering payments can condition on full player strategies (Section 7.5.1). Next, we consider a
model in which only realized trajectories are considered (Section 7.5.2).

Tbere are two main reassons why the extensive-form version of the steering problem is significantly
more challenging than the normal-form version.

First, in extensive form, the strategy spaces of the players are no longer simplices. Therefore,
if we wanted to write a payment function 𝑝𝑖 with the property that 𝑝𝑖 (x) = 𝛼1{x = o} +
1
{
x𝑖 = o𝑖;∃ 𝑗 x 𝑗 ≠ o 𝑗

}
for pure x (which is what was needed by Theorem 7.11), such a function

would not be linear (or even convex) in player 𝑖’s strategy x𝑖 ∈ X𝑖 (which is a sequence-form
strategy, not a distribution over pure strategies). As such, even the meaning of extensive-form
regret minimization becomes suspect in this setting.

Second, in extensive form, a desirable property would be that the mediator give payments
conditioned only on what actually happens in gameplay, not on the players’ full strategies—in
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particular, if a particular information set is not reached during play, the mediator should not know
what action the player would have selected at that information set. We will call this the trajectory
setting, and distinguish it from the full-feedback setting, where the mediator observes the players’
full strategies.7.3 This distinction is meaningless in the normal-form setting: since terminal nodes
in normal form correspond to (pure) profiles, observing gameplay is equivalent to observing
strategies. (We will discuss this point in more detail when we introduce the trajectory-feedback
setting in Section 7.5.2.)

7.5.1 Steering with Full Feedback
In this section, we introduce a steering algorithm for extensive-form games under full feedback,
summarized below.

Definition 7.12 (FullFeedbackSteer). At every round, set the payment function 𝑝𝑖 (x𝑖,x−𝑖) as

𝛼o⊤𝑖 x𝑖︸ ︷︷ ︸
directness bonus

+ [𝑢𝑖 (x𝑖,o−𝑖) − 𝑢𝑖 (x𝑖,x−𝑖)]︸                            ︷︷                            ︸
sandboxing payments

− min
x′
𝑖
∈X𝑖

[
𝑢𝑖 (x′𝑖,o−𝑖) − 𝑢𝑖 (x′𝑖,x−𝑖)

]
,︸                                     ︷︷                                     ︸

payment to ensure nonnegativity

(7.2)

where 𝛼 ≤ 1/|Z| is a hyperparameter that we will select appropriately.

By construction, 𝑝𝑖 satisfies the conditions of the steering problem (Definition 7.8): it is linear
in x𝑖, continuous in x−𝑖, nonnegative, and bounded by an absolute constant (namely, 3). The
payment function defined above has three terms:

1. The first term is a reward for directness: a player gets a reward proportional to 𝛼 if it plays o𝑖.

2. The second term compensates the player for the indirectness of other players. That is, the
second term ensures that players’ rewards are as if the other players had acted directly.

3. The final term simply ensures that the overall expression is nonnegative.

We claim that this protocol solves the basic version of the steering problem, as formalized below.

Theorem 7.13. Set 𝛼 =
√
𝜖, where 𝜖 := 4𝑛𝑅(𝑇)/𝑇 , and let 𝑇 be large enough that

𝛼 ≤ 1/|Z|. Then, FullFeedbackSteer results in average realized payments and directness
gap at most 3|Z|

√
𝜖 .

Proof. We start with a useful lemma.

Lemma 7.14. Let x̄𝑖 := E𝑡∈[𝑇] x
(𝑡)
𝑖

for any player 𝑖 ∈ [𝑛] and 𝛿 :=
∑𝑛
𝑖=1 o

⊤
𝑖
(o𝑖 − x̄𝑖). Then,

E𝑡∈[𝑇]



x̂(𝑡)𝑁 − ô𝑁


1

≤ |Z|𝛿 for every 𝑁 ⊆ [𝑛]. Moreover, if the payments are defined according

to (7.2), the average payment to every player can be bounded by E𝑡∈[𝑇] 𝑝𝑖 (x(𝑡)) ≤ |Z|(2𝛿 + 𝛼).

7.3To be clear, the settings are differentiated by what the mediator observes, not what the players observe. That is,
it is valid to consider the full-feedback steering setting with players running bandit-feedback regret minimizers, or the
trajectory-feedback steering setting with players running full-feedback regret minimizing algorithms.
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Proof. Let 𝛿𝑖 := o⊤
𝑖
(o𝑖 − x̄𝑖) for any player 𝑖 ∈ [𝑛]. Then, we have that

min
𝑧:o𝑖 (𝑧)=1

x̄𝑖 (𝑧) ≥ 1 − 𝛿𝑖,

which in turn implies that max𝑧:o𝑖 (𝑧)=0 x̄𝑖 (𝑧) ≤ 𝛿𝑖 . Now let 𝑁 ⊆ [𝑛]. If 𝑧 ∈ Z is such that
o𝑁 (𝑧) = 1,

x̄𝑁 (𝑧) = E
𝑡∈[𝑇]

x(𝑡)
𝑁
(𝑧) = E

𝑡∈[𝑇]

∏
𝑗∈𝑁

x(𝑡)
𝑗
(𝑧) ≥ E

𝑡∈[𝑇]

∏
𝑗∈𝑁

(
1 − 𝛿 𝑗

)
≥ 1 −

∑︁
𝑗∈𝑁

𝛿 𝑗 = 1 − 𝛿.

Further, if o 𝑗 (𝑧) = 0 for some 𝑗 ∈ 𝑁 ,

x̄𝑁 (𝑧) ≤ x̄ 𝑗 (𝑧) ≤ 𝛿 𝑗 ≤ 𝛿.

Thus,

E
𝑡∈[𝑇]




x̂(𝑡)𝑁 − ô𝑁


1
= E
𝑡∈[𝑇]

©­«
∑︁

𝑧:ô𝑁 (𝑧)=0
(x̂(𝑡)

𝑁
(𝑧) − ô𝑁 (𝑧)) +

∑︁
𝑧:ô𝑁 (𝑧)=1

(ô𝑁 (𝑧) − x̂(𝑡)𝑁 (𝑧))
ª®¬

=





 E
𝑡∈[𝑇]

x̂(𝑡)
𝑁
− ô𝑁






1
= ∥x̄𝑁 − ô𝑁 ∥1 ≤ |Z|𝛿, (7.3)

since we have shown that |x̄𝑁 (𝑧) − ô𝑁 (𝑧) | ≤ 𝛿 for any 𝑧 ∈ Z. This establishes the first part
of the claim. Next, the average payments (7.2) can by bounded for any player 𝑖 ∈ [𝑛] as

E
𝑡∈[𝑇]

[ [
𝑢𝑖 (x(𝑡)𝑖 ,o−𝑖) − 𝑢𝑖 (x

(𝑡)
𝑖
,x(𝑡)−𝑖 )

]
− min

x′
𝑖
∈𝑋𝑖

[
𝑢𝑖 (x′𝑖,o−𝑖) − 𝑢𝑖 (x′𝑖,x

(𝑡)
−𝑖 )

]
+ 𝛼o⊤𝑖 x

(𝑡)
𝑖

]
≤ 2 E

𝑡∈[𝑇]




x̂(𝑡)−𝑖 − ô−𝑖


1
+ 𝛼 |Z| ≤ |Z|(2𝛿 + 𝛼),

where we used the normalization assumption |𝑢𝑖 (·) | ≤ 1, and the fact that o⊤
𝑖
x(𝑡)
𝑖
≤ |Z|.

This concludes the proof. □

The utility of each player 𝑖 ∈ [𝑛] reads

𝑣𝑖 (x𝑖,x−𝑖) := 𝛼o⊤𝑖 x𝑖 + 𝑢𝑖 (x𝑖,o−𝑖) − min
x′
𝑖
∈𝑋𝑖
[𝑢𝑖 (x′𝑖,o−𝑖) − 𝑢𝑖 (x′𝑖,x−𝑖)] .

Given that o is an equilibrium, it follows that o𝑖 is a strict best response for any player 𝑖 ∈ [𝑛].
That is, the regret of each player 𝑖 ∈ [𝑛] after 𝑇 iterations can be lower bounded as

𝑇∑︁
𝑡=1

(
𝛼o⊤𝑖 (o𝑖 − x

(𝑡)
𝑖
) + 𝑢𝑖 (o) − 𝑢𝑖 (x(𝑡)𝑖 ,o−𝑖)

)
≥ 𝛼𝑇o⊤𝑖 (o𝑖 − x̄𝑖),

197



where we used that 𝑢𝑖 (o) − 𝑢𝑖 (x(𝑡)𝑖 ,o−𝑖) ≥ 0 since o is an equilibrium. Thus,

𝑛∑︁
𝑖=1

o⊤𝑖 (o𝑖 − x̄𝑖) ≤
𝑛𝑅(𝑇)
𝛼𝑇

=
𝜖

𝛼
.

We can now apply Lemma 7.14 to obtain that E𝑡∈[𝑇]


x̂(𝑡) − ô



1 ≤ |Z|𝛿, where 𝛿 := 𝜖/𝛼. Thus,
the directness gap is bounded by


E

𝑡
x̂(𝑡) − ô





1
= E

𝑡




x̂(𝑡) − ô



1
≤ 𝑛|Z|𝑅(𝑇)

𝛼𝑇
,

where the first equality follows because ô is an extreme point of 𝑋 (as in (7.3)). Furthermore,
by Lemma 7.14, the payment to each player 𝑖 ∈ [𝑛] can be bounded by

2|Z|(2𝛿 + 𝛼) = 2|Z| 𝜖
𝛼
+ |Z|𝛼.

As a result, setting 𝛼 =
√
𝜖 for 𝑇 sufficiently large so that 𝛼 ≤ 1/|Z|, we guarantee that the

payment to each player is bounded by 3𝑛|Z|
√
𝜖 and the directness gap is bounded by |Z|

√
𝜖 ,

as desired. □

7.5.2 Steering with Trajectory Feedback
In FullFeedbackSteer, payments depend on full strategies x, not the realized game trajectories.
In particular, the mediator in Theorem 7.13 observes what the players would have played even
at infosets that other players avoid. To allow for an algorithm that works without knowledge
of full strategies, 𝑝 (𝑡)

𝑖
must be structured so that it could be induced by a payment function that

only gives payments for terminal nodes reached during play. To this end, we now formalize
trajectory-feedback steering.

Definition 7.15 (Trajectory-feedback steering problem). Let Γ be an extensive-form game in
which rewards are bounded in [0, 1] for all players. Let o be an arbitrary pure-strategy Nash
equilibrium of Γ. The mediator knows Γ and a regret bound 𝑅(𝑇) = 𝑜(𝑇). At each 𝑡 ∈ [𝑇], the
mediator selects a payment function 𝑞 (𝑡)

𝑖
: Z → [0, 𝑃]. The players select strategies x(𝑡)

𝑖
. A

terminal node 𝑧(𝑡) ∼ x(𝑡) is sampled, and all agents observe the terminal node that was reached,
𝑧(𝑡) . The players get payments 𝑞 (𝑡)

𝑖
(𝑧(𝑡)), so that their expected payment is 𝑝 (𝑡)

𝑖
(x) := E𝑧∼x 𝑞

(𝑡)
𝑖
(𝑧).

The desiderata are as in Definition 7.8.

The trajectory-feedback steering problem is more difficult than the full-feedback steering problem
in two ways. First, as discussed above, the mediator does not observe the strategies x, only a
terminal node 𝑧(𝑡) ∼ x. Second, the form of the payment function 𝑞 (𝑡)

𝑖
: Z → [0, 𝑃] is restricted:

this is already sufficient to rule out FullFeedbackSteer. Indeed, 𝑝𝑖 as defined in (7.2) cannot be
written in the form E𝑧∼x 𝑞𝑖 (𝑧): 𝑝𝑖 (x𝑖,x−𝑖) is nonlinear in x−𝑖 due to the nonnegativity-ensuring
payments, whereas every function of the form E𝑧∼x 𝑞𝑖 (𝑧) will be linear in each player’s strategy.

We remark that, despite the above algorithm containing a sampling step, the payment function is
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defined deterministically: the payment is defined as the expected value 𝑝 (𝑡)
𝑖
(x) := E𝑧∼x 𝑞

(𝑡)
𝑖
(𝑧).

Thus, the theorem statements in this section will also be deterministic.

For normal-form games, the payments 𝑝𝑖 defined by (7.1) already satisfy the condition of
trajectory-feedback steering. In particular, if a = (𝑎1, . . . , 𝑎𝑛) is the joint action, we have

𝑝𝑖 (x) = E
a∼x

[
𝛼1{a = o} + 1

{
a𝑖 = o𝑖;∃ 𝑗 a 𝑗 ≠ o 𝑗

}]
.

Therefore, for normal-form games, Theorem 7.11 applies to both full-feedback steering and
trajectory-feedback steering, and we have no need to distinguish between the two.

7.5.3 Bayesian Games
In this section, we will discuss the special case of Bayesian games. For notation, we will let 𝜃𝑖
denote the type of player 𝑖, and θ = (θ1, . . . , θ𝑛) denote the joint type. Then a terminal node 𝑧
can be identified by a tuple (θ,a) where a is the joint action. Now consider the payment function

𝑝𝑖 (x) = E
(θ,a)∼x

[
𝛼1{a𝑖 = o𝑖 (𝜃𝑖)∀𝑖} + 1

{
a𝑖 = o𝑖 (𝜃𝑖);∃ 𝑗 a 𝑗 ≠ o 𝑗 (𝜃 𝑗 )

}]
(7.4)

where o𝑖 (𝜃𝑖) is the pure action played by o𝑖 with type 𝜃𝑖. We claim that this payment function
steers players toward the target profile o. Indeed, we have the following result.

Theorem 7.16 (Trajectory-feedback steering in Bayesian games). Set payments as in (7.4),
with hyperparameters 𝛼 =

√
𝜖 and 𝜖 = 𝑛𝑅(𝑇)/𝑇 . Then players will be steered toward

equilibrium with both payments and directness gap bounded by 2
√
𝜖 .

Proof. As in the normal-form case, the pure strategy o𝑖 is dominant for each player 𝑖: whenever
player 𝑖 has type 𝜃𝑖, action o𝑖 (𝜃𝑖) has expected utility 𝛼 higher than any other action. That is,
playing any other action incurs regret at least 𝛼 · 𝑝𝑖 (𝜃𝑖) in expectation, where 𝑝𝑖 (𝜃𝑖) is the prior
probability of type 𝜃𝑖. Thus, we have

E
𝑡

∑︁
θ

𝑝(θ)𝛼 ·
(
1 − x(𝑡)

𝑖
(o𝑖 (𝜃𝑖))

)
≤ 𝑅(𝑇)

𝑇
.

Summing over all players, we have

𝑛𝑅(𝑇)
𝑇
≥ E

𝑡

∑︁
θ

𝑝𝑖 (θ)𝛼
𝑛∑︁
𝑖=1
(1 − x(𝑡)

𝑖
(o𝑖 (𝜃𝑖)))

≥ E
𝑡

∑︁
θ

𝑝𝑖 (θ)𝛼
(
1 −

𝑛∏
𝑖=1

x(𝑡)
𝑖
(o𝑖 (𝜃𝑖))

)
=

1
2
𝛼 E
𝑡




x̂(𝑡) − o



1

so the directness gap is bounded by 2𝑛𝑅(𝑇)/𝛼𝑇 = 2𝜖/𝛼 = 2
√
𝜖 . Moreover, the payments are

bounded by 𝛼 + E𝑡 𝛿(𝑡)𝑖 = 𝛼 + 𝜖/𝛼 whee 𝛿(𝑡)
𝑖

= 1
2


x̂(𝑡) − o



1 as before. □
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This result is a strict generalization of Theorem 7.11.

7.5.4 Lower Bound for Extensive-Form Games
However, in extensive form, as discussed above, the story is not so clear. Unlike in the full-
feedback or normal-form settings, in the trajectory-feedback setting, steering is impossible in the
general case in the sense that per-iteration payments bounded by any constant do not suffice.

Theorem 7.17. For every 𝑃 > 0, there exists an extensive-form game Γ with 𝑂 (𝑃) players,
𝑂 (𝑃2) nodes, and rewards bounded in [0, 1] such that, with payments 𝑞 (𝑡)

𝑖
: Z → [0, 𝑃],

it is impossible to steer players to the welfare-maximizing Nash equilibrium, even when
𝑅(𝑇) = 0.

For intuition, consider the extensive-form game in Figure 7.3, which can be seen as a three-player
version of Stag Hunt. Players who play Hare (H) get a value of 1/2 (up to constants); in addition, if
all three players play Stag (S), they all get expected value 1. The welfare-maximizing equilibrium
is “everyone plays Stag”, but “everyone plays Hare” is also an equilibrium. In addition, if all
players are playing Hare, the only way for the mediator to convince a player to play Stag without
accidentally also paying players in the Stag equilibrium is to pay players at one of the three boxed
nodes. But those three nodes are only reached with probability 1/𝑛 as often as the three nodes on
the left, so the mediator would have to give a bonus of more than 𝑛/2. The full proof essentially
works by deriving an algorithm that the players could use to exploit this dilemma to achieve either
large payments or bad convergence rate, generalizing the example to 𝑛 > 3, and taking 𝑛 = Θ(𝑃).

Proof. For any 𝑛 > 0, consider the following 𝑛-player extensive-form game Γ, which has
𝑂 (𝑛2) nodes. Every player has only a single information set with two actions, and we will (for
good reason, as we will see later) refer to the actions as Stag and Hare. Chance first picks some
𝑗 ∈ [𝑛] ∪ {⊥} uniformly at random.

If 𝑗 ≠ ⊥, then player 𝑗 plays an action (which is either Stag or Hare). If 𝑖 plays Hare, it gets
utility 1/2; otherwise, it gets utility 0. All other players get utility 0.

If 𝑘 = ⊥, chance samples another player 𝑘 uniformly at random from [𝑛]. Then, in the order
𝑘, 𝑘 + 1, . . . , 𝑛, 1, 2, . . . , 𝑘 − 1, the players play their actions. If any player at any point plays
Hare, then the game ends and all players get 0. If all players play Stag, then all players get 1.

The normal form of this game is an 𝑛-player generalization of the Stag Hunt game: if all players
play Stag then all players have (expected) payoff 1/(𝑛 + 1); if any player plays Hare then every
player has expected payoff (1/2)/(𝑛 + 1) for playing Hare and 0 for playing Stag. In particular,
the welfare-optimal profile, “everyone plays Stag”, is a Nash equilibrium, and hence is also
the welfare-optimal EFCE, with social welfare 𝑛/(𝑛 + 1). “Everyone plays Hare” is also an
equilibrium, with social welfare (1/2)𝑛/(𝑛 + 1). The game tree when 𝑛 = 3 is depicted in
Figure 7.3.

Intuitively, the rest of the proof works as follows. Suppose that all players are currently playing
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Hare. The mediator needs to incentivize players to play Stag, but it has a dilemma. It cannot
give a large payment to 𝑖 for playing Stag when 𝑗 = 𝑖—then the average payment for each
player would diverge if the players were to move to the Stag equilibrium. The only other
location that the mediator could possibly give a payment to 𝑖 is when 𝑗 = ⊥, 𝑘 = 𝑖, player
𝑖 plays Stag, and the next player plays Hare. But this node is only reached with probability
𝑂 (1/𝑛2)—therefore, to outweigh 𝑖’s current incentive of Θ(1/𝑛) of playing Hare, the payment
at this node would have to be Θ(𝑛), at which point taking 𝑛 = Θ(𝑃) would complete the proof.

We now formalize this intuition. Take 𝑛 = ⌈4𝑃⌉ . Consider players who play as follows. At each
timestep 𝑡, the players consider the extensive-form game Γ(𝑡) induced by adding the payment
functions 𝑞 (𝑡)

𝑖
that the mediator would play, and ignoring mediator recommendations. That is,

Γ(𝑡) is identical to Γ except that 𝑞 (𝑡)
𝑖

has been added to player 𝑖’s utility function. If “everyone
plays Hare” is a Nash equilibrium of Γ(𝑡) , all players play Hare. Otherwise, the players play
according to an arbitrary Nash equilibrium of Γ(𝑡) .

Since the players are playing according to a Nash equilibrium at every step, they all have regret
at most 0. Now consider two cases.

1. There is a player 𝑖 such that plays Stag with probability less than 1/2. Then the social
welfare is at most (3/4)𝑛/(𝑛 + 1), which is lower than the optimal social welfare by
(1/4)𝑛/(𝑛 + 1).

2. All players play Stag with probability at least 1/2. Then, in particular, “everyone plays
Hare” is not a Nash equilibrium in Γ(𝑡) . So, if everyone were to play Hare, there is some
player 𝑖 who would rather deviate and play Stag. Thus, the mediator must be giving an
expected payment to 𝑖 of at least (1/2)/(𝑛 + 1). As discussed above, there are only two
nodes 𝑧 for which the setting of 𝑞 (𝑡)

𝑖
(𝑧) increases 𝑖’s utility for playing Stag relative to its

utility for playing Hare. The first is when 𝑗 = ⊥, 𝑘 = 𝑖, 𝑖 plays Stag, and the next player
plays Hare. Since 𝑃 ≤ 𝑛/4 and this node occurs with probability 1/(𝑛(𝑛 + 1)), even
the maximum payment at this node contributes at most (1/4)/(𝑛 + 1) to the expected
payment. Therefore, the remainder of the payment, (1/2)/(𝑛 + 1), must be given when
𝑗 = 𝑖 and then 𝑖 plays Stag. But Player 𝑖 plays Stag with probability at least 1/2, so 𝑖’s
observed expected payment is at least (1/4)/(𝑛 + 1).

Therefore, we have (
𝑢∗0 − E 𝑢0(𝑧(𝑡))

)
+ E

∑︁
𝑖∈[𝑛]

𝑞
(𝑡)
𝑖
(𝑧(𝑡)) ≥ 1

4(𝑛 + 1)

where 𝑢0 is the social welfare function, so it is impossible for both quantities to tend to 0 as
𝑇 →∞. □

7.5.5 Upper Bound for Extensive-Form Games
To circumvent the lower bound in Theorem 7.17, in this subsection, we allow the payment bound
𝑃 ≥ 1 to depend on both the time limit 𝑇 and the game.
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Figure 7.3: The counterexample for Theorem 7.17, for 𝑛 = 3. Chance always
plays uniformly at random. Infosets are linked by dotted lines (all nodes belonging
to the same player are in the same infoset).

Definition 7.18 (TRAJECTORYSTEER). Let 𝛼, 𝑃 be hyperparameters. Then, for all rounds
𝑡 = 1, . . . , 𝑇 , sample 𝑧 ∼ x(𝑡) and pay players as follows. If all players have been direct (i.e., if
ô(𝑧) = 1), pay all players 𝛼. If at least one player has not been direct, pay 𝑃 to all players who
have been direct. That is, set 𝑞 (𝑡)

𝑖
(𝑧(𝑡)) = 𝛼ô(𝑧) + 𝑃o𝑖 (𝑧) (1 − ô(𝑧)).

Theorem 7.19. Set the hyperparameters 𝛼 = 4|Z|1/2𝜖1/4 and 𝑃 = 2|Z|1/2𝜖−1/4, where
𝜖 := 𝑅(𝑇)/𝑇 , and let 𝑇 be large enough that 𝛼 ≤ 1. Then, running TRAJECTORYSTEER

for 𝑇 rounds results in average realized payments bounded by 8|Z|1/2𝜖1/4, and directness
gap by 2𝜖1/2.

As alluded to in the introduction, the proof of this result is more involved than those for previous
results, because one cannot simply make the target equilibrium dominant as in the full-feedback
case. One may hope that—as in FullFeedbackSteer—the desired equilibrium can be made
dominant by adding payments. In fact, a sort of “chicken-and-egg” problem arises: (S2) requires
that all players converge to equilibrium. But for this to happen, other players’ strategies must
first converge to equilibrium so that 𝑖’s incentives are as they would be in equilibrium. The main
challenge in the proof of Theorem 7.19 is therefore to carefully set the hyperparameters to achieve
convergence despite these apparent problems.

Proof. We use the following notation.

• The set 𝐷𝑆 is the set of nodes at which all players in set 𝑆 have played directly: 𝐷𝑆 =

{𝑧 ∈ Z : o𝑖 (𝑧) = 1∀𝑖 ∈ 𝑆}. The set 𝐷′
𝑆
= 𝑍 \ 𝐷𝑆 is its complement.

• x is a random variable for the correlated strategy profile played by all players through
the 𝑇 timesteps. That is, x is a uniform sample from {x(1) , . . . ,x(𝑇)}.

• 𝜋(𝑆 |x) is the probability that a terminal node from set 𝑆 is reached, given that the
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mediator plays ξ and the players play the (possibly correlated) strategy profile x. That is,
𝜋(𝑆 |x) = Pr𝑧∼(ξ,x) [𝑧 ∈ 𝑆].

• 𝑢̃𝑖 (x) = 𝑢𝑖 (x) + E𝑧∼(ξ,x) 𝑞𝑖 (𝑧) is the expected utility for player 𝑖, including payment,
under profile (ξ,x).

• 𝑢𝑖 (y𝑖 −x𝑖,x−𝑖) := 𝑢𝑖 (y𝑖,x−𝑖) − 𝑢𝑖 (x𝑖,x−𝑖) is player 𝑖’s advantage for playing y𝑖 instead
of x. 𝑢̃𝑖 (y𝑖 − x𝑖,x−𝑖) and 𝜋(𝑧 |y𝑖 − x𝑖,x−𝑖) are defined similarly.

Let 𝜖 = 𝑅(𝑇)/𝑇 . Then after 𝑇 timesteps, since the players are no-regret learners, their average
joint strategy profile will be an 𝑃𝜖-NFCCE of the extensive-form game with the payments
added.

Intuitively, the proof will go as follows. We will show that, for 𝑃 sufficiently large, each player’s
incentive to be direct will be at least as great as it would have been if everyone else were also
direct, plus 𝛼. Then it will follow from the fact that ξ is an equilibrium, and picking 𝛼 ≫ 𝑃𝜖 ,
that all players must therefore be direct. We first prove a lemma. Informally, the lemma states
that, when any player 𝑖 deviates, all other players must be direct.

Lemma 7.20. Let 𝑧 be any node with o𝑖 (𝑧) = 0, that is, any node at which player 𝑖 has
deviated. Then |𝜋(𝑧 |x𝑖,o−𝑖 − x−𝑖) | ≤ 𝛾 := 𝑛𝜖 + ∑

𝑗 𝛿 𝑗/𝑃, where 𝛿 𝑗 := 𝑢 𝑗 (x 𝑗 − o 𝑗 ,x− 𝑗 ) is
player 𝑗’s current deviation benefit.

Proof. Assume without loss of generality that 𝑖 = 1, and consider two cases.

1. o 𝑗 (𝑧) = 0 for some 𝑗 ≠ 𝑖—that is, some other player has also deviated. Then
𝜋(𝑧 |x𝑖,o−𝑖) = 0. Assume for contradiction that 𝜋(𝑧 |x) > 𝛾. Let ℎ𝑖, ℎ 𝑗 ≺ 𝑧 be the two
deviation points—that is, o𝑖 (ℎ𝑖) = 1 but o𝑖 (ℎ𝑖𝑎𝑖) = 0 where ℎ𝑖𝑎𝑖 ⪯ 𝑧, and similar for
ℎ 𝑗 . Suppose without loss that ℎ𝑖 ≺ ℎ 𝑗 . Now consider player 𝑗’s incentive. If player 𝑗
were to switch to playing o 𝑗 , its expected payment increases by at least 𝛾𝑃, and its
expected utility (sans payment) decreases by 𝛿 𝑗 , by definition. When 𝛾 ≥ 𝜖 + 𝛿 𝑗/𝑃,
this produces a contradiction.

2. o 𝑗 (𝑧) = 1 for all 𝑗 ≠ 𝑖. Then 𝜋(𝑧 |x𝑖,o−𝑖) ≥ 𝜋(𝑧 |x), so we need to show that
𝜋(𝑧 |x𝑖,o−𝑖) − 𝜋(𝑧 |x(𝑡)) ≤ 𝛾. That is, other players will almost always play to catch
player 𝑖 deviating, whenever possible. Suppose not. Let ℎ ≺ 𝑧 be the point where player
𝑖 deviated (that is, o𝑖 (ℎ) = 1 but o𝑖 (ℎ𝑎1) = 0 where ℎ𝑎1 ⪯ 𝑧). Let 𝑎0 be the direct
action at ℎ. Notice that, for any player 𝑗 ≠ 𝑖, if 𝑗 shifts to playing the direct strategy,
the probability of leaving the path to ℎ𝑎 before reaching ℎ𝑎 itself cannot increase by
more than 𝜖 + 𝛿𝑖/𝑃: otherwise, player 𝑗’s expected utility would be increasing by more
than 𝛿𝑖, a contradiction. If all 𝑛− 1 players allocate their deviations in this manner, and
even if the remaining (𝑛− 1)𝛿𝑖/𝑃 probability of leaving path ℎ𝑎 is then all allocated to
node 𝑧, the reach probability of 𝑧 could not have increased by more than

∑
𝑗 (𝜖 + 𝛿 𝑗/𝑃).

Thus, when 𝛾 is larger than this value, we have a contradiction. □

The rest of the proof is structured as follows. We will first show, roughly speaking, that player
𝑖’s deviation benefit—that is, its advantage for playing x(𝑡)

𝑖
at each timestep 𝑡 instead of playing
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o𝑖—is smaller against the opponent strategies x(𝑡)−𝑖 than it would be against o(𝑡)−𝑖 , modulo a small
additive error. Then, the proof will follow from the fact that o is an equilibrium against ξ, so
therefore all players should play according to o.

𝑢̃𝑖 (x) − 𝑢̃𝑖 (x𝑖,o−𝑖)
=

∑︁
𝑧∈𝐷𝑖∩𝐷−𝑖

𝑢̃𝑖 (𝑧) [𝜋(𝑧 |x) − 𝜋(𝑧 |x𝑖,o−𝑖)] +
∑︁

𝑧∈𝐷𝑖∩𝐷′−𝑖

𝑢̃𝑖 (𝑧)𝜋(𝑧 |x)

+
∑︁
𝑧∈𝐷′

𝑖

𝑢𝑖 (𝑧) [𝜋(𝑧 |x) − 𝜋(𝑧 |x𝑖,o−𝑖)]︸                                      ︷︷                                      ︸
≤𝛾 |Z|

≤
∑︁

𝑧∈𝐷𝑖∩𝐷−𝑖
𝑢̃𝑖 (𝑧) [𝜋(𝑧 |x) − 𝜋(𝑧 |x𝑖,o−𝑖)] +

∑︁
𝑧∈𝐷𝑖∩𝐷′−𝑖

𝑢̃𝑖 (𝑧)𝜋(𝑧 |x) + 𝛾 |Z|

where we use, in order, the definition of expected utility, the fact that 𝑢𝑖 (𝑧) = 𝑢̃𝑖 (𝑧) when
o𝑖 (𝑧) = 0 and 𝜋(𝑧 |x) = 0 whenever x𝑖 (𝑧) = 0 for any 𝑖, and finally Lemma 7.20. Similarly,

𝑢̃𝑖 (o𝑖,x−𝑖) − 𝑢̃𝑖 (o)
=

∑︁
𝑧∈𝐷𝑖∩𝐷−𝑖

𝑢̃𝑖 (𝑧) [𝜋(𝑧 |o𝑖,x−𝑖) − 𝜋(𝑧 |o)] +
∑︁

𝑧∈𝐷𝑖∩𝐷′−𝑖

𝑢̃𝑖 (𝑧)𝜋(𝑧 |o𝑖,x−𝑖).

Thus,

𝑃𝜖 − [𝑢̃𝑖 (o) − 𝑢̃𝑖 (x𝑖,o−𝑖)]
≥ [𝑢̃𝑖 (o𝑖,x−𝑖) − 𝑢̃𝑖 (x)] − [𝑢̃𝑖 (o) − 𝑢̃𝑖 (x𝑖,o−𝑖)]
≥

∑︁
𝑧∈𝐷𝑖∩𝐷−𝑖

𝑢̃𝑖 (𝑧) [𝜋(𝑧 |o𝑖 − x𝑖,x−𝑖) − 𝜋(𝑧 |o𝑖 − x𝑖,o−𝑖)]︸                                             ︷︷                                             ︸
≤0

+ 2
∑︁

𝑧∈𝐷𝑖∩𝐷′−𝑖

𝜋(𝑧 |o𝑖 − x𝑖,x−𝑖) − 𝛾 |Z|

≥ 2
∑︁

𝑧∈𝐷𝑖∩𝐷−𝑖
[𝜋(𝑧 |o𝑖 − x𝑖,x−𝑖) − 𝜋(𝑧 |o𝑖 − x𝑖,o−𝑖)]

+ 2
∑︁

𝑧∈𝐷𝑖∩𝐷′−𝑖

𝜋(𝑧 |o𝑖 − x𝑖,x−𝑖) − 𝛾 |Z|

= 2
[
𝜋(𝐷′𝑖 |x𝑖,o−𝑖) − 𝜋(𝐷′𝑖 |x)

]
− 𝛾 |Z| ≥ −3𝛾 |Z|.

The first inequality uses the fact 𝜋(𝑧 |o𝑖,x−𝑖) − 𝜋(𝑧 |x) ≥ 0 when o𝑖 (𝑧) = 1 and 𝑢̃𝑖 (𝑧) ≥ 𝑃 ≥ 2
when o𝑖 (𝑧) = 1 and o−𝑖 (𝑧) = 0. The quantity in braces is nonpositive because for any profile x,
setting x−𝑖 = o only increases the probability that player 𝑖 is the one to deviate from the path to
𝑧. The second inequality uses the nonpositivity of the quantity in the braces, and the fact that
𝑢̃𝑖 (𝑧) = 𝑢𝑖 (𝑧) + 𝛼 ≤ 2.
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Now we look at the remaining quantity, 𝑢̃𝑖 (o) − 𝑢̃𝑖 (x𝑖,o−𝑖), which is simply the negative
deviation of benefit of Player 𝑖’s strategy x𝑖 if all other players were direct. Indeed, since we
know that ξ is an equilibrium, we have

𝑢̃𝑖 (o) − 𝑢̃𝑖 (x𝑖,o−𝑖)
= [𝑢̃𝑖 (o) − 𝑢𝑖 (o)]︸             ︷︷             ︸

=𝛼

− [𝑢̃𝑖 (x𝑖,o−𝑖) − 𝑢𝑖 (x𝑖,o−𝑖)]︸                            ︷︷                            ︸
=𝛼(1−Δ𝑖 (x𝑖 ,o−𝑖))

+ [𝑢𝑖 (o) − 𝑢𝑖 (x𝑖,o−𝑖)]︸                     ︷︷                     ︸
≥0

≥ 𝛼Δ𝑖 (x𝑖,o−𝑖) ≥ 𝛼Δ𝑖 (x) − 𝛾 |Z|,

where the final inequality again uses Lemma 7.20 and Δ𝑖 (x) :=
∑
𝑧:o𝑖 (𝑧)=0 𝜋(𝑧 |x)

Now, notice that 𝛿𝑖 ≤ Δ𝑖 (x), by definition. Substituting into the previous inequality and
Lemma 7.20, we have

𝛼Δ𝑖 (x) − 4
(
𝑛𝜖 +

∑
𝑗 Δ 𝑗 (x)
𝑃

)
|Z| ≤ 𝑃𝜖,

or, rearranged,

𝛼Δ𝑖 (x) − 4|Z|
∑
𝑗 Δ 𝑗 (x)
𝑃

≤ (𝑃 + 4𝑛)𝜖 ≤ 2𝑃𝜖

when 𝑃 ≥ 4𝑛. Summing over all players 𝑖 yields

𝛼Δ − 4|Z|Δ
𝑃
≤ (𝑃 + 4𝑛)𝜖 ≤ 2𝑃𝜖

where Δ =
∑
𝑖 Δ𝑖 (x), or, rearranging,

Δ ≤ 2𝑃𝜖
𝛼 − 4|Z|/𝑃 .

Both the payments from the mediator and the gap to optimal value are thus bounded by

𝛼 + 𝑃Δ ≤ 𝛼 + 2𝑃2𝜖

𝛼 − 4|Z|/𝑃 .

Now taking 𝛼 = 4|Z|1/2𝜖1/4 and 𝑃 = 2|Z|1/2/𝜖1/4 gives the desired bounds. □

7.6 Other Equilibrium Notions
So far, Theorems 7.13 and 7.19 handle only the case where the equilibrium is a pure-strategy
Nash equilibrium of the game, given as part of the input. This section extends our analysis to
other equilibrium notions and considers settings in which an objective for the mediator is given
instead of a target equilibrium. For the former, we will show that many types of equilibrium can
be viewed as pure-strategy equilibria in an augmented game in which the mediator has the ability
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to give advice to the players in the form of action recommendations. Then, in the original game,
the goal is to guide the players to the pure strategy profile of following recommendations.

7.6.1 Necessity of Advice
We first show that without the possibility to give advice, steering is impossible with sublinear
payments.

Theorem 7.21. There exists a normal-form game, and objective function 𝑢0 of the mediator,
such that the unique optimal equilibrium is mixed, and it is impossible to steer players
toward that equilibrium using only sublinear payments (and no advice).

Proof. Consider a 2-player, binary action coordination game, with actions A and B. Players
receive utility 1 point for playing the same action, and −1 otherwise. The mediator’s goal is to
minimize the welfare of the players.7.4

The welfare-minimizing equilibrium in this game is the fully-mixed one. So, we claim that,
using sublinear payments alone, it is impossible to steer players to the mixed equilibrium.
Consider the following algorithm for the players: Let Γ(𝑡) be the game at time 𝑡 induced by the
mediator’s payoff function 𝑝 (𝑡) . Play an arbitrary Nash equilibrium of Γ(𝑡) , pure if possible.
The total regret of the players after 𝑇 rounds is at most 0 since the players always play a Nash
equilibrium. There are three cases:

1. The players play (A, A) or (B, B). In this case, the players get social welfare 2.

2. The players play (A, B) or (B, A). In this case, the players get social welfare −2 in the
game itself, but in order for either of these to be a Nash equilibrium, there must be a
payment of at least 2 to each player.

3. The players play a mixed strategy. This means that Γ(𝑡) had no pure strategy Nash
equilibrium. Since (A, A) is not an equilibrium, suppose WLOG that 𝑣 (𝑡)1 (B,A) >
𝑣
(𝑡)
1 (A,A). Then 𝑝

(𝑡)
𝑖
(B,A) > 2. Since (B, A) is also not a Nash equilibrium, we

have 𝑣 (𝑡)2 (B,B) > 𝑣
(𝑡)
2 (B,A). Since (B, B) is also not a Nash equilibrium, we have

𝑣
(𝑡)
1 (A,B) > 𝑣

(𝑡)
1 (B,B), so 𝑝 (𝑡)1 (A,B) > 2. Thus, all four strategy profiles have either

high welfare for the players, or nontrivial payments.

In all three cases, as a result, we must have
∑
𝑖 𝑢𝑖 (x(𝑡)) + 2𝑝 (𝑡)

𝑖
(x(𝑡)) > 1 for all timesteps 𝑡.

Therefore, summing over 𝑡 = 1, . . . , 𝑇 , it is impossible for both quantities to grow sublinearly
in 𝑇 , which is what would be required for successful steering. □

Given this result, we will analyze a setting in with the mediator is allowed to provide “advice,”
and show a broad possibility result for steering.

7.4One could construct an example in which the mediator’s goal is to maximize the players’ utility, by simply adding
a third player, with one action, whose utility is −10 if P1 and P2 play the same action and 0 otherwise.
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7.6.2 More General Equilibrium Notions: Bayes-Correlated Equilibrium
Throughout this subsection, there will be two games: the original game Γ̂, and the augmented
game Γ. We will use hats to distinguish the various components of them. For example, a history of
Γ̂ is ℎ̂ ∈ Ĥ , a strategy of Player 𝑖 is x̂𝑖 ∈ X̂𝑖, and so on. Given an 𝑛-player game Γ̂, the mediator-
augmented game Γ is the 𝑛 + 1-player game constructed as follows. Γ is identical to Γ̂, except
that there is an extra player, namely, the mediator itself. We will denote the mediator as Player
0. For each (non-chance) player 𝑖, every decision point ℎ̂ ∈ Ĥ𝑖 is replaced with the following
gadget. First, the mediator selects an action 𝑎̂ ∈ 𝐴̂( ℎ̂) to recommend to Player 𝑖. Player 𝑖 privately
observes the recommendation, and only then is allowed to choose an action. The mediator is
assumed to have perfect information in the game. To ensure that the size of Γ is not too large,
we make the following restriction: once two players have disobeyed action recommendations
(“deviated”), the mediator ceases to give further action recommendations. Finally, upon reaching
a terminal node 𝑧 ∈ Ẑ, each player gets utility 𝑢̂𝑖 (𝑧).

We first analyze the size of Γ. A terminal node in Γ can be uniquely identified by a tuple
(𝑧, ℎ̂1, ℎ̂2, 𝑎̂1, 𝑎̂2) where 𝑧 is the terminal node in the original game that was reached, ℎ̂1, ℎ̂2 are
predecessors of 𝑧 at which players deviated (or ∅ if the deviations did not happen), and 𝑎̂1 and 𝑎̂2
are the recommendations that the mediator gave at ℎ̂1, ℎ̂2 respectively (again, ∅ if the deviations
did not happen). Thus, a (very loose) bound on the number of terminal nodes in Γ is |Z| ≤ |Ẑ|3,
i.e., it is polynomial. (This is where we use the fact that only two deviations were allowed.)

As in the previous section, the mediator is able to commit to a strategy ξ ∈ Ξ upfront on each
iteration. For a fixed mediator strategy ξ, we will use Γξ to refer to the 𝑛-player game resulting
from treating the mediator as a nature player that plays according to ξ.

The direct strategy o𝑖 ∈ X𝑖 of each player 𝑖 is the strategy that follows all mediator recommen-
dations. The goal of the mediator is to find a Bayes-correlated equilibrium, which is defined as
follows.

Definition 7.22. A Bayes-correlated equilibrium Γ is a strategy ξ ∈ Ξ for the mediator such that
o is a Nash equilibrium of Γξ. An equilibrium ξ is optimal if, among all equilibria, it maximizes
the mediator’s objective 𝑢0(ξ,o).

Bayes-correlated equilibria (BCEs) were introduced first by Bergemann and Morris [23] in single-
step games. In sequential (extensive-form) games, BCEs were explored first, to our knowledge,
by Makris and Renou [206] in the economics literature, and in independent work in the computer
science literature as a special case of the general framework introduced in Chapter 6. Bayes-
correlated equilibria are easily seen to be a superset of most other equilibrium notions, including
(mixed) Nash equilibria, extensive-form correlated equilibria (EFCE) [291], communication
equilibria [109, 228], and many more. The revelation principle assures us that the assumption
that players will be direct in equilibrium is without loss of generality: for every possible Nash
equilibrium x of Γξ, then there is some ξ′ such that 𝑢𝑖 (ξ′,o) = 𝑢𝑖 (ξ,x).

BCEs naturally capture the problems of information design and Bayesian persuasion (e.g., Ka-
menica and Gentzkow [167]). In particular, the results in this section can therefore be thought of
as a version of information design/Bayesian persuasion that does not need to assume that players
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will play a certain profile (o), but instead steers the players to play that profile.

Since Γξ is just an 𝑛-player game with pure Nash equilibrium o, all of the results in the previous
sections apply. Therefore, it follows immediately that is possible to steer players toward any BCE
(and thus any mixed Nash equilibrium, any EFCE, or any communication equilibrium) so long as
the mediator is allowed to give advice to the players. We therefore have the following result.

Theorem 7.23. Algorithms FullFeedbackSteer and TRAJECTORYSTEER can be used to
steer players to an arbitrary Bayes-correlated equilibrium, with (up to a polynomial loss in
the dependence on |Ẑ |, because |Z| = poly( |Ẑ |)) the same bounds.

7.7 Steering Without Prior Knowledge of Utilities
In this section, we study the problem of steering without prior knowledge of utilities, in the special
case of normal-form games. That is, we assume that the mediator does not initially know the
players’ utility functions 𝑢𝑖 : Z → R, and yet we still wish to steer the players to an equilibrium.

Since the mediator does not know the utility functions a priori, it does not make sense for the
mediator to know the desired equilibrium either. Therefore, one initial question to ask is what
solution concept we ought to steer the players to, given freedom over this choice. We define
a solution concept called correlated equilibrium with payments (CEP), in which the mediator
has a utility function, and wishes to optimize its utility minus the amount of payment that it
must give. It is therefore possible for the amount of payment to grow linearly, so long as the
corresponding increase in mediator utility is large enough to justify the payments. We then show
that the mediator-optimal CEP exactly characterizes the value (averaged across timesteps) that the
mediator can achieve in the limit 𝑇 →∞:

Theorem 7.24 (Informal summary of results for steering without utilities in normal-form
games). Let 𝐹∗ be the objective value for the mediator in the mediator-optimal CEP. Then:

• no mediator—even if the mediator knows the game Γ exactly on the first round—can
achieve time-averaged value better than 𝐹∗ + poly( |Z|) · 𝑇−1/2, and

• there exists a mediator that can achieve time-averaged value at least 𝐹∗−poly( |Z|) ·
𝑇−1/4, with no prior knowledge of the players’ utilities.

All our algorithms are implementable by the mediator with poly( |Z|) runtime complexity.

As per Section 7.6.2, we model the signaling scheme by turning the normal-form game into an
extensive-form game in which each player first observes their own signal. Since the origial game
is normal form, the new game is a Bayesian game, so Theorem 7.16 applies. Therefore, informally
speaking, to show Theorem 7.24, it suffices for the mediator to figure out what the optimal CEP
is, and then use Theorem 7.16 to steer the players toward it. However, the mediator must do this
without prior knowledge of the players’ utility functions! We therefore break the problem down
into two steps. First, we learn the players’ utilities, and second, we run the steering algorithm.
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7.7.1 Learning Utilities
In this subsection, we formulate and study the subproblem of learning utilities from no-regret
learning algorithms. Specifically, we study the following problem. There is an underlying normal-
form game in which each player 𝑖 = 1, . . . , 𝑛 has action set A𝑖 of size 𝑚𝑖. Let 𝑀 =

∏
𝑖 𝑚𝑖. On

each round 𝑡 = 1, . . . , 𝑇 , the following events happen, in order:

1. The mediator selects payment function 𝑝𝑡
𝑖

: A𝑖 → R≥0 for each player 𝑖. The payment
𝑝𝑡
𝑖
(𝑎𝑖) is added to player 𝑖’s reward, creating a new game Γ𝑡 with utility functions given by

𝑢𝑡
𝑖
(𝑎) := 𝑢𝑖 (𝑎) + 𝑝𝑡𝑖 (𝑎𝑖). The mediator may also send signals 𝑠𝑡

𝑖
∈ 𝑆𝑖 to each player 𝑖, where

𝑆𝑖 is a finite signal set.

2. Each player 𝑖 simultaneously selects an action 𝑎𝑡
𝑖
∈ A𝑖.

3. The mediator observes the joint strategy 𝑎𝑡 . Each player 𝑖 gets reward 𝑢𝑡
𝑖
(𝑎𝑡).

For simplicity, in this section, since players are playing Bayesian games, we will assume that
their external regret in every information set is at most 𝑅(𝑇). That is, we assume that they run
independent regret minimizers at every information set, so that

𝑅𝑖 (𝑡, 𝑠𝑖) := max
𝑎𝑖∈A𝑖

∑︁
𝜏≤𝑡
𝑠𝜏
𝑖
=𝑠𝑖

[
𝑢𝜏𝑖 (𝑎𝑖,A𝜏

−𝑖) − 𝑢𝜏𝑖 (𝑎𝜏)
]
≤ 𝑅(𝑇).

for every player 𝑖, time 𝑡 ≤ 𝑇 , and signal 𝑠𝑖. Although not fully general, this assumption
encompasses basically every known technique for performing regret minimization in Bayesian
games, including all algorithms based on CFR.

7.7.1.1 Game Equivalence and Formal Goal Statement

Our goal is to design algorithms for the mediator to learn the players’ utility functions 𝑢𝑖 by
designing the payment functions 𝑝𝑡

𝑖
and sending signals 𝑠𝑡

𝑖
for all players. This goal as currently

stated is impossible. To see this, note that players’ actions in all the behavioral models are only
affected by their utility differences, that is, the differences 𝑢𝑖 (𝑎𝑖,A−𝑖) − 𝑢𝑖 (𝑎′𝑖,A−𝑖). In other
words, if we create another game Γ′ with 𝑢′

𝑖
(𝑎𝑖,A−𝑖) = 𝑢𝑖 (𝑎𝑖,A−𝑖) +𝑤𝑖 (𝑎−𝑖) for all 𝑎 ∈ 𝐴, where

𝑤𝑖 : A−𝑖 → R is an arbitrary function not depending on 𝑖’s action, there is no way to distinguish
Γ from Γ′ using only behavioral data. Thus, we can only determine utility functions up to additive
𝑤𝑖 terms. We can thus formally state our goal as follows.

Goal. Given a game Γ and precision 𝜖 , we say that the mediator 𝜖-learns the game Γ if it outputs
utility functions 𝑢̃𝑖 : 𝐴→ R such that there exist functions 𝑤𝑖 : A−𝑖 → R satisfying

|𝑢𝑖 (𝑎) + 𝑤𝑖 (𝑎−𝑖) − 𝑢̃𝑖 (𝑎) | ≤ 𝜖

for all players 𝑖 and action profiles 𝑎 ∈ 𝐴. The goal of the mediator is to 𝜖-learn Γ in as few
rounds as possible. Fortunately, learning the utilities in this sense is enough to steer players to an
optimal equilibrium, as we will see later.
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Algorithm 7.4 (LearnUtility1P): Mediator’s algorithm for learning a single-player game in the
no-regret model

1: p1 ← 1
2: for each time 𝑡 = 1, . . . , 𝑇 do
3: mediator selects payment vector p𝑡 , observes action 𝑎𝑡 played by the player
4: mediator sets p𝑡+1 ← ΠP

[
p𝑡 − 𝜂e𝑎𝑡

]
⊲ 𝜂 =

√︁
𝑚/𝑇 is the step size

5: return − 1
𝑇

∑𝑇
𝑡=1 p

𝑡

7.7.1.2 The Single-Player Case

In this subsection, it will be convenient to view the single player’s utility function as a vector
u ∈ [0, 1]𝑚, and similarly the payment 𝑝𝑡 : [𝑚] → R as vector p𝑡 ∈ R𝑚 and total utility
u𝑡 := u + p𝑡 . To simplify notations, we subtract the average utility of all actions from the utility
of each action: u← u − ⟨1,u⟩1/𝑚, so that u ∈ [−1, 1]𝑚 and ⟨1,u⟩ = 0. By the discussion in
Section 7.7.1.1, this does not change the mediator’s learning problem.

For single-player games, we will also not use signaling, i.e., it will be enough to set |𝑆𝑖 | = 1.

The key idea in our algorithm is to imagine the mediator and player as playing a zero-sum game
where the mediator selects the payment function p from some set P to be specified later, the
player selects x ∈ Δ(𝑚), the player’s utility is given by ⟨u + p,x⟩, and the mediator’s utility is
−⟨u + p,x⟩. Call this game Γ0. In particular, if we set P = {p ∈ [0, 2]𝑚 : ⟨1,p⟩ = 𝑚}, we have
the following:

Lemma 7.25. In the zero-sum game Γ0, every 𝜖-Nash equilibrium strategy for the mediator has
the form p = 1 − u + z, where ∥z∥1 ≤ 4𝑚𝜖 .

Proof. Setting p = 1 − u guarantees ⟨u + p,x⟩ = ⟨1,x⟩ = 1 for every x ∈ Δ(𝑚). Thus, in
every 𝜖-Nash equilibrium, the player’s utility is at most 1+𝜖 . Now suppose for contradiction that
(p,x) is an 𝜖-Nash equilibrium with ∥p + u − 1∥1 > 4𝑚𝜖 . Then since ⟨p + u − 1, 1⟩ = 0 by
construction, there must be an action 𝑎 for which (p+u−1) (𝑎) > 2𝜖 , i.e., (u+p) (𝑎) > 1+2𝜖 .
But then the player has an 𝜖-profitable deviation to action 𝑎. □

It is well known that no-regret learning algorithms converge on average to Nash equilibria in
zero-sum games. In particular, if both mediator and player run no-regret algorithms, and 𝑅0 is the
regret after 𝑇 timesteps for the mediator, then the average mediator strategy 1

𝑇

∑𝑇
𝑡=1 p

𝑡 is an 𝜖-Nash
equilibrium for 𝜖 ≲ (𝑅0 + 𝐶

√
𝑇)/𝑇 . Here, we will use the projected gradient descent algorithm

for the mediator. Note that, although the mediator’s utility function p ↦→ ⟨u + p,x⟩ depends on
u (which the mediator does not know), the gradient of the mediator’s utility function is −x, which
does not depend on u and can be unbiasedly estimated by −e𝑎 where 𝑎 is an action sampled
according to x and e𝑎 is the unit vector whose 𝑎-th component is 1. Thus, the mediator can run
projected gradient descent without the knowledge of u. The resulting algorithm is formalized in
Algorithm 7.4.
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Algorithm 7.5 (LearnUtilityMP): mediator’s algorithm for learning a multi-player game in the
no-regret model

1: 𝑡 ← 1
2: for each player 𝑖 = 1, . . . , 𝑛 do
3: for each action profile 𝑎−𝑖 ∈ 𝐴−𝑖 do
4: p1 ← 1 ∈ R𝐴𝑖
5: for timestep ℓ = 1, . . . , 𝐿 do
6: mediator sets 𝑝𝑡

𝑖
(·) = pℓ (·) and 𝑝𝑡

𝑗
(𝑎′

𝑗
) = 21{∗}𝑎′

𝑗
= 𝑎 𝑗 for every 𝑗 ≠ 𝑖

7: mediator sends signals 𝑠𝑡
𝑖
= ⊥ and 𝑠𝑡

𝑗
= 𝑎 𝑗 for every 𝑗 ≠ 𝑖

8: mediator observes action profile 𝑎𝑡 played by players
9: mediator sets pℓ+1 ← ΠP

[
pℓ − 𝜂e𝑎𝑡

𝑖

]
⊲ 𝜂 =

√︁
𝑚𝑖/𝐿 is the step size

10: 𝑡 ← 𝑡 + 1
11: 𝑢̃𝑖 (·, 𝑎−𝑖) = − 1

𝐿

∑𝐿
ℓ=1 p

ℓ

12: return 𝑢̃

Theorem 7.26. LearnUtility1P 𝜖-learns any single-player game Γ using O(𝑚3+𝐶2𝑚2)/𝜖2

rounds.

Proof. Let p̄ = 1
𝑇

∑𝑇
𝑡=1 p

𝑡 be the average payment. From the preliminaries, the regret bound of
the mediator is given by 𝑅0 ≤ 𝐵𝐺

√
𝑇 where 𝐵 ≲

√
𝑚 and 𝐺 = 1. Then, by Lemma 7.25 and

the argument in the previous paragraph, we have

𝜖 = ∥p̄ + u − 1∥∞ ≤ ∥p̄ + u − 1∥1 ≲
𝑚

𝑇
(𝑅0 + 𝐶

√
𝑇) ≲ 𝑚

√
𝑇
(𝐶 +

√
𝑚)

upon which solving for 𝑇 yields the desired result. □

7.7.1.3 The Multi-Player Case

The no-regret learning case for multiple players is the only case in which we take advantage of
signaling. Intuitively, our algorithm uses signals to induce the action profile 𝑎−𝑖 among other
players without increasing their regret by too much. More precisely, we set the signal sets as
𝑆𝑖 := 𝐴𝑖 ⊔ {⊥} where ⊥ is a special signal indicating that 𝑖’s utility is the one being learned at the
moment. Then, when learning the utility 𝑢𝑖 (·, 𝑎−𝑖), we send signal ⊥ to player 𝑖 and the desired
action profile 𝑎 𝑗 for each player 𝑗 ≠ 𝑖. This idea is formalized in Algorithm 7.5.

Theorem 7.27. For some appropriate choice of the hyperparameter 𝐿, LearnUtilityMP
𝜖-learns any game in poly(𝑀)/𝜖2 rounds.

Proof. As in Section 7.7.1.2, we will assume without loss of generality that
∑
𝑎𝑖∈𝐴𝑖 𝑢𝑖 (𝑎𝑖, 𝑎−𝑖) =

0 for all players 𝑖 and opponent profiles 𝑎−𝑖.

211



We claim first that, for any player 𝑖 and any action 𝑎𝑖 ∈ 𝐴𝑖, the number of times that 𝑖 does not
play 𝑎𝑡

𝑖
= 𝑎𝑖 when given signal 𝑠𝑡

𝑖
= 𝑎𝑖 is bounded by 𝐶

√
𝑇 . To see this, note that whenever

the mediator sends signal 𝑎𝑖, the payment is always set such that 𝑢𝑡
𝑖
(𝑎𝑖, 𝑎−𝑖) ≥ 1 + 𝑢𝑡

𝑖
(𝑎′
𝑖
, 𝑎−𝑖).

Thus, the number of times 𝑖 does not play 𝑎𝑡
𝑖
= 𝑎𝑖 quantity lower-bounds the regret 𝑅(𝑇, 𝑎𝑖).

The claim follows from the regret guarantee 𝑅(𝑇, 𝑎𝑖) ≤ 𝐶
√
𝑇 .

We will refer to the iterations of the inner loop over action profiles 𝑎−𝑖 as phases. Fix a player 𝑖,
and number the phases for that player using integers 𝑘 = 1, . . . , 𝑀𝑖 :=

∏
𝑗≠𝑖 𝑚 𝑗 , corresponding

respectively to strategy profiles 𝑎̄1
−𝑖, . . . , 𝑎̄

𝑀𝑖

−𝑖 ∈ 𝐴−𝑖. Let T𝑖 (𝑘) = {¯
𝑇𝑖 (𝑘), . . . , 𝑇𝑖 (𝑘)} be the set

of timesteps in player 𝑖’s 𝑘th phase. Let 𝐵𝑘 be the total numer of rounds in phases 1, . . . , 𝑘 in
which 𝑎𝑡−𝑖 ≠ 𝑎−𝑖. By the mediator’s regret bound in each phase, we have∑︁

𝑡∈T𝑖 (𝑘)
𝑢𝑡𝑖 (𝑎𝑡𝑖 , 𝑎̄𝑘−𝑖) =

∑︁
𝑡∈T𝑖 (𝑘)

[
𝑢𝑖 (𝑎𝑡𝑖 , 𝑎̄𝑘−𝑖) + 𝑝𝑡𝑖 (𝑎𝑡𝑖)

]
≤ 𝐿 + 𝑅0

or else the mediator has a profitable deviation to 𝑝𝑡
𝑖
(·) = 1 − 𝑢𝑖 (·, 𝑎̄𝑘−𝑖).

Fix some 𝐾 ≤ 𝑀𝑖 and 𝑎𝑖 ∈ 𝐴𝑖. By the anytime regret bound of player 𝑖 under signal ⊥, we have∑︁
𝑘≤𝐾
𝑡∈T𝑖 (𝑘)

𝑢𝑡𝑖 (𝑎𝑖, 𝑎𝑡−𝑖) ≤
∑︁
𝑘≤𝐾
𝑡∈T𝑖 (𝑘)

𝑢𝑡𝑖 (𝑎𝑖, 𝑎̄𝑘−𝑖) + 21
{
𝑎𝑡−𝑖 ≠ 𝑎̄

𝑘
−𝑖
}

≤ 𝐿𝐾 + 𝑅0𝐾 + 𝑅𝑖 (𝑇𝑖 (𝑘),⊥) + 2𝐵𝐾
𝐾∑︁
𝑘=1

1
𝐿

∑︁
𝑡∈T𝑖 (𝑘)

[𝑢𝑖 (𝑎𝑖, 𝑎𝑡−𝑖) + 𝑝𝑡𝑖 (𝑎𝑖) − 1]︸                                      ︷︷                                      ︸
:=𝜖𝑖 (𝑘,𝑎𝑖)

≤ 1
𝐿

(
𝑅0𝐾 + 3𝑛𝐶

√
𝑇

)
.

The error we need to bound is ∥𝜖𝑖 (𝑘, ·)∥∞. Since this holds for any 𝑎𝑖, and
∑
𝑎𝑖
𝜖𝑖 (𝑘, ·) = 0 by

definition, it follows that 




 𝐾∑︁
𝑘=1

𝜖𝑖 (𝑘, 𝑎𝑖)






∞

≤ 𝑚
𝐿

(
𝑅0𝐾 + 3𝑛𝐶

√
𝑇

)
.

By an inductive application of the triangle inequality, we have

∥𝜖𝑖 (𝑘, ·)∥∞ ≤
𝑘𝑚

𝐿

(
𝑅0𝑀 + 3𝑛𝐶

√
𝑇

)
.

Finally, substituting 𝑅0 ≲
√
𝑚𝐿 and 𝑇 ≤ 𝑛𝑀𝐿, we arrive at

∥𝜖𝑖 (𝑘, ·)∥∞ ≲
𝑀𝑚
√
𝐿

(√
𝑚𝑀 + 𝑛𝐶

√
𝑛𝑀

)
upon which taking 𝐿 ≤ poly(𝑀)/𝜖2 is enough to complete the proof. □
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Signals are vital to this analysis. Without them, it would be possible for players to incur large
negative regret, which harms the learning process because it allows the players to “delay” the
learning until their regrets once again become non-negative. For example, if we were to execute
our algorithm without signals, then by the time

¯
𝑇𝑛 (0) at which the outer loop reaches player 𝑛,

player 𝑛 could have Ω(
¯
𝑇𝑛 (0)) regret for every action, making it impossible to say anything about

how player 𝑛 will act for the next Ω(
¯
𝑇𝑛 (0)) rounds. Using signals allows us to separate out the

regret of player 𝑛 in previous rounds from the regret of player 𝑛 when its own utility function is
being learned.

7.7.1.4 What Outcome Should We Steer To?

The steering problem stipulates that the mediator knows in advance, or be able to compute, the
desired outcome that we wish to induce. Of course, in the setting where utilities are unknown,
such a stipulation is unreasonable: the mediator does not initially know the players’ utilities in
the game Γ, so it cannot know what outcome it wishes to induce. We thus take a more direct
approach: we try to maximize the average reward, less payments, of the mediator. That is, we will
assume that the mediator has a utility function 𝑢0 : A → R, and we will attempt to optimize the
mediator’s objective, defined as the mediator utility minus payments:

𝐹 (𝑇) :=
1
𝑇

𝑇∑︁
𝑡=1

[
𝑢0(𝑎𝑡) −

𝑛∑︁
𝑖=1

𝑝𝑡𝑖 (𝑠𝑡 , 𝑎𝑡)
]
.

We now introduce a solution concept which we call the correlated equilibrium with payments
(CEP). Intuitively, a CEP is a distribution of signals and payment functions, which may be corre-
lated both with each other and across the players, that satisfies the usual incentive compatibility
constraints. Formally, we have the following definition.

Definition 7.28. A correlated profile with payments is a pair (𝜇, 𝑝) ∈ Δ(A) × R[𝑛]×A×A+ . The
vector 𝑃 is to be interpreted as a collection of 𝑛 payment functions 𝑝𝑖 : 𝐴 × A → R+, where
𝑝𝑖 (𝑠, 𝑎) is the payment to player 𝑖 given joint signal 𝑠 and joint action 𝑎. Given such a distribution
𝜇, the objective value for the mediator is defined as

𝐹 (𝜇) := E
𝑎∼𝜇
[𝑢0(𝑎) − 𝑝(𝑎)],

where for notational simplicity we set 𝑝(𝑎) :=
∑
𝑖 𝑝𝑖 (𝑎, 𝑎). An 𝜖-correlated equilibrium with

payments (CEP) is a pair (𝜇, 𝑝) satisfying the incentive compatibility (IC) constraints

E
𝑎∼𝜇

[
𝑢
𝑝

𝑖
(𝑎, 𝜙𝑖 (𝑎𝑖), 𝑎−𝑖) − 𝑢𝑝𝑖 (𝑎, 𝑎)

]
≤ 𝜖,

where 𝑢𝑝
𝑖
(𝑠, 𝑎) := 𝑢𝑖 (𝑎) + 𝑝𝑖 (𝑠, 𝑎), for every player 𝑖 and deviation function 𝜙𝑖 : A𝑖 → A𝑖. An

𝜖-CEP is optimal if it maximizes the mediator objective 𝐹 (𝜇) over all 𝜖-CEPs.

Note that it is without loss of generality to assume that the mediator never gives payments to
non-equilibrium actions, i.e., we have 𝑝(𝑠, 𝑎) = 0 for 𝑠 ≠ 𝑎. Giving such payments would only
decreases the mediator objective and worsens incentive compatibility.
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7.7.2 Properties of correlated equilibria with payments
Before proceeding with our analysis of steering learners toward CEPs, we state some simple
results about CEPs in general. First, optimal (𝜖-)CEPs can be efficiently computed when the game
is known.

Proposition 7.29. There is a poly(𝑀)-time algorithm for computing an optimal 𝜖-CEP,
given a game Γ with rational utility values and rational parameter 𝜖 ≥ 0.

Proof. Use the change of variables

𝑞𝑖 (𝑎𝑖) := 𝜇(𝑎𝑖) · E
𝑎∼𝜇 |𝑎𝑖

𝑝𝑖 (𝑎, 𝑎).

That is, 𝑞𝑖 (𝑎𝑖) is the 𝜇-weighted total payment given to player 𝑖 across all strategy profiles
on which player 𝑖 is recommended action 𝑎𝑖. Then the following LP precisely represents the
problem of computing an optimal 𝜖-CEP.

max
∑︁
𝑎∈A

𝜇(𝑎)𝑢0(𝑎) −
∑︁
𝑖∈[𝑛]
𝑎𝑖∈A𝑖

𝑞𝑖 (𝑎𝑖, 𝑎) s.t.

∑︁
𝑎−𝑖∈A−𝑖

𝜇(𝑎)
[
𝑢𝑖 (𝑎′𝑖, 𝑎−𝑖) − 𝑢𝑖 (𝑎)

]
− 𝑞𝑖 (𝑎𝑖) ≤ 𝜖𝑖 (𝑎𝑖) ∀𝑖 ∈ [𝑛], 𝑎𝑖, 𝑎′𝑖 ∈ A𝑖∑︁

𝑎𝑖∈A𝑖

𝜖𝑖 (𝑎𝑖) ≤ 𝜖 ∀𝑖 ∈ [𝑛]∑︁
𝑎∈A

𝜇(𝑎) = 1

0 ≤ 𝑞𝑖 (𝑎𝑖) ≤ 𝜇(𝑎𝑖) ∀𝑖 ∈ [𝑛], 𝑎𝑖, 𝑎′𝑖 ∈ A𝑖

(7.5)

This LP has poly(𝑀) variables and constraints, so the proof is complete. □

The above result also implies that it is WLOG to restrict the payment functions to output range
[0, 1], because this is sufficient to satisfy all incentive constraints.

Second, the fact that the payments can be signal-dependent is not innocuous, except when the
payment at equilibrium is zero.

Proposition 7.30 (Correlation does not help when no payments are allowed in equilibrium).
The 0-CEPs with E𝑎∼𝜇 𝑝(𝑎, 𝑎) = 0 are exactly the correlated equilibria.

Proof. In the LP (7.5), this is equivalent to setting 𝑞𝑖 (·) = 0 for every player 𝑖, in which case
(7.5) is just the LP characterizing correlated equilibria. □

However, when the payment at equilibrium is positive, it is possible for signal-dependent payments
to help the mediator.
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Proposition 7.31 (Signal-dependent payments can help in general). There exists a game
Γ, and pricipal utility function 𝑢0, such that the optimal value of (7.5) is greater than the
objective value of the optimal CEP in which 𝑝(𝑠, 𝑎) depends only on 𝑎.

Proof sketch. In the normal-form game below, P1 and P2 play matching pennies, and the
mediator is willing to pay a large amount to avoid a particular pure profile.

𝑋 𝑌

𝑋 −∞, 0, 1 0, 1, 0
𝑌 0, 1, 0 0, 0, 1

P1 chooses the row, P2 chooses the column. In each cell, the mediator’s utility is listed first,
then P1’s, then P2’s. Now consider the following CEP: The mediator mixes evenly between
recommending (𝑋,𝑌 ), (𝑌, 𝑋), and (𝑌,𝑌 ). If the mediator recommends (𝑌, 𝑋), it also promises
a payment of 1 to P2 if P2 follows the recommendation 𝑋 . This CEP has mediator objective
value −1/3, and no signal-independent CEP can match that value. □

The proof is formalized in the full paper [321].

In the language of Monderer and Tennenholtz [218], a CEP with 𝑘 = E𝑎∼𝜇 𝑝(𝑎) is called
a 𝑘-implementable correlated equilibrium.7.5 They show that all correlated equilibria are 0-
implementable, but do not show the converse. Our results improve upon theirs by 1) showing the
converse (Proposition 7.30), and 2) analyzing the 𝑘 > 0 case, in particular, by incorporating a
mediator objective and showing how to compute the optimal CEP.

Finally, in Definition 7.28, we set the signal set to be identical to the action set. In the appendix of
the full paper [321], we show that this is without loss of generality, that is, a sort of revelation
principle holds for CEPs.

7.7.3 CEPs and optimal steering
We now show that the objective value of the optimal (0-)CEP is exactly the maximum value
attainable (in the limit 𝑇 → ∞) by a mediator in our model. We start with the upper bound.
Intuitively, the upper bound holds because, for any algorithm for the mediator, the players can
always compute and play a Nash equilibrium of the payment- and signal-augmented game Γ𝑡 ,
which leads to zero regret in expectation and value bounded above by the optimal CEP value. We
now formalize this argument.

7.5Instead of our condition of ex-interim IC, Monderer and Tennenholtz [218] insist on dominant-strategy IC, that
is, they insist that 𝑢𝑝

𝑖
(𝑠, 𝑠𝑖 , 𝑎−𝑖) ≥ 𝑢𝑝𝑖 (𝑠, 𝑎) for every 𝑠 and 𝑎. However, this requirement does not change anything in

equilibrium, because one can always set 𝑝(𝑠, 𝑠𝑖 , 𝑎−𝑖) when 𝑠𝑖 = 𝑎𝑖 and 𝑠 ≠ 𝑎 to be so large that playing 𝑎𝑖 becomes
dominant. Indeed, Monderer and Tennenholtz [218] do this to establish their results on implementation, and this was
the main idea in our earlier steering algorithms for normal-form games.
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Algorithm 7.6 (LearnUtilitiesThenSteer): Principal’s algorithm for steering without prior
knowledge of utilities

1: using Algorithm 7.5, estimate the utility functions to precision 𝜖
2: using the LP (7.5), compute an optimal 2𝜖-CEP (𝜇∗, 𝑝∗) of the estimated game Γ̃

3: for remaining rounds do

4: set 𝜇𝑡 = 𝜇∗ and 𝑝𝑡
𝑖
(𝑠, 𝑎) =


𝑝∗
𝑖
(𝑎, 𝑎) + 2𝜖 + 𝜌 if 𝑠 = 𝑎

2 if 𝑠 ≠ 𝑎, 𝑎𝑖 = 𝑠𝑖

0 otherwise
.

Theorem 7.32. Let Γ be any game, and suppose the signal sets have size |𝑆𝑖 | ≤ poly(𝑚).
Then for any possible algorithm for the mediator, there exists some algorithm that the
players can use, for which, with probability 1 − 𝛿,

1. no player ever plays an action that is not rationalizable,

2. each player’s regret 𝑅𝑖 (𝑡, 𝑠𝑖) is bounded by 𝐶
√
𝑇 for every 𝑡 ≤ 𝑇 and signal 𝑠𝑖, and

3. the mediator objective value 𝐹 (𝑇) is bounded above by the objective value 𝐹∗ of the
optimal 0-CEP.

Proof. The algorithm for the mediator, on each round, selects payments function 𝑃𝑡
𝑖

and signal
distribution 𝜇𝑡 ∈ Δ(𝑆). Together, these induce a Bayesian game Γ𝑡 , where the players’ strategies
correspond to functions 𝜋𝑡

𝑖
: 𝑆𝑖 → Δ(𝐴𝑖). Suppose that the players play according to a Nash

equilibrium of Γ𝑡 . Then the players incur no regret, and the mediator’s utility is bounded above
by 𝐹∗. □

We now show that the mediator can achieve utility 𝐹∗ in the limit 𝑇 → ∞. Intuitively, the
algorithm will work in two stages. In the first stage, the mediator uses Algorithm 7.5 to learn
the utility functions of the players. Then, the mediator computes an optimal CEP and steers the
players to it. The steering algorithm is adapted from Theorem 7.16, and presented in full here for
the sake of self-containment. Perhaps most notably, since the mediator only knows the game up
to an error 𝜖 > 0, it must give extra payments of at least 𝜖 to ensure that players do not deviate.

Theorem 7.33. For appropriate choices of the hyperparameters 𝐿 (from Algorithm 7.5)
and 𝜌, LearnUtilitiesThenSteer guarantees mediator objective 𝐹 (𝑇) ≥ 𝐹∗ − poly(𝑀)/𝑇1/4

rounds.

Proof. From the analysis of Theorem 7.27, Algorithm 7.5 learns a game to precision 𝜖 , where
𝜖 = poly(𝑀)

√
𝑇/𝐿. (Notice that we cannot assume 𝑇 = poly(𝑀) · 𝐿, because 𝑇 is the total

number of rounds across both stages of the algorithm.)

Since 𝑈̃ and𝑈 differ by only 𝜖 (up to player-independent terms), every CEP of Γ is a 2𝜖-CEP
of Γ̃. The payment function 𝑝𝑡

𝑖
for the steering stage then ensures that, when given signal 𝑠𝑖, it
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is dominant for player 𝑖 to play 𝑎𝑖. Formally, regardless of how other players act, we have

𝑢𝑡𝑖 (𝑠, 𝑠𝑖, 𝑎−𝑖) − 𝑢𝑡𝑖 (𝑠, 𝑎) ≥ 𝜌

for every 𝑠 ∈ 𝑆 and 𝑎 ∈ 𝐴 with 𝑎𝑖 ≠ 𝑠𝑖. Further, from the analysis of Theorem 7.27, player 𝑖’s
regret against following signals 𝑠𝑖 ≠ ⊥ is always nonnegative. Therefore, by player 𝑖’s regret
bound, there are at most 𝐶

√
𝑇/𝜌 rounds on which player 𝑖 fails to obey recommendation 𝑠𝑖

in the steering stage. By a union bound, there are therefore 𝑚𝑛𝐶
√
𝑇/𝜌 rounds in the steering

stage on which 𝑎𝑡 ≠ 𝑠𝑡 . Thus, the mediator’s suboptimality is bounded by

𝐹∗ − 𝐹 (𝑇) ≤ (2𝑛 + 1)𝑛𝑚𝐿
𝑇︸           ︷︷           ︸
(1)

+ 𝑛(2𝜖 + 𝜌)︸     ︷︷     ︸
(2)

+ (2𝑛 + 1)𝑚𝑛𝐶
𝜌
√
𝑇︸           ︷︷           ︸
(3)

≤ poly(𝑀) ·
(
𝐿

𝑇
+
√
𝑇

𝐿
+ 𝜌 + 1

𝜌
√
𝑇

)

where the three terms are:

1. the suboptimality and payments in the utility learning stage,

2. the bonus payments to ensure strict incentive compatibility in the steering stage, and

3. the suboptimality and payments in rounds on which 𝑎𝑡 ≠ 𝑠𝑡 .

Setting 𝜌 = 𝑇−1/4 and 𝐿 = 𝑇3/4 then completes the proof. □

7.8 Experimental Results
We ran experiments with our TRAJECTORYSTEER algorithm (Definition 7.18) on various notions
of equilibrium in extensive-form games. Since the hyperparameter settings suggested by Def-
inition 7.18 are very extreme, in practice we fix a constant 𝑃 and set 𝛼 dynamically based on
the currently-observed gap to directness. We used CFR+ [282] as the regret minimizer for each
player, and precomputed a welfare-optimal equilibrium with the LP algorithm from Chapter 6. In
most instances tested, a small constant 𝑃 (say, 𝑃 ≤ 8) is enough to steer CFR+ regret minimizers
to the exact equilibrium in a finite number of iterations. Two plots exhibiting this behavior are
shown in Figure 7.7. More experiments, as well as descriptions of the game instances tested, can
be found in the appendix of the full paper [318].

7.9 Conclusions and Future Research
We established that it is possible to steer no-regret learners to optimal equilibria using vanishing
rewards, even under trajectory feedback. There are many interesting avenues for future research.
First, this chapter did not attempt to provide optimal rates, and their improvement is a fruitful
direction for future work. Second, are there algorithms with less demanding knowledge assump-
tions for the principal, e.g., steering without full knowledge of the players’ information? Similarly,
can the results of Section 7.7 be applied to extensive-form games as well? Finally, our main
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1Figure 7.7: Sample experimental results. The blue line in each figure is the social
welfare (left y-axis) of the players with steering enabled. The green dashed line
is the social welfare without steering. The yellow line gives the payment (right
y-axis) paid to each player. The flat black line denotes the welfare of the optimal
equilibrium. The panels show the game, the equilibrium concept (in this figure,
always EFCE). In all cases, the first ten iterations are a “burn-in” period during
which no payments are issued; steering only begins after that.

behavioral assumption throughout this chapter is that the regret players incur vanishes in the limit.
Yet, stronger guarantees could be possible when specific no-regret learning dynamics are in place,
such as mean-based learning [34]; see [127, 128, 289] for recent results in the presence of strict
equilibria. Concretely, it would be interesting to understand the class of learning dynamics under
which the steering problem can be solved with a finite cumulative budget.
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Chapter 8

Efficient Φ-Regret Algorithms for General
Domains

8.1 Introduction
The long-standing absence of efficient algorithms for computing an NFCE shifted the focus to
natural relaxations thereof, which can be understood through the notion of Φ-regret [135, 251,
278]. In particular, Φ represents a set of strategy deviations; the richer the set of deviations, the
stronger the induced solution concept. When Φ contains all possible transformations, one recovers
the notion of NFCE—corresponding to swap regret, while at the other end of the spectrum,
coarse correlated equilibria correspond to Φ consisting solely of constant transformations (aka.
external regret). Perhaps the most notable relaxation is the extensive-form correlated equilibrium
(EFCE) [291], which can be computed exactly in time polynomial in the representation of the
game tree [153]. Considerable interest in the literature has recently been on learning dynamics
minimizing Φ-regret (e.g., [17, 25, 73, 89, 95, 117, 132, 207, 223, 224, 233]). A key reference
point in this line of work is the recent construction of Farina and Pipis [95], an efficient algorithm
minimizing linear swap regret—that is, the notion of Φ-regret where Φ contains all linear
deviations. Such algorithms lead to an 𝜖-equilibrium in time polynomial in the game’s description
and 1/𝜖—aka. a fully polynomial-time approximation scheme (FPTAS).

Yet, virtually nothing was known beyond those special cases until recent breakthrough results
by Dagan et al. [71] and Peng and Rubinstein [242], who introduced a new approach for reducing
swap to external regret; unlike earlier reductions [29, 132, 277], their algorithm can be imple-
mented efficiently even in certain settings with an exponential number of pure strategies. For
extensive-form games, their reduction implies a polynomial-time approximation scheme (PTAS)
for computing an 𝜖-correlated equilibrium; their algorithm has complexity 𝑁𝑂̃ (1/𝜖) for games
of size 𝑁 , which is polynomial only when 𝜖 is an absolute constant. Instead, we focus here on
algorithms with better complexity poly(𝑁, 1/𝜖), the typical guarantee one hopes for within the
no-regret framework.

While this result does not rule out the existence of efficient algorithms beyond the adversarial
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External
[226, 323]

(Coarse) Trigger
[102, 106, 223, 291]

Linear swap
[81, 95, 132]

𝑂 (1)-degree
polynomial swap

This chapter

Polytope swap
[207]

𝑑𝑂 (1) -dim. Φ
This chapter

Swap
[15]

Learning intractable

(This chapter),

computation unknown
Coarse CE Extensive-form

(coarse) CE
Linear CE

𝑂 (1)-degree CE
𝑑𝑂 (1) -dim. CE

Correlated
equilibrium (CE)

Figure 8.1: The arrows 𝐴 =⇒ 𝐵 denote that minimizing the notion of regret 𝐴
implies minimizing the notion of regret 𝐵. In other words, 𝐴 defines a superset of
deviations that the learner considers compared to 𝐵, and hence leads to a stronger
notion of equilibrium. The gray text below or above a notion of regret denotes the
name of the corresponding notion of equilibrium, if applicable.

regime, it does immediately bring to the fore a well-studied but pressing question: what notions of
hindsight rationality are efficiently learnable?

Hindsight rationality in online learning can be understood through a set of functions, Φ, so that
no deviation according to a function in Φ can retrospectively improve the cumulative utility;
such a learner is said to be consistent with minimizing Φ-regret [132, 136, 278]. The broader
the set of deviations Φ, the more appealing the ensuing concept of hindsight rationality. The
usual notion of external regret is an instantiation of that framework for which Φ contains solely
constant functions—referred to as coarse deviations. On the other end of the spectrum, when Φ

contains all possible deviations, one finds the powerful notion of swap regret—associated with
(normal-form) correlated equilibria. The fundamental question thus is to characterize the structure
of Φ that enables efficient learnability—and, indeed, computation.

Much of the recent research in the context of learning in extensive-form games has focused on
this exact problem. This can be traced back to CFR and its variants, which are at the heart of
recent landmark results in AI benchmarks such as poker [31, 37, 39, 222]. CFR is an online
algorithm for minimizing external regret—associated with (normal-form) coarse correlated equi-
libria. Moving forward, efficient algorithms eventually emerged for extensive-form correlated
equilibria (EFCE) [17, 89, 106, 153] (cf. Morrill et al. [223, 224]), and more broadly, when Φ

contains solely linear functions [95, 96]—corresponding to linear correlated equilibria (LCE).
Daskalakis et al. [81] recently took a step even further by strengthening those results whenever
the underlying constraint set X ⊆ R𝑑 admits a membership oracle. Figure 8.1 summarizes the
landscape that has emerged.

8.1.1 Our results: Φ-equilibria and Φ-Regret at the Frontier of Tractability
The primary focus of this chapter is to expand the scope of that prior research beyond linear-swap
regret—associated with linear correlated equilibria—toward the frontier of tractability. We are
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Upper bound Lower bound

Learning poly(𝑘)/𝜖2 min{
√
𝑘/4, exp(Ω(𝜖−1/6))}

(Theorem 8.3) (Theorem 8.5)

Computation poly(𝑘, log(1/𝜖))
Open question

(Theorem 8.2)

Table 8.2: Our main results for the 𝑘-dimensional set Φ𝑚 of Definition 8.1;
𝑘 ≫ 𝑑.

able to cope with the broad class of functions introduced below.

Definition 8.1. Given a map 𝑚 : X → R𝑘
′
, the set of deviations Φ𝑚 is defined as the set of all

maps 𝜙 : X → X that can be can be expressed by the matrix-vector product K(𝜙)𝑚(x) +c(𝜙) for
some K(𝜙) ∈ R𝑑×𝑘 ′ and c(𝜙) ∈ R𝑑 . The set of functions Φ𝑚 has dimension at most 𝑘 := 𝑘′ · 𝑑+𝑑.

We think of 𝑘 as a measure of the complexity of Φ𝑚; in what follows, one may imagine 𝑘 ≤
poly(𝑑). There is a clear sense in which going beyond Definition 8.1 is daunting: even representing
such functions becomes prohibitive. Indeed, we also establish lower bounds that preclude going
beyond the set of deviations in Definition 8.1, showing that our results cannot be significantly
improved.

As a canonical example, one can capture degree-ℓ polynomials by taking 𝑚(x) to be the function
that outputs all ℓ-wise (and lower) products of entries in x (hence 𝑘 = 𝑑𝑂 (ℓ)), and K the matrix of
coefficients of the polynomial. (For technical reasons, we actually consider a certain orthonormal
basis for polynomials introduced formally in Definition 8.25.)

8.1.1.1 Upper Bounds

We begin by stating our results in the usual no-regret framework in the centralized model of
computation, and then proceed with online learning. Our first result establishes an algorithm with
running time growing polynomially in log(1/𝜖) for the problem of computing a Φ𝑚-equilibrium.

Theorem 8.2 (Computation; precise version in Theorem 8.34). Consider an 𝑛-player
multilinear game Γ such that, for each player 𝑖 ∈ [𝑛], we are given poly(𝑛, 𝑘)-time
algorithms for the following:

• an oracle to compute the gradient, that is, the vector g𝑖 = g𝑖 (x−𝑖) ∈ R𝑑𝑖 for which
⟨g𝑖 (x−𝑖),x𝑖⟩ = 𝑢𝑖 (x) for all x ∈ X1 × · · · × X𝑛 (polynomial expectation property);
and

• a membership oracle for the strategy set X𝑖.

Suppose further that each Φ𝑚𝑖 is 𝑘𝑖-dimensional per Definition 8.1 and ∥g𝑖∥ ≤ 𝐵. Then, an
𝜖-approximate Φ𝑚-equilibrium of Γ can be computed in poly(𝑛, 𝑘, log(𝐵/𝜖)) time.
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We now continue with our main result for online learning.

Theorem 8.3 (Online learning; precise version in Theorem 8.38). Suppose that X ⊆ R𝑑

admits a membership oracle and Φ𝑚 is 𝑘-dimensional per Definition 8.1. There is an
online algorithm that guarantees at most 𝜖 average Φ𝑚-regret after poly(𝑘)/𝜖2 rounds with
poly(𝑘, 1/𝜖) running time.

The result above holds even when the learner is facing an adversary, thereby being readily
applicable when learning in 𝑛-player mutlilinear games. In such games, each player 𝑖 ∈ [𝑛]
has a convex and compact strategy set X𝑖 ⊆ R𝑑𝑖 and utility function 𝑢𝑖 : X1 × · · · × X𝑛 → R
that is linear in X𝑖, so that 𝑢𝑖 (x) = ⟨g𝑖,x𝑖⟩ for some g𝑖 = g𝑖 (x−𝑖) ∈ R𝑑𝑖 . (Extensive-form
games constitute a canonical example of this framework.) In this context, Theorem 8.3 implies a
fully polynomial-time algorithm (FPTAS) for computing 𝜖-approximate Φ𝑚-equilibria in convex
games.

We find these results surprising; we originally surmised that even when Φ is the set of quadratic
functions (for which 𝑘 = poly(𝑑)), the underlying online problem would be hard in the regime
𝜖 = 1/poly(𝑑).

In Section 8.8, we elaborate on the interesting special case where X is an extensive-form strategy
set and Φ consists of only linear deviations. In this special case, we establish a surprising
connection between Φ-regret and communication equilibria from Chapter 6. In particular, we
will define a set of untimed communication deviations, and show that these are equivalent to
the set of linear deviations. This relationship, as we will show, allows for the construction of
significantly more efficient regret minimizers for this special case, via the machinery of DAG
decision problems from Chapter 4.

8.1.1.2 Lower Bounds

A salient aspect of the above results is that the learner is allowed to output a probability distribution
over X. In stark contrast, and perhaps surprisingly, when the learner is constrained to output
behavioral strategies, that is to say, points in X, we show that regret minimization PPAD-hard
even for quadratics (Theorem 8.4). We are not aware of any such hardness results pertaining to a
natural online learning problem.

The key connection behind our lower bound is an observation by Hazan and Kale [146], which
reveals that any Φ-regret minimizer is inadvertedly able to compute approximate fixed points of
any deviation in Φ. Computing fixed points is in general a well-known (presumably) intractable
problem, being PPAD-hard. In our context, the set Φ does not contain arbitrary (continuous)
functions X → X, but instead contains multilinear functions from X to X. We arrive at the
following hardness result.

Theorem 8.4. If a regret minimizer R outputs strategies inX, it is PPAD-hard to guarantee
REGΦ ≤ 𝜖 , even with respect to quadratic deviations and 𝜖 = 1/poly(𝑑).
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In Section 8.10, we establish generic lower bounds against minimizing swap regret over generic
strategy sets X. Our results in that section extend the known impossibility results for swap regret
over the simplex (Theorem 8.14) to extensive-form games, establishing an exponential lower
bound for extensive-form games as well.

Theorem 8.5. For any 𝑘 and any 𝑑 ≥ Θ(log14 𝑘), there is an extensive-form decision
problem with dimension 𝑑 and an adversary such that the Φ-regret of the learner with
respect to a 𝑘-dimensional Φ is at least 𝜖 when 𝑇 < min{

√
𝑘/4, exp(Ω(𝜖−1/6))}.

What is important is that, up to constant factors in the exponent of 𝑘 , Theorem 8.5 matches the
upper bound of Theorem 8.3. In doing so, we establish for the first time a class of deviations that
characterizes—in the previous sense—no-Φ-regret learning in the adversarial setting.

8.1.2 Technical approach
Theorems 8.2 and 8.3 build on and extend certain recent developments due to Daskalakis et al.
[81]. Below, we outline our key technical contributions.

Expected fixed points. The first key ingredient one requires in the framework of Gordon et al.
[132] is an algorithm for computing an approximate fixed point of any function within the set of
deviations. This fixed point computation is—at least in some sense—inherent: Hazan and Kale
[146] observed that minimizing Φ-regret is computationally equivalent to computing approximate
fixed points of transformations in Φ. Specifically, an efficient algorithm minimizing Φ-regret—
with respect to any sequence of utilities—can be used to compute an approximate fixed point
of any transformation in Φ. Given that functions in Φ in general could be nonlinear or even
discontinous, this would seem to preclude the possibility of (efficient) regret minimization. Indeed,
although functions in Φ have a particular structure not directly compatible with prior reductions,
we show that they can still simulate generalized circuits even under low-degree deviations. At
first glance, this argument seems to contradict the recent positive results of Dagan et al. [71] and
Peng and Rubinstein [242].

It turns out that there is a delicate precondition on the reduction of Hazan and Kale [146] that
makes all the difference: computing approximate fixed points is only necessary if the learner
outputs points on convX. In stark contrast, a crucial observation that drives our approach is that
a learner who selects a probability distribution over X does not have to compute (approximate)
fixed points of functions in Φ. Instead, we show that it is enough to determine what we refer to
as an approximate fixed point in expectation. More precisely, for a deviation Φ ∋ 𝜙 : X → X
with an efficient representation, it is enough to compute a distribution 𝜇 ∈ Δ(X) such that
Ex∼𝜇 𝜙(x) ≈ Ex∼𝜇 x. It is quite easy to compute an approximate fixed point in expectation: take
any x1 ∈ X, and consider the sequence x1, . . . ,x𝐿 ∈ X such that xℓ+1 := 𝜙(x′

ℓ
) for all ℓ. Then,

for 𝜇 := unif{x1, . . . ,x𝐿}, we have

E
x∼𝜇
[𝜙(x) − x] = 1

𝐿

𝐿∑︁
ℓ=1
[𝜙(x′ℓ) − x

′
ℓ] =

1
𝐿

E
x′
𝐿
∼𝛿(x𝐿)

[𝜙(x′𝐿) − x1] = 𝑂
(

1
𝐿

)
.
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This procedure can replace the fixed point oracle required by the template of Gordon et al. [132],
which is prohibitive when Φ contains nonlinear functions. In fact, even in normal-form games
where considering linear deviations suffices, computing a fixed point is relatively expensive,
amounting to solving a linear system, dominating the per-iteration complexity.

It is worth noting that the discrepancy that has arisen between operating over Δ(X) versus
X is quite singular when it comes to regret minimization in extensive-form games. Kuhn’s
theorem [188] is often invoked to argue about their equivalence, but in our setting it is the
nonlinear nature of deviations in Φ that invalidates that equivalence.8.1 To tie up the loose ends,
we adapt the reduction of Hazan and Kale [146] to show that minimizing Φ-regret over Δ(X)
necessitates computing approximate fixed points in expectation (Proposition 8.59), and we observe
that the reductions of Dagan et al. [71] and Peng and Rubinstein [242] are indeed compatible with
computing approximate fixed points in expectation (Section 8.11.2).

While the poly(1/𝜖)-time algorithm implied by the above argument would suffice for regret
minimization, Theorem 8.2 concerns the complexity of computing expected fixed points in the
regime where 𝜖 is exponentially small, and therefore requires a more precise expected fixed
point. We address this problem by showing that expected fixed points can be computed in time
polynomial in the dimension and log(1/𝜖).

Theorem 8.6 (log(1/𝜖)-time expected fixed points). Given oracle access to X and 𝜙 :
X → X, there is a poly(𝑑, log(1/𝜖))-time algorithm that computes an 𝜖-expected fixed
point of 𝜙.

We have described so far the role of expected fixed points when learning in an online environment
(cf. Theorem 8.3). Going back to Theorem 8.2, expected fixed points also serve a crucial purpose
in that context. Namely, Theorem 8.2 relies on the ellipsoid against hope (EAH) algorithm
of Papadimitriou and Roughgarden [237], which in turn is based on running the ellipsoid algorithm
on an infeasible program—the rationale being that a correlated equilibrium can be extracted from
the certificate of infeasibility of that program. Now, to execute ellipsoid, one needs a separation
oracle. For normal-form games, this amounts to a fixed point oracle: for any 𝜙, compute x ∈ X
such that 𝜙(x) = x. And, as we saw earlier, 𝜙 is a just a stochastic matrix, and so it suffices to
identify a stationary distribution of the corresponding Markov chain.

However, there are two main obstacles, which manifest themselves in each iteration of the ellipsoid,
when X is a general convex set and Φ is allowed to contain nonlinear endomorphisms:8.2

1. computing a fixed point of a nonlinear 𝜙 is intractable; and

2. separating over the set Φ is also intractable even with respect to linear endomorphisms [81],
let alone under Definition 8.1.

8.1Kuhn’s theorem is also invalidated in extensive-form games with imperfect recall [189, 244, 284], in which there
is also a genuine difference between mixed and behavioral strategies. In such settings, it is NP-hard to even minimize
external regret.

8.2Recall that an endomorphism on X is a function mapping X to X.
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With regard to Item 1, we show that, during the execution of the ellipsoid, one might as well use
expected fixed points, which are tractable by virtue of Theorem 8.6 we described earlier. What is
intriguing is that our proof of Theorem 8.6 also relies on (a different instantiation of) EAH, and so
the overall algorithm that we develop uses EAH in a nested fashion—each separation oracle as
part of the execution of EAH is internally implemented via EAH!

For Item 2, we build on the framework of Daskalakis et al. [81]. In light of the inability to
efficiently separate over linear endomorphisms, they observed that one can still execute EAH with
access to a weaker oracle, which they refer to as a semi-separation oracle. Moreover, they devel-
oped a polynomial-time semi-separation oracle with respect to the set of linear endomorphisms.
Building on Theorem 8.6, we significantly extend their result, establishing a semi-separation
oracle for general functions, not just linear ones.

Theorem 8.7 (Semi-separation oracle for general functions). Given oracle access to X
and 𝜙 : X → R𝑑 , there is a poly(𝑑, log(1/𝜖))-time algorithm that either computes an
𝜖-expected fixed point of 𝜙, or identifies a point x ∈ X such that 𝜙(x) ∉ X.

(In particular, in the usual case where 𝜙 maps to X, the algorithm above always returns an
𝜖-expected fixed point of 𝜙.)

We now turn to Theorem 8.3, which revolves around the online learning setting. Equipped with
our semi-separation oracle for general functions, we show that the framework of Daskalakis et al.
[81] can be extended from linear endomorphisms to ones satisfying Definition 8.1. The technical
pieces underpinning Theorem 8.3 are exposed in depth in Section 8.7. Importantly, the dimension
of Φ turns out to be a fundamental barrier for no-regret learning in the following sense.

8.1.3 Further Related Work
The existence of no-regret algorithms goes back to the pioneering work of Blackwell [28]; the
stronger notion of swap regret was crystallized and analyzed more recently [29, 143, 277]. Part of
the impetus of that line of work revolves around the connection to correlated equilibria, highlighted
earlier. Unfortunately, beyond online decision problems on the simplex, such no-swap-regret
algorithms become inefficient when the number of pure strategies is exponential in the natural
parameters of the problem—as is the case, for example, in Bayesian games, wherein X := [0, 1]𝑑 .
Recent breakthrough results by Dagan et al. [71] and Peng and Rubinstein [242] establish a new
algorithmic paradigm for minimizing swap regret, applicable even when the number of pure
strategies is exponential. However, that comes at the expense of introducing an exponential
dependence on 1/𝜖 , which is unavoidable in the adversarial regime [80]. Our main interest here is
in online algorithms with complexity scaling polynomially in both the dimension and 1/𝜖 .

Besides the game-theoretic implications concerning convergence to correlated equilibria, swap
regret is a fundamental concept in its own right, being intimately tied to the notion of calibration;
namely, it has been known since the foundational work of Foster and Vohra [112] that best-
responding to calibrated forecasters guarantees no-swap-regret (cf. Foster and Hart [113]); in
relation to that connection, it is worth noting an important, recent body of work that bypasses the
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intractability of calibration in high dimensions [151, 233, 255]. Swap regret is also more robust
against exploitation, in a sense formalized in a series of recent papers [14, 84, 140, 207].

In particular, within that line of work, Mansour et al. [207] introduced the notion of polytope
swap regret, which comprises deviations that allow the vertices of the underlying polytope to
be swapped with each other—points inside the polytope are mapped in accordance with the
(worst-case) convex combination of vertices. It is currently unknown whether there is an efficient
algorithm for minimizing polytope swap regret.

The more flexible framework of Φ-regret, which has been gaining considerable traction in recent
years, allows one to circumvent this possible intractability restricting the set of deviations. In
addition to the research highlighted above, chiefly in the context of extensive-form games, we
now provide some further pointers for the interested reader. Bernasconi et al. [25] considered
the more challenging setting of so-called “pseudo-games,” wherein players have joint constraint
sets. Φ-equilibria in such settings have certain counterintuitive properties; for example, they
are not necessarily convex. Φ-equilibria have also garnered attention in the context of Markov
(aka. stochastic) games, going back to the work of Greenwald and Hall [135]; for more recent
research, we refer to Cai et al. [47], Erez et al. [91], Jin et al. [162], and references therein. Even
more broadly, we refer to Cai et al. [46], Şeref Ahunbay [70] for efficient solution concepts in
nonconcave games [75].

Finally, we remark that the hardness result of Daskalakis et al. [81] for separating over linear
endomorphisms does not apply to polytopes represented with a polynomial number of constraints.
Indeed, it is relatively straightforward to implement a membership oracle for such polytopes
(Theorem 8.53). In contrast, it is computationally hard to decide membership for low-degree
polynomials [81].

8.2 Preliminaries
Before proceeding, we must introduce some notation and background that will be fundamental
in this chapter. Most of this chapter will be concerned with general multilinear games, not just
extensive-form games as in the previous chapters. Therefore, the pure strategy set is Π𝑖 ⊂ R𝑑𝑖 .
To align with extensive-form terminology, we will continue to refer to X𝑖 := convΠ𝑖 as the set
of behavioral strategies. We will still demand throughout the chapter (unless otherwise stated)
that the utility functions 𝑢𝑖 : X1 × · · · × X𝑛 → R are multilinear, that is, linear in each x𝑖. Since
extensive-form games are multilinear games (via the sequence form), the results of this section
for multilinear games apply directly to extensive-form games, although they also apply more
generally as well.

As usual, the subscript 𝑖 will be dropped when there is only one player involed, for example, when
talking about single-player regret minimization.

Oracle access. Throughout this chapter, we assume that we have access to the convex and
compact constraint set X via an oracle. (For multi-player games, oracle access is posited for
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the constraint set X𝑖 of each player, which can be thereby extended to X := X1 × · · · × X𝑛.) In
particular, the following three types of oracles are commonly considered in the literature:

• membership: given a point x ∈ R𝑑 , decide whether x ∈ X;

• separation: given a point x ∈ R𝑑 , decide whether x ∈ X, and if not, output a hyperplane
w ∈ R𝑑 separating x from X: ⟨x,w⟩ > ⟨x′,w⟩ for all x′ ∈ X;

• linear optimization: given a point u ∈ R𝑑 , output any point in argmaxx∈X ⟨x,u⟩.

Under the assumption that B𝑟 (·) ⊆ X ⊆ B𝑅 (0), the three oracles described above are known
to be (polynomially) equivalent [138]—up to logarithmic factors in 𝑅 and 1/𝑟. The previous
geometric condition can always be met by bringing X into isotropic position, which means that,
for a uniformly sampled x ∼ X, we have E[x] = 0 and E[xx⊤] = I𝑑×𝑑 . This can be achieved in
polynomial time through an affine transformation [30, 169, 202]; it is easy to see that minimizing
Φ-regret after applying that transformation suffices in order to minimize Φ-regret in the original
space.8.3 As a result, we can assume throughout that, for example, B1(0) ⊆ X ⊆ B𝑑 (0) [202].

Remark 8.8 (Weak oracles). When dealing with general convex sets, the oracles posited above
can return points supported on irrational numbers. To address this issue in the usual Turing model
of computation, it suffices to consider weaker versions of those oracles that allow for some small
slackness 𝜖 > 0. Our analysis in the sequel can be extended to account for such imprecision.

8.2.1 Φ-Regret Minimization
We first recall the usual framework of online learning. The interaction lasts for 𝑇 rounds. On
round 𝑡, the learner selects a point x𝑡 ∈ X.

In the framework of online learning, a learner interacts with an adversary over a sequence of
rounds. In each round, the learner selects a strategy 𝜇𝑡 ∈ Δ(X), whereupon the adversary
constructs a utility function which is subsequently observed by the learner. The adversary is
allowed to be strongly adaptive, so that the utility function at the 𝑡th round 𝑢𝑡 : X ∋ x ↦→ ⟨u𝑡 ,x⟩
can depend on the strategy 𝜇𝑡 of the learner at that round. We assume that utilities belong to
U := {u : |⟨u,x⟩| ≤ 1 ∀x ∈ X}. It will be convenient to use ∥x∥X := maxu∈U ⟨u,x⟩ for the
induced norm.

We measure the performance of an online learning algorithm as follows. Suppose that Φ ⊆ XX
is a set of deviations. If the learner outputs in each round a mixed strategy 𝜇𝑡 ∈ Δ(X), its
(time-average) Φ-regret [135, 278] is defined as

REGΦ(𝑇) :=
1
𝑇

max
𝜙∈Φ

𝑇∑︁
𝑡=1

〈
u𝑡 , E

x𝑡∼𝜇𝑡
[𝜙(x𝑡) − x𝑡]

〉
. (8.1)

In the special case where Φ contains only constant transformations, one recovers the notion of
external regret. On the other extreme, swap regret corresponds to Φ containing all functions
X → X.

8.3The formal argument is deferred to the appendix of the full paper [320].
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Algorithm 8.3 (GGM): Construction of a Φ-regret minimizer from a fixed point oracle and an
external regret minimizer

1: procedure NEXTSTRATEGY()
2: 𝜙𝑡 ← RΦ.NEXTSTRATEGY()
3: return x𝑡 ← an 𝜖-fixed point of 𝜙𝑡

4: procedure OBSERVEUTILITY(u𝑡)
5: RΦ.OBSERVEUTILITY(Φ ∋ 𝜙 ↦→

〈
u𝑡 ,𝛷(x𝑡)

〉
)

We are interested in algorithms whose regret is bounded by 𝜖 after 𝑇 = poly(𝑁, 1/𝜖) rounds. We
refer to such algorithms as fully-polynomial no-regret learners.

Remark 8.9 (Swap versus internal regret). When it comes to defining correlated equilibria in
normal-form games, there are two prevalent definitions appearing in the literature; one is based on
internal regret, while the other on swap regret (e.g., [120, 130]). The key difference is that internal
regret only contains deviations that swap a single action—thereby being weaker. Nevertheless,
it is not hard to see that swap regret can only be larger by a factor of |Π | [29], where we recall
that Π denotes the set of pure strategies. So, in normal-form games those two definitions are
polynomially equivalent, and in most applications one can safely switch from one to the other.

However, this is certainly not the case in games with an exponentially large action space, such
as extensive-form games. In fact, the definition of internal regret itself is problematic when
the action set is exponentially large: the uniform distribution always attains an error of at most
1/|Π |. Consequently, any guarantee for 𝜖 ≥ 1/|Π | is vacuous. That is, if |Π | is exponentially
large, an algorithm that requires a number of iterations polynomial in 1/𝜖—which is what we
expect to get from typical no-regret dynamics—would need an exponential number of iterations
to yield a non-trivial guarantee; this issue with internal regret was also observed by Fujii [117].
Nevertheless, internal regret in the context of games with an exponentially large action set was
used in a recent work by Chen et al. [60], who provided oracle-efficient algorithms for minimizing
internal regret.

8.2.1.1 The GGM Construction

Gordon et al. [132], building on earlier work by Blum and Mansour [29] and Stoltz and Lugosi
[277], came up with a general recipe for minimizing Φ-regret. That construction relies on a
no-regret learning algorithm on the set of deviations Φ, which we denote by RΦ. Then GGM is a
Φ-regret minimizer on X. It has the following regret guarantee.

Theorem 8.10 (Regret of GGM [132]). Suppose that REG(𝑇) is the external regret incurred
by RΦ. After 𝑇 rounds of GGM, we have

max
𝜙∈Φ

1
𝑇

𝑇∑︁
𝑡=1

〈
u𝑡 , 𝜙(x𝑡) − x𝑡

〉
≤ REG(𝑇) + 𝜖 .
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Deviations Φ Equilibrium concept References

Constant (external), Φ = {𝜙 : x ↦→ x0 | x0 ∈ X} Normal-form coarse correlated Moulin and Vial [226]
Trigger (see Section 8.8) Extensive-form correlated von Stengel and Forges [291]
Communication (see Section 8.8) Communication Forges [109], Myerson [228]
Linear / Untimed communication Linear correlated Farina and Pipis [95]; Section 8.8
Swap, Φ = XX Normal-form correlated Aumann [15]

Table 8.4: Some examples of deviation sets Φ and corresponding notions of
correlated equilibrium, in increasing order of size of Φ (and thus increasing
tightness of the equilibrium concept)

In Chapter 8, we will relax the requirement of needing (approximate) fixed points, while at the
same time maintaining the guarantee of Theorem 8.10.

8.2.1.2 Convergence to Correlated Equilibria

Notions of Φ-regret correspond naturally to notions of correlated equilibria. Therefore, our results
also have implications for no-regret learning algorithms that converge to correlated equilibria.
Indeed, the following standard result follows immediately from the definitions of equilibrium and
regret.

Proposition 8.11 (No-Φ-regret learners converge to Φ-equilibrium). Suppose that every
player 𝑖 plays according to a regret minimizer whose Φ𝑖-regret is at most 𝜖 after 𝑇 rounds.
Let 𝜇𝑡

𝑖
∈ Δ(X𝑖) be the distribution played by player 𝑖 at round 𝑡. Let 𝜇𝑡 ∈ Δ(X1)×· · ·×Δ(X𝑛)

be the product distribution whose marginal on X𝑖 is 𝜇𝑡
𝑖
. Then the average strategy profile,

that is, the uniform distribution on {𝜇1, . . . , 𝜇𝑇 }, is an 𝜖-Φ-equilibrium.

Some common choices of Φ, and corresponding equilibrium notions, are in Table 8.4.

8.2.2 Swap Regret
Swap regret is the important special case of Φ-regret when Φ consists of all maps X → X. It
captures, via Proposition 8.11, the notion of correlated equilibrium, which is the strongest possible
notion expressible in the language of Φ-regret and Φ-equilibria. In this section, we review known
results about no-swap-regret learning algorithms.

8.2.2.1 Normal-form games

In a normal-form game, every player’s decision problem consists of a single decision point with
𝑁 actions, that is, X = Δ(𝑁) where e𝑘 is the 𝑘th standard basis vector in R𝑁 . Blum and Mansour
[29] showed that efficient algorithms exist for minimizing swap regret over the simplex.

Theorem 8.12 ([29]). There exists a no-regret learning algorithm for simplices that
achieves average swap regret 𝜖 within 𝑇 = 𝑂̃ (𝑁/𝜖2) rounds.

229



One may wonder whether this is optimal, e.g., whether it is possible to achieve a logarithmic
dependence on 𝑚. Recent simultaneous work by Dagan et al. [71] and Peng and Rubinstein [242]
has essentially completely answered this question for normal-form games.

Theorem 8.13 ([71, 242], upper bound). There exists a no-regret learning algorithm for
simplices that achieves average swap regret 𝜖 within 𝑇 = (log 𝑁)𝑂̃ (1/𝜖) rounds.

Both papers also provided (nearly-)matching lower bounds. Here we state a particularly simple-
to-state lower bound proven by Dagan et al. [71].

Theorem 8.14 (Theorem 4.1 of Dagan et al. [71], lower bound). Let 𝑇 < 𝑁/4. Then, in
the there exists an oblivious adversary such that the swap regret of any learner for the
𝑁-simplex is Ω(log−5 𝑇).

8.2.2.2 Extensive-Form Games and Tree-Form Strategy Sets

For more general extensive-form games, the picture is less clear. For an upper bound, one can
consider a tree-form strategy set X with 𝑁 pure strategies (i.e., |X| = 𝑁) as simply an “easier
version” of a normal-form decision problem where each pure strategy is treated as a different
action, i.e., where the strategy set is the 𝑁-simplex. Theorem 8.13 therefore implies a similar
bound on swap regret for tree-form decision problems.8.4

Corollary 8.15 ([71, 242], tree-form upper bound). Let X ⊂ {0, 1}𝑚 be a tree-form
strategy set. There exists a no-regret learning algorithm for tree-form decision problems
that achieves swap regret 𝜖 after 𝑇 = (log |X|)𝑂̃ (1/𝜖) ≤ 𝑑𝑂̃ (1/𝜖) rounds.

Showing a matching lower bound for extensive form, however, remained open. The main
difficulty is that the adversary is restricted to linear utility functions 𝑢𝑡 : X → R; the adversary in
Theorem 8.14 does not use linear utility functions when the extensive-form game is interpreted
as a normal-form game over 𝑁 actions as described above. We will close this discrepancy in
Section 8.10 by showing a lower bound that almost matches Corollary 8.15.

8.2.3 Ellipsoid Against Hope
The ellipsoid against hope (EAH) algorithm was famously introduced by Papadimitriou and
Roughgarden [237] to compute correlated equilibria in succinct, multi-player games—under the
polynomial expectation property. A further crucial assumption in the approach of Papadimitriou
and Roughgarden [237] is that the game is of polynomial type, in that the number of actions
(or pure strategies) is polynomial in the representation of the game. In contrast to normal-form
games, extensive-form games—and many other natural classes of games—are not of polynomial

8.4As stated, the bound is only information-theoretic. However, the information-theoretic bound is implementable
by an efficient (i.e., poly(𝑑, 1/𝜖)-time-per-iteration) algorithm, which is described by Dagan et al. [71] and Peng and
Rubinstein [242], and is beyond the scope of this thesis.
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type. Farina and Pipis [96] recently showed how to apply EAH in the context of extensive-form
games—albeit only for LCE; as we have seen, the complexity of NFCE remains open. We begin
by recalling their framework, which crystallizes the approach of Papadimitriou and Roughgarden
[237]. We then proceed by introducing the more powerful approach of Daskalakis et al. [81],
which is crucial to compute LCE under general convex constraint sets, and which will form the
basis for our approach as well.

Consider an arbitrary optimization problem of the form

find 𝜇 ∈ Δ(X) s.t. E
x∼𝜇
⟨y, 𝐺 (x)⟩ ≥ 0 ∀y ∈ Y, (8.2)

where X ⊆ R𝑑 ,Y ⊆ R𝑘 , and 𝐺 : X → R𝑘 is a function such that ∥𝐺 (x)∥ ≤ 𝐵 for all x ∈ X. The
crux in (8.2) lies in the fact that 𝜇 resides in a high-dimensional (indeed, an infinite-dimensional)
space, making standard approaches of little use. EAH addresses that challenge, as we describe
next.

Suppose that we are given a poly(𝑑, 𝑘)-time evaluation oracle for 𝐺 and a separation oracle (SEP)
for Y, assumed to be well-bounded: B𝑟 (·) ⊆ Y ⊆ B𝑅 (0). In addition, we assume that we have
access to a good-enough-response (GER) oracle, which, given any y ∈ Y, returns x ∈ X such
that ⟨y, 𝐺 (x)⟩ ≥ 0. The EAH algorithm allows us to solve problems of the form (8.2) with just
the above tools. In particular, EAH proceeds by considering an 𝜖-approximate version of the dual
of (8.2).

find y ∈ Y s.t. ⟨y, 𝐺 (x)⟩ ≤ −𝜖 ∀x ∈ X. (8.3)

Since a GER oracle exists, (8.3) is infeasible. Moreover, a certificate of infeasibility of (8.3)
provides an 𝜖-approximate solution to (8.2). Thus, it suffices to run the ellipsoid algorithm on
(8.3) and extract a certificate of infeasibility. This is precisely what EAH does, as formalized
in Theorem 8.16.

Theorem 8.16 (Generalized form of EAH [96, 237]). Suppose that we have poly(𝑑, 𝑘)-time
algorithms for the following:

• an evaluation oracle for 𝐺, where ∥𝐺 (x)∥ ≤ 𝐵 for all x ∈ X;
• a GER oracle for (8.2); and
• a separation oracle (SEP) for the well-bounded set Y.

Then, there is an algorithm that runs in time poly(𝑑, 𝑘, log(𝐵/𝜖)) and returns an 𝜖-
approximate solution to (8.2).

8.3 Weakening the Assumptions of Ellipsoid Against Hope
When it comes to computing LCE under general constraint sets, Theorem 8.16 is not enough:
Daskalakis et al. [81] showed that separating over Y—the set of linear endomorphisms—is hard.
In light of this fact, their key observation was that an 𝜖-approximate solution to (8.2) can still
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Algorithm 8.5 (EAH): Ellipsoid against hope [96, 237]
1: input:
2: parameters 𝑅𝑦, 𝑟𝑦 > 0 such that B𝑟𝑦 (·) ⊆ Y ⊆ B𝑅𝑦

(0)
3: precision parameter 𝜖 > 0
4: parameter 𝐵 > 0 such that ∥𝐺 (x)∥ ≤ 𝐵 for all x ∈ X
5: a GER oracle for (8.2)
6: a SEP oracle for Y
7: output: A sparse, 𝜖-approximate solution 𝜇 ∈ Δ(X) of (8.2)
8: initialize the ellipsoid E := B𝑅𝑦

(0)
9: initialize Ỹ := B𝑅𝑦

(0)
10: while vol(E) ≥ vol(B𝜖/𝐵 (·)) do
11: let y be the center of E
12: if y ∈ Y then
13: let x be a good enough response with respect to y (via the GER oracle)
14: let 𝐻 be the halfspace {y ∈ R𝑘 : ⟨y, 𝐺 (x)⟩ ≤ 0}
15: else let 𝐻 be a halfspace that separates y from Y (via the SEP oracle)
16: update E to the minimum volume ellipsoid containing E ∩ 𝐻
17: let x(1) , . . . ,x(𝑇) be the GER oracle responses produced in the process above
18: define G := [𝐺 (x(1)) | . . . | 𝐺 (x(𝑇))] ∈ R𝑘×𝑇
19: compute a solution λ to the convex program

find λ ∈ Δ(𝑇) s.t. min
y∈Ỹ

λ⊤G⊤y ≥ −𝜖

20: return the distribution 𝜇 ∈ Δ(X) that outputs x(𝑡) with probability 𝜆(𝑡)

be computed given access to a weaker oracle. Namely, instead of requiring both a GER and a
SEP oracle, as in Theorem 8.16, Daskalakis et al. [81] showed that it suffices to implement the
following oracle: for any given y ∈ R𝑘 (not necessarily in Y), compute either

1. a good-enough response x ∈ X, or

2. a hyperplane separating y from Y.

Although separating over Y is hard, this weaker oracle suffices to recover the guarantee of The-
orem 8.16, and this is enough to compute linear correlated equilibria in games. Yet, for our
purposes, it will be necessary to relax the aforedescribed oracle even further, as formalized below.

Definition 8.17 (ExpectedGERorSEP). Consider problem (8.2). The oracle 𝜖-ExpectedGERorSEP
works as follows. It takes as input y ∈ R𝑘 , and it computes either

1. an 𝜖-approximate good-enough-response in expectation 𝜇 ∈ Δ(X), such that Ex∼𝜇⟨y, 𝐺 (x)⟩ ≥
−𝜖 , such that supp(𝜇), or

2. a hyperplane 𝜖-approximately separating y from Y.
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Algorithm 8.6 (ExpectedEAH): Ellipsoid against hope under ExpectedGERorSEP oracle [81]
1: input:
2: parameters 𝑅𝑦, 𝑟𝑦 > 0 such that B𝑟𝑦 (·) ⊆ Y ⊆ B𝑅𝑦

(0)
3: precision parameter 𝜖 > 0
4: parameter 𝐵 > 0 such that ∥𝐺 (x)∥ ≤ 𝐵 for all x ∈ X
5: a ExpectedGERorSEP oracle (Definition 8.17)
6: output: A sparse, 𝜖-approximate solution 𝜇 ∈ Δ(X) of (8.2)
7: initialize the ellipsoid E := B𝑅𝑦

(0)
8: initialize Ỹ := B𝑅𝑦

(0)
9: while vol(E) ≥ vol(B𝜖/𝐵 (·)) do

10: query the ExpectedGERorSEP oracle on the center of E
11: if it returns a good-enough-response 𝜇 ∈ Δ(X) then
12: let 𝐻 be the halfspace {y ∈ R𝑘 : Ex∼𝜇⟨y, 𝐺 (x)⟩ ≤ 0}
13: else
14: let 𝐻 be a halfspace that separates y from Y
15: update Ỹ := Ỹ ∩ 𝐻
16: update E to the minimum volume ellipsoid containing E ∩ 𝐻
17: let x(1) , . . . ,x(𝑇) be the GER oracle responses produced in the process above
18: define G := [𝐺 (x(1)) | . . . | 𝐺 (x(𝑇))] ∈ R𝑘×𝑇
19: compute a solution λ to the convex program

find λ ∈ Δ(𝑇) s.t. min
y∈Ỹ

λ⊤G⊤y ≥ −𝜖

20: return 1
𝑇

∑𝑇
𝑡=1 λ(𝑡)𝜇(𝑡)

Compared to the oracle described earlier (Items 1 and 2), Definition 8.17 makes two further
concessions: first, the good-enough-response can now be a distribution, so long as it has polyno-
mial support; and second, both GER and SEP can have some small slack 𝜖 > 0. Both of those
relaxations will be essential for our applications. We now summarize the key guarantee.

Theorem 8.18 (Generalization of Theorem 8.16 and Daskalakis et al. [81]). Suppose that
we have poly(𝑑, 𝑘, log(1/𝜖))-time algorithms for the following:

• an 𝜖-ExpectedGERorSEP oracle with respect to the well-bounded set Y, and
• an evaluation oracle for 𝐺, where ∥𝐺 (x)∥ ≤ 𝐵 for all x ∈ X.

Then ExpectedEAH runs in time poly(𝑑, 𝑘, log(𝐵/𝜖)) and returns an 𝜖-approximate solu-
tion to (8.2).
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8.4 Sets of Deviations with Polynomial Dimension
In this section, we formally introduce the assumptions we make concerning the feature map 𝑚
of Definition 8.1, and we then provide a canonical example that satisfies our blanket assumptions.

Assumption 8.19. We make the following assumptions regarding Φ𝑚 and 𝑚 of Definition 8.1:

• 𝑚 : X → R𝑘
′

is computable in poly(𝑘) time.

• conv𝑚(B1(0)) ⊇ B𝛿 (0) for some 𝛿 ≥ poly(1/𝑘).
• ∥𝑚(x)∥ ≤ poly(𝑘) for all x ∈ X, and 𝑚(0) = 0.

• Φ𝑚 contains the identity map.

Remark 8.20 (Functions on the vertices). Let Π be the set of extreme points of X. Our positive
results (Theorems 8.34 and 8.38) only evaluate 𝜙 at extreme points, so they would operate
identically if we instead defined our maps 𝜙 to be Π → X.

The definition above places some minimal assumptions on the feature mapping 𝑚 to ensure that
Φ𝑚 is geometrically well behaved. Indeed, we first show that the set of transformations Φ𝑚

under Assumption 8.19 is well-bounded.

Proposition 8.21. LetX ⊆ R𝑑 be a convex and compact set such that B𝑟 (0) ⊆ X ⊆ B𝑅 (0),
with 𝑅 ≥ 1 and 𝑟 < 𝑅. Suppose further that ∥𝑚(x)∥ ≤ 𝑀 for all x ∈ B𝑅 (0), with
𝑀 = 𝑀 (𝑅) ≥ 1; conv𝑚(B𝑟 (0)) ⊇ B𝛿 (0) for some 𝛿 = 𝛿(𝑟) > 0; and 𝑚(0) = 0. Then,

B𝑟 ′ (0) ⊆ Φ𝑚 ⊆ B𝑅′ (0),

where 𝑟′ := 𝑟/2𝑀 (𝑅) and 𝑅′ := 𝑅
(

2
√
𝑑

𝛿(𝑟) + 1
)
.

Proof. Below, for convex and compact A,B ⊆ R𝑑 , we use the notation

Φ𝑚 (A,B) :=
{
(K, c) ∈ R𝑘+𝑑 : K𝑚(x) + c ∈ B ∀x ∈ A

}
.

Lemma 8.22. Let A,B, C,D be convex and compact sets. If A ⊇ C and B ⊆ D, then
Φ𝑚 (A,B) ⊆ Φ𝑚 (C,D).

Proof. Consider any (K, c) ∈ Φ𝑚 (A,B). By definition, it holds that Kx + c ∈ B for
all x ∈ A. Since C ⊆ A, it follows that Kx + c ∈ B for all x ∈ C, and in particular,
Kx + c ∈ D since B ⊆ D. □

Lemma 8.23. Let X ⊆ R𝑑 be a convex and compact set such that B𝑟 (0) ⊆ X ⊆ B𝑅 (0), with
𝑅 ≥ 1. Suppose further that ∥𝑚(x)∥ ≤ 𝑀 for all x ∈ B𝑅 (0), where 𝑀 = 𝑀 (𝑅) ≥ 1. Then,
Φ𝑚 ⊇ B𝑟 ′ (𝜙0), where 𝑟′ := 𝑟/2𝑀 (𝑅) and 𝜙0 := (0, 0) is the constant transformation x ↦→ 0.
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Proof. By Lemma 8.22, it suffices to prove B𝑟 ′ (𝜙0) ⊆ Φ𝑚 (X,B𝑟 (0)). Consider any
(K, c) ∈ B𝑟 ′ (𝜙0), which means that ∥K∥2

𝐹
+ ∥c∥2 ≤ (𝑟/2𝑀 (𝑅))2. Then, for any x ∈ X,

∥K𝑚(x) + c∥ ≤ ∥K∥𝐹 ∥𝑚(x)∥ + ∥c∥ ≤ 𝑟.

This means that B𝑟 ′ (𝜙0) ⊆ Φ𝑚 (X,B𝑟 (0)), and the proof follows. □

Lemma 8.24. Suppose that conv𝑚(B𝑟 (0)) ⊇ B𝛿 (0) for some 𝛿 = 𝛿(𝑟) > 0 and 𝑚(0) = 0.
Then, assuming that 𝑟 < 𝑅,

Φ𝑚 (B𝑟 (0),B𝑅 (0)) ⊆ B𝑅′ (0),

where 𝑅′ := 𝑅
(

2
√
𝑑

𝛿(𝑟) + 1
)
.

Proof. Consider any (K, c) ∈ Φ𝑚 (B𝑟 (0),B𝑅 (0)). By definition, we have ∥K𝑚(x) + c∥ ≤
𝑅 for all x ∈ B𝑟 (0). Since 𝑚(0) = 0, it follows that ∥c∥ ≤ 𝑅. Thus, ∥K𝑚(x)∥ ≤
∥K𝑚(x) + c∥ + ∥c∥ ≤ 2𝑅 for all x ∈ B𝑟 (0). Now, let x′ ∈ R𝑘

′
with ∥x′∥ = 1 be such

that ∥Kx′∥ = ∥K∥, where ∥K∥ is the spectral norm of K. Since we have assumed that
conv𝑚(B𝑟 (0)) ⊇ B𝛿 (0), it follows that there exist 𝜆1, . . . , 𝜆𝑘 ′+1, with 𝜆1, . . . , 𝜆𝑘 ′+1 ≥ 0
and

∑𝑘 ′+1
𝑗=1 𝜆 𝑗 = 1, and x1, . . . ,x𝑘 ′+1 ∈ B𝑟 (0) (by Carathéodory’s theorem) such that∑𝑘 ′+1

𝑗=1 𝜆 𝑗𝑚(x 𝑗 ) = 𝛿x′. As a result,

𝛿∥K∥ = ∥K(𝛿x′)∥ =







K©­«
𝑘 ′+1∑︁
𝑗=1

𝜆 𝑗𝑚(x 𝑗 )ª®¬






 ≤ 𝑘 ′+1∑︁

𝑗=1
𝜆 𝑗 ∥K𝑚(x 𝑗 )∥ ≤ 2𝑅.

Finally, we have ∥K∥𝐹 ≤
√
𝑑∥K∥, and the claim follows. □

The proof of Proposition 8.21 follows directly by combining Lemmas 8.22 to 8.24. □

We are now ready to provide a canonical, concrete example of deviations that satisfy Definition 8.1
under Assumption 8.19. As we alluded to earlier in our introduction, it is the family of low-degree
polynomials; in particular, it will be convenient to work with the Legendre basis.

Definition 8.25. Let 𝑃0(𝑥) = 1 and 𝑃1(𝑥) = 𝑥. The (ℓ + 1)th Legendre polynomial is given by
the recurrence (ℓ + 1)𝑃ℓ+1(𝑥) − (2ℓ + 1)𝑥𝑃ℓ (𝑥) + ℓ𝑃ℓ−1(𝑥) = 0.

These polynomials have a convenient orthogonality property over [−1, 1]:∫ 1

−1
𝑃ℓ (𝑥)𝑃ℓ′ (𝑥)𝑑𝑥 =

{
1

2ℓ+1 if ℓ = ℓ′,
0 otherwise.

(8.4)

For convenience, we shall consider the rescaled polynomial 𝑃̄ℓ :=
√

2ℓ + 1𝑃ℓ, so that
∫ 1
−1 𝑃̄ℓ (𝑥)

2𝑑𝑥 =
1. We now define

𝑚(x) := ©­«
𝑑∏
𝑗=1

𝑃̄ℓ 𝑗 (x( 𝑗))
ª®¬1≤ℓ1+...ℓ𝑑≤ℓ

. (8.5)
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We now show that the above mapping satisfies Assumption 8.19.

Proposition 8.26. Let 𝑚 : X → R𝑘
′

per (8.5), where 𝑘′ =
(𝑑+ℓ
ℓ

)
− 1. 𝑚̄ : x ↦→ 𝑚(

√
𝑑x)

satisfies Assumption 8.19 with 𝑀 ≤ 𝑑𝑂 (ℓ) and 𝛿 = 1/𝑀 .

Proof. We will use a simple, auxiliary lemma.

Lemma 8.27. Let 𝑋 be a random variable such that E[𝑋] = 0, Var[𝑋] = 1, and 𝑋 ∈ [−𝑅, 𝑅]
almost surely. Then, Pr[𝑋 ≥ 1/𝑅] > 0.

It is clear that 𝑚̄(0) = 0. The bound on 𝑀 is also immediate. We thus focus on proving that
𝛿 := 1/𝑀 suffices.

For the sake of contradiction, suppose that conv 𝑚̄(B1(0)) does not contain x′ for some
x′ ∈ R𝑘 ′ with ∥x′∥ ≤ 𝛿. Then, we consider a hyperplane that separates conv 𝑚̄(B1(0)) from
x′, and we let v be the normal vector to that hyperplane, so that ⟨v,x′⟩ > ⟨v, 𝑚̄(x)⟩ for all
x ∈ B1(0). Now, letU be the uniform product distribution over [−1, 1]𝑑 . By (8.4), we have
Ex∼U [𝑚(x)] = 0 and Ex∼U [𝑚(x)𝑚(x)⊤] = I𝑘 ′×𝑘 ′ (by ortogonality). As a result, we have
Ex∼U [⟨v, 𝑚(x)⟩2] = Vx∼U [⟨v, 𝑚(x)⟩] = ∥v∥2 = 1. Lemma 8.27, applied for the random
variable ⟨v, 𝑚(x)⟩ with range [−𝑀, 𝑀], implies that there exists x ∈ [−1, 1]𝑑 such that
⟨v, 𝑚(x)⟩ ≥ 1/𝑀, which in turn implies that there exists x̄ ∈ B1(0)—namely, x̄ := x/

√
𝑑—

such that ⟨v, 𝑚̄(x̄)⟩ ≥ 1/𝑀. But this yields 𝛿 ≤ ⟨v, 𝑚̄(x̄)⟩ < ⟨v,x′⟩ ≤ ∥v∥∥x′∥ = 𝛿, a
contradiction. □

It will thus follow from Theorem 8.2 that the regret against the set of degree-ℓ polynomials can be
minimized in time 𝑑𝑂 (ℓ)polylog(1/𝜖).

8.4.1 Behavioral vs Mixed Strategies
The above formulation allows the functions 𝜙 : X → X to be arbitrary. A possible alternative is
to consider 𝜙 : Π → X instead, and force the learner to play a distribution 𝜇𝑡 ∈ Δ(Π). Here, we
argue that the two are, in fact, equivalent, that is, a regret minimizer that plays distributions on X
can be converted to one that plays only distributions on Π. Let Φ ⊆ XΠ be a set of deviations.
Given some 𝜙 : Π → X, define 𝜙𝛽 (x) := Ex′∼𝛽(x) [𝜙(x′)], where 𝛽 : X → Δ(Π) is a function
that is consistent in the sense that Ex′∼𝛽(x) [x′] = x. Let Φ𝛽 = {𝜙𝛽 : 𝜙 ∈ Φ} ⊂ XX. We
construct a Φ-regret minimizer R̂ that plays distributions on Π from a Φ𝛽-regret minimizer R that
plays distributions on X, as follows: when R plays 𝜇𝑡 ∈ Δ(X), R̂ plays the pushforward 𝛽(𝜇).
Therefore whether we define our functions 𝜙 as functions Π → X or X𝑡𝑜X is immaterial for the
results of this section.

We now give two methods of constructing consistent and efficient maps 𝛽 : X → Δ(Π) for
tree-form strategy sets X. The first is the behavioral strategy map, for extensive-form games.

Definition 8.28. When X is a sequence-form strategy set, the behavioral strategy map 𝛽 : X →
Δ(Π) is defined as follows: 𝛽(x) is the distribution of pure strategies generated by sampling, at
each decision point 𝑗 for which x( 𝑗) > 0, an action 𝑎 according to the probabilities x( 𝑗𝑎)/x( 𝑗).
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Formally,

𝛽(x) [y] :=
∏

𝑗𝑎:x( 𝑗)>0,y( 𝑗𝑎)=1

x( 𝑗𝑎)
x( 𝑗) .

It is possible for 𝜙𝛽 to be not a polynomial even when 𝜙 is a polynomial, because 𝛽 is itself not a
polynomial. It is clear that 𝛽 is consistent. For efficiency, we show the following claim.

Proposition 8.29. Let 𝛽 : X → Δ(Π) be the behavioral strategy map. Let 𝜙 : X → X be
expressed as a polynomial of degree at most ℓ, in particular, as a sum of at most 𝑂 (𝑑ℓ)
terms. Then there is an algorithm running in time 𝑑𝑂 (ℓ) that, given 𝜙 and x ∈ X, computes
𝜙𝛽 (x).

Proof. To compute Ex′∼𝛽(x) 𝜙(x′), since 𝜙 is a polynomial, it suffices to compute Ex′∼𝛽(x) 𝑚(x′)
for multilinear monomials 𝑚 of degree at most ℓ, that is, functions of the form 𝑚𝑆 (x) :=∏
𝑧∈𝑆 x(𝑧) where 𝑆 ⊆ Z has size at most ℓ. There are two cases. First, there are monomials

that are clearly identically zero: in particular, if there are two nodes 𝑗𝑎, 𝑗𝑎′ ⪯ 𝑆 for 𝑎 ≠ 𝑎′,
then 𝑚𝑆 ≡ 0 because a player cannot play two different actions at 𝑗 . For monomials that are
not identically zero, we have

E
x′∼𝛽(x)

∏
𝑗𝑎∈𝑆

x( 𝑗𝑎) =
∏

𝑗𝑎⪯𝑆:x( 𝑗)>0

x( 𝑗𝑎)
x( 𝑗) ,

which is computable in time𝑂 (ℓ𝑑). Thus, the overall time complexity is𝑂 (𝑘𝑑ℓ+1) ≤ 𝑑𝑂 (ℓ) . □

The behavioral strategy map is in some sense the canonical strategy map: when one writes a
tree-form strategy x ∈ X without further elaboration on what distribution Δ(Π) it is meant to
represent, it is often implicitly or explicitly assumed to mean the behavioral strategy.

The behavioral strategy map has the unfortunate property that it usually outputs distributions of
exponentially-large support; indeed, if x ∈ relintX then 𝛽(x) is full-support. The second example
we propose, which we call a Carathéodory map, always outputs low-support distributions. In
particular, for any x ∈ X, Carathéodory’s theorem on convex hulls guarantees that x is a convex
combination of 𝑑 + 1. Grötschel et al. [137, Theorem 3.9] moreover showed that there exists an
efficient algorithm for computing the appropriate convex combination. Thus, fixing some efficient
algorithm for this computational problem, we define a Carathéodory map 𝛽 : X → Δ(Π) to be
the map given by this algorithm. Given such a mapping, computing 𝜙𝛽 (x) is easy: one simply
writes x =

∑
𝑖 𝛼𝑖x𝑖 by computing 𝛽(x), and returns 𝜙𝛽 (x) = ∑

𝑖 𝛼𝑖𝜙(x𝑖). This only requires a
poly(𝑑)-time computation of 𝛽, and 𝑑 + 1 evaluations of the function 𝜙. As before, when 𝜙 is a
degree-ℓ polynomial, the time complexity of computing 𝜙𝛽 is bounded by 𝑑𝑂 (ℓ) .
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8.5 Polynomial-Time Expected Fixed Points and Semi-Separation
We will now start connecting the framework we laid out in Section 8.2.3 with the problem of
computing Φ-equilibria. That a Φ-equilibrium can be cast as (8.2)—by linking Y to the set of
deviations Φ—is not hard to see, and will be spelled out in the next section. This section concerns
the question of implementing 𝜖-ExpectedGERorSEP (per Definition 8.17), which is the main
precondition of Theorem 8.16.

The key to implementing the 𝜖-ExpectedGERorSEP oracle, and the main subject of this section,
is the notion of an 𝜖-expected fixed point (EFP) (Definition 8.30). This is crucial because, unlike
fixed points which are intractable beyond linear maps, there is a simple, 𝑂 (1/𝜖)-time algorithm
for computing 𝜖-expected fixed points. When it comes to computing Φ-equilibria in games, our
contribution here is twofold.

1. we give a poly(𝑑, log(1/𝜖))-time algorithm for computing an 𝜖-expected fixed point, and

2. we show that expected fixed points can be naturally coupled with the EAH framework, and
in particular, with the recent generalization of Daskalakis et al. [81].

This section establishes Item 1, while the next section formalizes Item 2. Going back to Sec-
tion 8.2.3 and the ExpectedGERorSEP oracle, the connection with (expected) fixed points lies
in the observation that, when it comes to Φ-equilibria in games, the GER part of the oracle can
be implemented by computing an expected fixed point. This will become clear in the upcoming
section.

Definition 8.30 (Expected fixed points). Let X ⊆ R𝑑 be convex and compact and a function
𝜙 : X → X to which we are given oracle access. The 𝜖-expected fixed point (EFP) problem asks
for a distribution 𝜇 ∈ Δ(X) such that8.5



 E

x∼𝜇
[𝜙(x) − x]






1
≤ 𝜖 .

This definition departs from the usual notion of a fixed point by measuring the fixed-point error
in expectation over samples x from 𝜇. Definition 8.30 is natural in its own right, but our key
motivation is computational: our main computational result regarding EFPs is a polynomial-time
algorithm based on EAH.

Theorem 8.31. There exists a poly(𝑑, log(1/𝜖))-time algorithm that, given oracle access
to a set X and a map 𝜙 : X → X, that computes an 𝜖-EFP of 𝜙.

Proof. We observe that an EFP can be equivalently expressed through the optimization problem

find 𝜇 ∈ Δ(X) s.t. E
x∼𝜇
⟨y, 𝜙(x) − x⟩ ≥ 0 ∀y ∈ [−1, 1]𝑑 .

We will now apply Theorem 8.16. The set Y := [−1, 1]𝑑 clearly admits a separation oracle

8.5The choice of the 1-norm (instead of, say, another 𝑝-norm) here is unimportant, because one can always take 𝜖 to
be exponentially small.
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(SEP). Further, for any y ∈ [−1, 1]𝑑 , taking x∗ = argminx∈X ⟨y,x⟩ (using an optimization
oracle for X) guarantees ⟨y, 𝜙(x∗) −x∗⟩ ≥ 0 since 𝜙(x∗) ∈ X, thereby implementing the GER
oracle. We thus find that the preconditions of Theorem 8.16 are satisfied, and ExpectedEAH
returns 𝜇 ∈ Δ(X), with supp(𝜇) ≤ poly(𝑑, log(1/𝜖)), such that

E
x∼𝜇
⟨y, 𝜙(x) − x⟩ ≥ −𝜖 ∀y ∈ [−1, 1]𝑑 .

Taking y = sgn(Ex∼𝜇 (x − 𝜙(x))) (coordinate-wise) completes the proof. □

As it will become clear, Theorem 8.31 yields a polynomial-time implementation of the GER oracle
in the context of Section 8.2.3, which can be employed in EAH. With a slight modification in the
proof of Theorem 8.31, we shall see how one can also recover an 𝜖-ExpectedGERorSEP oracle
(Definition 8.17), which will then enable us to harness Theorem 8.18 for computing Φ-equilibria
in games. Following the nomenclature of Daskalakis et al. [81], we refer to this oracle as a
semi-separation oracle.

Definition 8.32 (Semi-separation oracle). The semi-separation problem is the following. Given a
convex and compact X and a function 𝜙 : X → R𝑑 , compute

1. either a distribution 𝜇 ∈ Δ(X) such that ∥ Ex∼𝜇 [𝜙(x) − x] ∥1 ≤ 𝜖 ,

2. or a point x ∈ X with 𝜙(x) ∉ X.

Unlike Definition 8.30, here we allow 𝜙 to map outside of X. This more general framing is
essential to arrive at the ExpectedGERorSEP oracle. In particular, we note that Item 2 yields a
hyperplane separating 𝜙 from the set of endomorphisms on X. Namely, since 𝜙(x) ∉ X, we
can use the separation oracle on X to separate X from 𝜙(x); that is, there is a w such that
⟨𝜙(x),w⟩ > ⟨x,w⟩ for all x ∈ X. But this also implies that ⟨𝜙(x),w⟩ > ⟨𝜙′(x),w⟩ for any
endomorphism 𝜙′, as promised.

Theorem 8.33. Given oracle access to X and 𝜙, there is a poly(𝑑, log(1/𝜖))-time algo-
rithm for implementing the semi-separation oracle of Definition 8.32.

Proof. As in the proof of Theorem 8.31, we proceed by running the ellipsoid algorithm
(per EAH) on the problem

find y ∈ [−1, 1]𝑑 s.t. ⟨y, 𝜙(x) − x⟩ ≤ −𝜖 ∀x ∈ X. (8.6)

For any y ∈ [−1, 1]𝑑 during the execution of the ellipsoid, take x∗(y) ∈ argminx∈X ⟨y,x⟩.
If 𝜙(x∗(y)) ∉ X, the algorithm can terminate and return x∗(y). Otherwise, it follows that
⟨y, 𝜙(x∗(y)) − x∗(y)⟩ ≥ 0, by definition of x∗, and so we can use x∗ to get a separation
oracle for (8.6).

Now, if every x∗(y) ∈ X generated above satisfies the constraint 𝜙(x∗(y)) ∈ X, then EAH
returns a certificate of infeasibility for (8.6) in poly(𝑑, log(1/𝜖)) time, which is an 𝜖-expected
fixed point of 𝜙. On the other hand, if at some point there is y ∈ [−1, 1]𝑑 such that 𝜙(x∗(y)) ∉
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X, then the algorithm returns a point x∗(y) ∈ X such that 𝜙(x∗(y)) ∉ X. This completes the
proof. □

This semi-separation oracle amounts to the 𝜖-ExpectedGERorSEP oracle needed in Theorem 8.18,
as we shall see next in the context of games. Compared to the semi-separation oracle of Daskalakis
et al. [81] that only works for linear functions, ours (Theorem 8.33) places no restrictions on 𝜙.

8.6 A Polynomial-Time Algorithm for Φ𝑚-Equilibria in Games
Armed with the powerful semi-separation oracle of Theorem 8.33, we now establish a polynomial-
time algorithm for computing Φ𝑚-equilibria in general multilinear games (Theorem 8.34).

Let us recall the basic setting of an 𝑛-player multilinear game Γ. Each player 𝑖 ∈ [𝑛] has a convex
and compact strategy setX𝑖 ⊆ R𝑑𝑖 in isotropic position (Section 8.2). Player 𝑖 has a utility function
𝑢𝑖 : X1 × · · · × X𝑛 → R that is linear in X𝑖, so that 𝑢𝑖 (x) = ⟨g𝑖,x𝑖⟩ for some g𝑖 = g𝑖 (x−𝑖) ∈ R𝑑𝑖 .
Furthermore, for each player 𝑖 ∈ [𝑛], we let Φ𝑚𝑖 ⊆ XX𝑖

𝑖
be the 𝑘𝑖-dimensional set of deviations in

the sense of Definition 8.1; that is, there exists a function 𝑚𝑖 ∈ X𝑖 → R𝑘
′
𝑖 , with 𝑘𝑖 = 𝑘′𝑖 · 𝑑𝑖 + 𝑑𝑖,

such that for each 𝜙𝑖 ∈ Φ𝑚𝑖 and x𝑖 ∈ X𝑖, the function output 𝜙𝑖 (x𝑖) can be expressed as the
matrix-vector product K𝑖 (𝜙𝑖)𝑚𝑖 (x𝑖) + c𝑖 for some matrix K𝑖 ∈ R𝑑𝑖×𝑘

′
𝑖 and c𝑖 ∈ R𝑑𝑖 . It is assumed

throughout that Φ𝑚𝑖 contains the identity map. For notational simplicity, we let 𝑘 :=
∑𝑛
𝑖=1 𝑘𝑖 and

𝑑 :=
∑𝑛
𝑖=1 𝑑𝑖.

In this context, we next state the main result of this section, and proceed with its proof.

Theorem 8.34 (Precise version of Theorem 8.2). Consider an 𝑛-player multilinear game
Γ such that, for each player 𝑖 ∈ [𝑛], we are given poly(𝑛, 𝑘)-time algorithms for the
following:

• an oracle to compute the gradient, that is, the vector g𝑖 = g𝑖 (x−𝑖) ∈ R𝑑𝑖 for which
⟨g𝑖 (x−𝑖),x𝑖⟩ = 𝑢𝑖 (x) for all x ∈ X1 × · · · × X𝑛 (polynomial expectation property);
and

• a membership oracle for the strategy set X𝑖, assumed to be in isotropic position.

Suppose further that each 𝑘𝑖-dimensional set Φ𝑚𝑖 satisfies Assumption 8.19 and ∥g𝑖∥ ≤ 𝐵.
Then, an 𝜖-approximate Φ𝑚-equilibrium of Γ can be computed in poly(𝑛, 𝑘, log(𝐵/𝜖))
time.

Proof. An 𝜖-approximate Φ𝑚-equilibrium of Γ is a distribution 𝜇 ∈ Δ(X1 × · · · × X𝑛) such that

E
x∼𝜇
[𝑢𝑖 (𝜙𝑖 (x𝑖),x−𝑖) − 𝑢𝑖 (x)] ≤ 𝜖

for every player 𝑖 ∈ [𝑛] and deviation 𝜙𝑖 ∈ Φ𝑚𝑖 . Using multilinearity and Definition 8.1, it
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suffices to find a distribution 𝜇 ∈ Δ(X1 × · · · × X𝑛) satisfying

E
x∼𝜇

[
𝑛∑︁
𝑖=1
⟨g𝑖 (x−𝑖),K𝑖𝑚𝑖 (x𝑖) + c𝑖 − x𝑖⟩

]
≤ 𝜖

for every (K1(𝜙1), . . . ,K𝑛 (𝜙𝑛)) and (c1(𝜙1), . . . , c𝑛 (𝜙𝑛)), where (𝜙1, . . . , 𝜙𝑛) ∈ Φ𝑚. (This
derivation uses the fact that Φ𝑚𝑖 contains the identity map.) We will now apply Theorem 8.18
with respect to R𝑑 ⊇ X := X1 × · · · × X𝑛 and

R𝑘 ⊇ Y := {(K1, c1, . . . ,K𝑛, c𝑛) : K𝑖𝑚𝑖 (x𝑖) + c𝑖 ∈ X𝑖 ∀x𝑖 ∈ X𝑖}.

By the polynomial expectation property, we can evaluate the term
∑𝑛
𝑖=1⟨g𝑖 (x−𝑖),K𝑖𝑚𝑖 (x𝑖) + c𝑖 − x𝑖⟩,

for each x ∈ X, in poly(𝑛, 𝑘) time. It thus suffices to show how to implement the 𝜖-
ExpectedGERorSEP oracle, which yields a separation oracle for the program

find K1, c1, . . . ,K𝑛, c𝑛 s.t.
𝑛∑︁
𝑖=1
⟨g𝑖 (x−𝑖),K𝑖m𝑖 (x𝑖) + c𝑖 − x𝑖⟩ ≥ −𝜖 ∀x ∈ X1 × · · · × X𝑛,

K𝑖m𝑖 (x𝑖) + c𝑖 ∈ X𝑖 ∀x𝑖 ∈ X𝑖 .

Consider any R𝑘 ∋ 𝜙 = (K1, c1, . . . ,K𝑛, c𝑛). We apply the semi-separation oracle of Theo-
rem 8.33 for each function x𝑖 ↦→ K𝑖𝑚𝑖 (x𝑖) + c𝑖. This returns either an 𝜖′-expected fixed point,
that is, a distribution 𝜈𝑖 ∈ Δ(X𝑖) such that



 E

x𝑖∼𝜈𝑖
[K𝑖m𝑖 (x𝑖) + c𝑖 − x𝑖]






1
≤ 𝜖′,

or a point x𝑖 ∈ X𝑖 such that K𝑖𝑚𝑖 (x𝑖) +c𝑖 ∉ X𝑖. If any of those semi-separation oracles returned
x𝑖 ∈ X𝑖 with K𝑖𝑚𝑖 (x𝑖) + c𝑖 ∉ X𝑖, we can use it to obtain a hyperplane separating (K, c) from
the set of deviationsY. Otherwise, let 𝜈 := 𝜈1 × · · · × 𝜈𝑛 ∈ Δ(X1) × · · · ×Δ(X𝑛) be the induced
product distribution. Then, we have

E
x∼𝜈

𝑛∑︁
𝑖=1
⟨g𝑖 (x−𝑖),K𝑖m𝑖 (x𝑖) + c𝑖 − x𝑖⟩ =

𝑛∑︁
𝑖=1

〈
E
x∼𝜈

g𝑖 (x−𝑖), E
x𝑖∼𝜈𝑖
[K𝑖m𝑖 (x𝑖) + c𝑖 − x𝑖]

〉
≤ 𝑛𝐵𝜖′,

(8.7)

where we used the fact that 𝜈 is a product distribution in the equality above. Thus, we have
identified an (𝜖′𝑛𝐵)-approximate good-enough-response, yielding an 𝜖-ExpectedGERorSEP
oracle by rescaling 𝜖′, and the proof follows from Theorem 8.18. □

It is worth stressing that it is crucial for our proof that the expected VI problem above corresponds
to a game. It allows each player to be treated independently, which yields a product distribution
𝜈 = 𝜈1 × · · · × 𝜈𝑛 when we apply the semi-separation oracle of Theorem 8.33 (for each player).
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Algorithm 8.7 (NestedEAH): Polynomial-time algorithm for Φ𝑚-equilibria
1: input:
2: an 𝑛-player multilinear game Γ

3: a precision parameter 𝜖 > 0
4: a membership oracle for each X𝑖
5: an oracle for computing the gradient g𝑖 = g𝑖 (x−𝑖) ∈ R𝑑𝑖 for each 𝑖 ∈ [𝑛]
6: a 𝑘𝑖-dimensional set Φ𝑚𝑖 under Assumption 8.19 for each 𝑖 ∈ [𝑛]
7: output: an 𝜖-approximate Φ𝑚-equilibrium of Γ in poly(𝑘, log(1/𝜖)) time
8: define 𝐺 : R𝑑 → R𝑘 such that ⟨𝐺 (x), (K, c)⟩ = ∑𝑛

𝑖=1⟨g𝑖 (x−𝑖),K𝑖𝑚𝑖 (x𝑖) + c𝑖 − x𝑖⟩
9: use the semi-separation oracle of Theorem 8.33 to construct an 𝜖-ExpectedGERorSEP oracle
O

10: apply ExpectedEAH with O as the 𝜖-ExpectedGERorSEP oracle

That 𝜈 is a product distribution is crucial to implement the separation oracle for the dual because
it allows us to push the expectation into the inner product in (8.7), as we saw in the last step of the
proof.

8.7 Algorithm for Minimizing Φ𝑚-Regret
We now switch gears to the online learning setting, recalled in Section 8.2.1.1. We will establish
both upper and lower bounds on Φ-regret minimization. Our main positive result, Theorem 8.38,
is an efficient online algorithm for minimizing Φ𝑚-regret with respect to any poly(𝑑)-dimensional
set Φ𝑚 (under Assumption 8.19), which applies even in the adversarial regime.

In what follows, we build on the framework of Daskalakis et al. [81], itself a refinement of the
template of Gordon et al. [132]. As we have seen, Daskalakis et al. [81] showed that separating
even over the set of linear endomorphisms is hard. In light of this, they proceed as follows. Instead
of operating over the set of linear endomorphisms, their key idea is to consider a sequence of
“shell sets,” each of which contains the original set. Each shell set must also satisfy two basic
properties:

• it is sufficiently structured so that it is possible to optimize over that set, and

• it contains a transformation with a fixed point inside X.

Here, we show that by replacing fixed points with expected fixed points in the above template, it is
possible to extend their main result to handle any poly(𝑑)-dimensional set under Assumption 8.19.

Overview. Our main construction is ShellRM. It is an instantiation of ShellGD (Section 8.7.2),
which is projected gradient descent but with the twist that the constraint set is changing over time—
reflecting the fact that a new shell set is computed at every round. To execute ShellGD, ShellProject
(Section 8.7.3) provides an efficient projection oracle together with an approximate expected fixed
point thereof, which is ultimately the output of our Φ𝑚-regret minimizer. ShellProject crucially
relies on ShellEllipsoid, introduced next in Section 8.7.1. It strengthens our semi-separation oracle
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Algorithm 8.8 (ShellEllipsoid): Shell ellipsoid algorithm
1: input:
2: oracle access to convex set X ⊆ R𝑑

3: oracle access to a 𝑘-dimensional convex set F ⊆ B𝐷 (0)
4: precision parameter 𝜖 > 0
5: initialize E := B𝐷 (0) and Q := R𝑘

6: while vol(E) ≥ 𝜖 do
7: set 𝜙 ∈ Q ∩ F as the center of E
8: run the semi-separation oracle of Theorem 8.33 with respect to 𝜙
9: if it returned an 𝜖-expected fixed point 𝜇 ∈ Δ(X) of 𝜙 then return 𝜙

10: else
11: let 𝐻 be the halfspace that separates 𝜙 from Φ𝑚

12: Set Q := Q ∩ 𝐻
13: set E to be the minimum volume ellipsoid containing Q ∩ F
14: return Q

of Theorem 8.33 by again using expected fixed points. Section 8.7.4 combines those ingredients
to arrive at our main result (Theorem 8.38).

8.7.1 Shell Ellipsoid
Continuing from our semi-separation oracle of Theorem 8.33, ShellEllipsoid takes a step further:
it takes as input a convex set of transformations F ⊆ B𝐷 (0)—for which we have efficient oracle
access, unlike Φ𝑚—and returns either a function 𝜙 ∈ F and an 𝜖-expected fixed point thereof
in Δ(X), or it provides a certificate—in the form of a polytope expressed as the intersection of
a polynomial number of halfspaces—establishing that vol(F ∩ Φ𝑚) ≈ 0. ShellEllipsoid will be
used later as part of the ShellProject algorithm so as to shrink the shell set.

Lemma 8.35. For any 𝑘-dimensional convex set F ⊆ B𝐷 (0) with efficient oracle access and
𝜖 > 0, ShellEllipsoid(F ) runs in time poly(𝑘, log(1/𝜖), log𝐷), and

• either it returns a transformation 𝜙 ∈ F with an 𝜖-expected fixed point in X,

• or it returns a polytopeQ ⊆ R𝑘 , specified as the intersection of at most poly(𝑘, log(1/𝜖), log𝐷)
halfspaces, such that Φ𝑚 ⊆ Q and vol(Q ∩ F ) < 𝜖 .

Coupled with Theorem 8.33 pertaining to the semi-separation oracle, the proof of correctness
of Lemma 8.35 is immediate. That Q can be expressed as the intersection of a polynomial number
of halfspaces follows from the usual analysis of ellipsoid, as in Daskalakis et al. [81, Lemma 4.2].

8.7.2 Shell Gradient Descent
Instead of minimizing external regret with respect to the set Φ𝑚, which is hard even under linear
endomorphisms [81], the overarching idea is to run (projected) gradient descent but with respect
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Algorithm 8.9 (ShellGD): Shell gradient descent [81]

1: input: learning rate 𝜂, convex and compact sets Ỹ (1) , . . . , Ỹ (𝑇) ⊆ B𝐷 (0)
2: initialize y (0) ∈ Ỹ (1) and u(0) := 0
3: for 𝑡 = 1, . . . , 𝑇 do
4: obtain efficient oracle access to Ỹ (𝑡)
5: update y (𝑡) := ΠỸ (𝑡 ) (y (𝑡−1) + 𝜂u(𝑡−1))
6: output y (𝑡) as the next strategy and receive feedback u(𝑡) ∈ [−1, 1]𝑘

to a sequence of changing shell sets, (Ỹ (𝑡))𝑇
𝑡=1, of Φ𝑚 (each of which contains Φ𝑚); this process

is ShellGD. So long as Φ𝑚 ⊆ Ỹ (𝑡) , ShellGD indeed minimizes external regret with respect to
deviations in Φ𝑚—of course, ShellGD is not a genuine regret minimizer for Φ𝑚 in that it is
allowed to output strategies not in Φ𝑚, but Lemma 8.36 below is in fact enough for the purpose of
minimizing Φ𝑚-regret.

Lemma 8.36 ([81]). Suppose that the sequence of shell sets (Ỹ (𝑡))𝑇
𝑡=1 is such that Φ𝑚 ⊆ Ỹ (𝑡) ⊆

B𝐷 (0) for all 𝑡 ∈ [𝑇]. For any sequence of utilities u(1) , . . . ,u(𝑇) ∈ [−1, 1]𝑘 , ShellGD satisfies

max
y∗∈Φ𝑚

𝑇∑︁
𝑡=1
⟨y∗ − y (𝑡) ,u(𝑡)⟩ ≤ 𝐷

2

2𝜂
+ 𝜂

𝑇∑︁
𝑡=1
∥u(𝑡) ∥2.

8.7.3 Shell Projection
To implement ShellGD, we will make use of ShellProject, the algorithm that is the subject of
this subsection. There are two main desiderata for the sequence of shell sets taken as input in
ShellGD. First, each shell set must be structured or simple enough to allow projecting onto it—this
is the whole rationale of expanding Φ𝑚 through shell sets. But, of course, this is not enough, for
one could just consider the entire space. The second crucial concern is that each transformation
given by ShellGD needs to admit (approximate) expected fixed points, so as to use the framework
of Gordon et al. [132] (Theorem 8.10) and minimize Φ𝑚-regret. Lemma 8.37 below, concerning
ShellProject, shows how to accomplish that goal; its proof is similar to that of Daskalakis et al.
[81, Theorem 4.4].

Lemma 8.37. Let X be a convex and compact set such that B𝑟 (0) ⊆ X ⊆ B𝑅 (0) andM be a
convex set such that Φ𝑚 ⊆ M ⊆ B𝐷 (0). For any 𝜙 ∈ B𝐷 (0) ⊆ R𝑘 and 𝜖 > 0, ShellProject runs
in time poly(𝑘, 1/𝜖, 𝑅/𝑟, 𝐷) and returns

1. a shell set Φ̃ satisfying Φ𝑚 ⊆ Φ̃, expressed by intersectingM with at most poly(𝑑, 𝑘, 1/𝜖, 𝑅/𝑟, 𝐷)
halfspaces, and

2. a transformation 𝜙 ∈ Φ̃ such that ∥𝜙−ΠΦ̃(𝜙)∥ ≤ 𝜖 , together with an 𝜖-expected fixed point
of 𝜙, 𝜇 ∈ Δ(X).
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Algorithm 8.10 (ShellProject): Project 𝜙 to a shell of Φ
1: input:
2: convex and compact set X ⊆ R𝑑 such that B𝑟 (0) ⊆ X ⊆ B𝑅 (0)
3: convex setM such that Φ𝑚 ⊆ M ⊆ B𝐷 (0)
4: transformation 𝜙 ∈ B𝐷 (0)
5: precision parameter 𝜖 > 0
6: output:
7: convex set Φ̃ such that Φ𝑚 ⊆ Φ̃ ⊆ M
8: transformation 𝜙 ∈ Φ̃ such that ∥𝜙 − ΠΦ̃(𝜙)∥ ≤ 𝜖
9: an 𝜖-expected fixed point 𝜇 ∈ Δ(X) of 𝜙

10: set 𝜖′ = 𝜖𝑟

32𝑀 (𝑅)𝐷2

11: initialize Φ̃ :=M
12: for 𝑞 = 0, . . . incremented by 𝛿 := 𝜖/4𝐷 do
13: run ShellEllipsoid(Φ̃ ∩ B𝑞 (𝜙)) with precision vol(B𝜖 ′ (·))
14: if it finds 𝜙 with an 𝜖-expected fixed point 𝜇 ∈ Δ(X) then return Φ̃, 𝜙, 𝜇

15: else
16: set Q be the polytope returned by ShellEllipsoid
17: set Φ̃ := Φ̃ ∩ Q

8.7.4 Putting Everything Together
We now combine all the previous pieces to obtain an efficient algorithm for minimizing Φ𝑚-regret—
when Φ𝑚 is poly(𝑑)-dimensional—under a general convex and compact set X. The overall con-
struction is depicted in Algorithm 8.11. In effect, it runs ShellGD with respect to the sequence of
shell sets (Φ̃(𝑡))𝑇

𝑡=1. Indeed, by the correctness guarantee of ShellProject (Item 1 of Lemma 8.37),
we have the invariance Φ(X) ⊆ Φ̃(𝑡) for all 𝑡 ∈ [𝑇]. Furthermore, Item 2 of Lemma 8.37 implies
that (K(𝑡+1) , c(𝑡+1)) ∈ Φ̃(𝑡+1) , returned by ShellProject in ShellRM, is within distance 𝜖 of the
projection prescribed by ShellGD. As a result, we can apply Lemma 8.36 (up to some some
slackness proportional to 𝜖) to bound the external regret REG

(𝑇)
Φ𝑚 of ((K(𝑡) , c(𝑡)))𝑇

𝑡=1 with respect
to comparators from Φ𝑚; combined with the fact that 𝜇(𝑡) ∈ Δ(X) is an 𝜖-expected fixed point of
the function x ↦→ K(𝑡)𝑚(x) + c(𝑡) (as promised by Item 2), it follows that the Φ𝑚-regret of the
learner (ShellRM) can be bounded by REG

(𝑇)
Φ𝑚 + 𝜖𝑇 (as in Theorem 8.10). We thus arrive at our

main result.

Theorem 8.38 (Precise version of Theorem 8.3). Let X ⊆ R𝑑 be a convex and compact
set in isotropic position for which we have a membership oracle. ShellRM has per-round
running time of poly(𝑘, 𝑇) and guarantees average Φ𝑚-regret of at most poly(𝑘)/

√
𝑇 ,

where 𝑘 is the dimension of Φ𝑚 under Assumption 8.19.

Unlike the algorithm of Daskalakis et al. [81], a salient aspect of ShellRM is that it outputs a
sequence of mixed strategies in Δ(X). As we saw earlier in Section 8.2.1.1, this turns out to be
necessary: as we will see later, a learner restricted to output strategies in X cannot efficiently

245



Algorithm 8.11 (ShellRM): Φ𝑚-regret minimizer for convex strategy sets
1: input:
2: convex and compact set X ⊆ R𝑑 in isotropic position
3: 𝑘-dimensional set Φ𝑚 under Assumption 8.19 with respect to 𝑚 : X → R𝑘

′
, where

𝑘 = 𝑘′ · 𝑑 + 𝑑
4: time horizon 𝑇 ∈ N
5: set the learning rate 𝜂 ∝ 1√

𝑇
and 𝜖 = 1/poly(𝑘, 𝑇) to be sufficiently small

6: initialize 𝜇(1) ∈ Δ(X) and K(1) := I𝑑×𝑘 ′ to be the identity map and c(1) := 0
7: initializeM := B𝑅 (0) for a large enough 𝑅 ≤ poly(𝑘)
8: for 𝑡 = 1, . . . , 𝑇 do
9: output 𝜇(𝑡) ∈ Δ(X) and receive feedback u(𝑡) ∈ [−1, 1]𝑑

10: define R𝑑×𝑘
′+𝑑 ∋ U(𝑡) := (Ex(𝑡 )∼𝜇 (𝑡 ) u

(𝑡) ⊗ 𝑚(x(𝑡)),u(𝑡))
11: set Φ̃(𝑡+1) , (K(𝑡+1) , c(𝑡+1)), 𝜇(𝑡+1) := ShellProjectΦ((K(𝑡) , c(𝑡)) +𝜂U(𝑡)) with inputM and

precision 𝜖 , where 𝜇(𝑡+1) ∈ Δ(X) is an 𝜖-expected fixed point of x ↦→ K(𝑡+1)𝑚(x) + c(𝑡+1)

minimize Φ-regret even with respect to low-degree swap deviations (assuming PPAD ≠ P).

8.8 Special Case: Linear Swap Regret in Extensive-Form
Games

In this section, we consider an interesting special case of the Φ-regret and Φ-equilibrium frame-
work, namely, the case where Π ⊂ {0, 1}𝑑 is a sequence-form strategy set and Φ = ΦLIN consists
of the linear maps Π → X. We make two main contributions.

The first contribution is conceptual: we give, for extensive-form games, an interpretation of the
set of linear deviations. More specifically, we will first introduce a set of deviations, which we
will call the untimed communication (UTC) deviations that, a priori, seems very different from the
set of linear deviations at least on a conceptual level. The deviation set, rather than being defined
algebraically (linear functions), will be defined in terms of an interaction between a deviator,
who wishes to evaluate the deviation function at a particular input, and a mediator, who answers
queries about the input. We will show the following result, which is our first main theorem:

Theorem 8.39. The untimed communication deviations are precisely the linear deviations.

The mediator-based framework is more in line with other extensive-form deviation sets—indeed,
all prior notions of regret for extensive form, to our knowledge, including all the notions discussed
above, can be expressed in terms of the framework. As such, the above theorem places linear
deviations firmly within the same framework usually used to study deviations in extensive form.

We will then demonstrate, perhaps surprisingly, that the set of UTC deviations is expressible in
terms of DAG-form decision problems (from Chapter 4), opening up access to a wide range of
extremely fast algorithms for regret minimization, both theoretically and practically, for UTC
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deviations and thus also for linear deviations. Our second main theorem is as follows.

Theorem 8.40 (Faster linear-swap regret minimization). There exists a regret minimizer
with regret 𝑂 (𝑑2√𝑇) against all linear deviations, and whose per-iteration complexity is
dominated by the complexity of computing a fixed point of a linear map 𝜙(𝑡) : X → X.

In particular, using the algorithm of Cohen et al. [65] to solve the linear program of finding a fixed
point, our per-iteration complexity is 𝑂̃ (𝑑𝜔), where 𝜔 ≈ 2.37 is the current matrix multiplication
constant and 𝑂̃ hides logarithmic factors. We elaborate on the fixed-point computation in Sec-
tion 8.8.3. This improves substantially on the result of Farina and Pipis [95], which has the same
regret bound but whose per-iteration computation involved a quadratic program (namely, an ℓ2
projection), which has higher complexity than a linear program (they give a bound of 𝑂̃ (𝑑10)).
Finally, we demonstrate via experiments that our method is also empirically faster than the prior
method.

8.8.1 Mediators and UTC Deviations
For extensive-form games, linear-swap regret was recently studied in detail by Farina and Pipis
[95]: they provide a characterization of the set ΦLIN when X is a sequence-form polytope, and
thus derive an algorithm for minimizing ΦLIN-regret over X. Their paper is the starting point of
ours.

With the notable exception the deviations Φ𝑚 we have studied so far, most sets of deviations Φ for
extensive-form games are defined by interactions between a mediator who holds a strategy x ∈ Π,
and a deviator, who should compute the function 𝜙(x) by making queries to the mediator. The set
of deviations is then defined by what queries that the player is allowed to make. Before continuing,
we will first formulate the sets Φ mentioned in Section 8.2.1.2 in this paradigm, for intuition. For
a given decision point 𝑗 , call an action 𝑎 ∈ 𝐴 𝑗 the recommended action at 𝑗 , denoted 𝑎(x, 𝑗),
if x( 𝑗𝑎) = 1. Since x is a sequence-form strategy, it is possible for a decision point to have no
recommended action if its parent 𝑝 𝑗 is itself not recommended.

• Constant (NFCCE): The deviator cannot to make any queries to the mediator.

• Trigger (EFCE): The deviator, upon reaching a decision point 𝑗 , learns the recommended
action (if any) at 𝑗 before selecting its own action.

• Communication: The deviator maintains a state with the mediator, which is a sequence 𝜎,
initially ∅. Upon reaching a decision point 𝑗 , the deviator selects a decision point 𝑗 ′ ∈ 𝐶𝜎
(possibly 𝑗 ′ ≠ 𝑗) at which to query the mediator, the deviator observes the recommendation
𝑎′ = 𝑎(x, 𝑗 ′), then the deviator must pick an action 𝑎 ∈ 𝐴 𝑗 . The state is updated to 𝑗 ′𝑎′.

• Swap (NFCE): The deviator learns the whole strategy x before selecting its strategy.

An example of a communication deviation can be found in Section 8.8.2. Of these, the closest
notion to ours is the notion of communication deviation, and that is the starting point of our
construction. One critical property of communication deviations is that the mediator and deviator
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“share a clock”: for every decision point reached, the deviator must make exactly one query to
the mediator. As the name suggests, our set of untimed deviations results from removing this
timing restriction, and therefore allowing the deviator to make any number (zero, one, or more
than one) of queries to the mediator for every decision point reached. We formally define the
decision problem faced by an untimed deviator as follows.

Definition 8.41. The UTC decision problem corresponding to a given tree-form decision problem
is the DAG-form decision problem defined as follows. Nodes are identified with pairs (𝑠, 𝑠) where
𝑠, 𝑠 ∈ Σ ∪ J . 𝑠 represents the state of the real decision problem, and 𝑠 represents the state of the
mediator. The root is (∅,∅) ∈ Σ × Σ.

1. (𝜎, 𝜎̃) ∈ Σ × Σ is an observation point. The deviator observes the next decision point
𝑗 ∈ 𝐶𝜎, and the resulting decision point is ( 𝑗 , 𝜎̃)

2. ( 𝑗 , 𝚥) ∈ J × J is an observation point. The deviator observes the recommendation
𝑎 = 𝑎(x, 𝚥), and the resulting decision point is ( 𝑗 , 𝚥𝑎).

3. ( 𝑗 , 𝜎̃) ∈ J × Σ is a decision point. The deviator can choose to either play an action 𝑎 ∈ 𝐴 𝑗 ,
or to query a decision point 𝚥 ∈ 𝐶𝜎̃. In the former case, the resulting observation point is
( 𝑗𝑎, 𝜎̃) for 𝑎 ∈ 𝐴 𝑗 ; in the latter case, the resulting observation point is ( 𝑗 , 𝚥).

Any mixed strategy of the deviator in this decision problem defines a function 𝜙 : Π → X, where
𝜙(x) [𝜎] is the probability that an untimed deviator plays all the actions on the path to 𝜎 when
the mediator recommends according to pure strategy x. We thus define:

Definition 8.42. An UTC deviation is any function 𝜙 : Π → X induced by a mixed strategy of
the deviator in the UTC decision problem.

Clearly, the set of UTC deviations is at least as large as the set of communication deviations, and
at most as large as the set of swap deviations. In the next section, we will discuss how to represent
UTC deviations, and show that UTC deviations coincide precisely with linear deviations.

The set of DAG-form strategies can be parameterized as follows. A DAG-form strategy is given
by two matrices (A,B) where A ∈ {0, 1}Σ×Σ encodes the part corresponding to sequences (𝜎, 𝜎̃),
and B ∈ {0, 1}J×J encodes the part corresponding to decision points ( 𝑗 , 𝚥). A(𝜎, 𝜎̃) = 1 if the
deviator plays all the actions on some path to observation point (𝜎, 𝜎̃), and similarly B( 𝑗 , 𝚥) = 1
if the deviator plays all the actions on some path to observation node ( 𝑗 , 𝚥). Since the only
possible way for two paths to end at the same observation point is for the deviator to have changed
the order of actions and queries, for any given pure strategy of the deviator, at most one path can
exist for both cases. Therefore, the set of mixed sequence-form deviations can be expressed using
the following set of constraints:

A(𝑝 𝑗 , 𝜎̃) + B( 𝑗 , 𝑝𝜎̃) =
∑︁
𝑎∈𝐴 𝑗

A( 𝑗𝑎, 𝜎̃) +
∑︁
𝚥∈𝐶𝜎̃

B( 𝑗 , 𝚥) ∀ 𝑗 ∈ J , 𝜎̃ ∈ Σ

A(∅,∅) = 1
A(∅, 𝜎̃) = 0 ∀𝜎̃ ≠ ∅

A,B ≥ 0

(8.8)
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where, in a slight abuse of notation, we define B( 𝑗 , 𝑝∅) := 0 for every 𝑗 ∈ J . Moreover, for any
pair of matrices (A,B) satisfying the constraint system and therefore defining some deviation
𝜙 : Π → X, it is easy to compute how 𝜙 acts on any x ∈ Π: the probability that the deviator plays
all the actions on the ∅ → 𝜎 path is simply given by∑̃︁

𝜎∈Σ
x(𝜎̃)A(𝜎, 𝜎̃) = (Ax) [𝜎],

and therefore 𝜙 is nothing more than a matrix multiplication with A, that is, 𝜙(x) = Ax. We have
thus shown that every UTC deviation is linear, that is, ΦUTC ⊆ ΦLIN. In fact, the reverse inclusion
holds too:

Theorem 8.43. The UTC deviations are precisely the linear deviations. That is, ΦUTC =

ΦLIN.

Proof. We start with a lemma.

Lemma 8.44. Let 𝑓 : X → R≥0 be a linear map, where X is a sequence-form strategy space.
Then there exists a unique vector c such that:

1. 𝑓 (x) = c⊤x for all x ∈ X,

2. c has all nonnegative entries, and

3. for every decision point 𝐼, there is at least one action 𝑎 such that c( 𝑗𝑎) = 0.

Proof. Let 𝑓 (x) = c⊤x, where c is currently arbitrary (i.e., it may not satisfy (2) and (3)).
Then, for each decision point 𝑗 in bottom-up order, let c∗( 𝑗) := min𝑎 c( 𝑗𝑎). Subtract c∗( 𝑗)
from c( 𝑗𝑎) for every action 𝑎, and add c∗( 𝑗) to c(𝑝 𝑗 ). Since x satisfies the constraint
x(𝑝 𝑗 ) =

∑
𝑎 𝑥( 𝑗𝑎), this does not change the validity of c, and by the end of the algorithm,

(2) and (3) will be satisfied except possibly that c(∅) ≥ 0. To see that c(∅) ≥ 0, let x be the
pure strategy that plays the zeroing action 𝑎 specified by (3) at every decision point. Then,
by construction, c⊤x = c(∅) ≥ 0. To see that c is unique, note that there was no choice at
any step in the above process: the transformation performed at each decision point is the
only way to satisfy conditions (2) and (3) without changing the linear map. □

Now let A represent a linear map X → X, where the rows of A are represented according to the
above lemma. That is, A has all nonnegative entries, and moreover for any 𝚥 ∈ J and 𝜎 ∈ Σ,
we have A(𝜎, 𝚥𝑎) = 0 for some action 𝑎. It remains only to show there exists a matrix B such
that (A,B) satisfies all constraints in the constraint system (8.8).

We have A(∅,∅) = 1 and A(∅, 𝜎̃) = 0 for 𝜎̃ ≠ ∅ follow from the fact that (Ax) (∅) = 1 for
all x, that is A(∅, ·) : X → [0, 1] is the identically-1 function, which by Lemma 8.44 has the
above form. We are thus left with the main constraint,

A(𝑝 𝑗 , 𝜎̃) + B( 𝑗 , 𝑝𝜎̃) =
∑︁
𝑎∈𝐴 𝑗

A( 𝑗𝑎, 𝜎̃) +
∑︁
𝚥∈𝐶𝜎̃

B( 𝑗 , 𝚥) (8.9)

for every ( 𝑗 , 𝜎̃) ∈ J × Σ.
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Define B and another matrix B̃ ∈ RJ×Σ as follows:

B̃( 𝑗 , 𝜎̃) =
∑︁
𝑎∈𝐴 𝑗

A( 𝑗𝑎, 𝜎̃) +
∑︁
𝚥∈𝐶𝜎̃

B( 𝑗 , 𝚥) − A(𝑝 𝑗 , 𝜎̃)

B( 𝑗 , 𝚥) = min
𝑎∈𝐴 𝚥

B̃( 𝑗 , 𝚥𝑎)

To see that B satisfies all the constraints (8.9), let x be any fully-mixed strategy, and 𝐼 be any
decision point. Then:

0 =
∑︁
𝑎∈𝐴 𝑗

(Ax) ( 𝑗𝑎) − (Ax) (𝑝 𝑗 )

=
∑̃︁
𝜎∈Σ

x(𝜎̃)©­«
∑︁
𝑎∈𝐴 𝑗

A( 𝑗𝑎, 𝜎̃) − A(𝑝 𝑗 , 𝜎̃)
ª®¬

=
∑̃︁
𝜎∈Σ

x(𝜎̃)©­«B̃( 𝑗 , 𝜎̃) −
∑︁
𝚥∈𝐶𝜎̃

B( 𝑗 , 𝚥)ª®¬
=

∑̃︁
𝚥

©­«
∑︁
𝑎∈𝐴 𝚥

x( 𝚥𝑎)B̃( 𝑗 , 𝚥𝑎) − x(𝑝 𝚥)B( 𝑗 , 𝚥)ª®¬
≥

∑̃︁
𝚥

B( 𝑗 , 𝚥)©­«
∑︁
𝑎∈𝐴 𝚥

x( 𝚥𝑎) − x(𝑝 𝚥)
ª®¬ = 0

Thus, the inequality must in fact be an equality, and since all its terms are nonnegative, we thus
have B̃( 𝑗 , 𝚥𝑎) = B( 𝑗 , 𝚥) for all 𝑎 ∈ 𝐴 𝚥 , so the constraints (8.9) are satisfied by definition of B̃.

To see that B ≥ 0, suppose not. Let ( 𝑗 , 𝚥) be a last (i.e., farthest from the root, with respect to
the ordering of the DAG) pair for which B( 𝑗 , 𝚥) < 0. Then, for any action 𝑎̃ ∈ 𝐴 𝚥 , we have

A(𝑝 𝑗 , 𝚥 𝑎̃) + B( 𝑗 , 𝚥) =
∑︁
𝑎∈𝐴 𝑗

A( 𝑗𝑎, 𝚥 𝑎̃) +
∑︁
𝚥′∈𝐶 𝚥𝑎̃

B( 𝑗 , 𝚥′) ≥ 0

where the inequality is because ( 𝑗 , 𝚥) is farthest from the root so all the terms on the right-hand
side are nonnegative. Therefore, A(𝑝 𝑗 , 𝚥 𝑎̃) > 0. But this should hold for every action 𝑎̃,
contradicting the construction of A, which includes the condition that there must exist a 𝑎̃ for
which A(𝑝 𝑗 , 𝚥 𝑎̃) = 0. □

Since the two sets are equivalent, in the remainder of the section, we will use the terms UTC
deviation and linear deviation (similarly, UTC regret and linear-swap regret) interchangeably.
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Figure 8.12: An example extensive-form game in which communication devia-
tions are a strict subset of UTC deviations. There are two players, P1 (▲) and P2
(▼). Infosets for both players are labeled with capital letters (e.g., A) and joined
by dotted lines. Actions are labeled with lowercase letters and subscripts (e.g., a1).
P1’s utility is labeled on each terminal node. P2’s utility is zero everywhere (not
labeled). Boxes are chance nodes, at which chance plays uniformly at random.

8.8.2 Example
In this section, we provide two examples in which the UTC deviations are strictly more expressive
than the communication deviations. Consider the game in Figure 8.12. The subgames rooted at
D and E are guessing games, where ▲ must guess ▼’s action, with a large penalty for guessing
wrong. Consider the correlated profile that mixes uniformly among the four pure profiles (ai,
bj , c1, fi, gj) for 𝑖, 𝑗 ∈ {1, 2}. In this profile, the information that ▲ needs to guess perfectly is
contained in the recommendations: the recommendation at A tells it how to guess at D, and the
recommendation at B tells it how to guess at E. With a communication deviation, ▲ cannot access
this information in a profitable way, since upon reaching C, ▲ must immediately make its first
mediator query. Hence, this profile is a communication equilibrium. However, with an untimed
communication deviation, ▲ can profit: it should, upon reaching8.6 C, play action c2 without
making a mediator query, and then query A if it observes D, and B if it observes E. This deviation
is allowed only due to the untimed nature of UTC deviations allows the deviating player to delay
its query to the mediator until it reaches either D or E. In a timed communication deviation, this
deviation is impossible, because the player must make its first query (A, B, or C) before reaching
D or E, and thus that query cannot be conditioned on which one of D or E will be reached.

For a second example, consider the game in Figure 8.14. Consider the correlated profile that
mixes uniformly between the pure profiles (a1, b1, c1) and (a1, b2, c2). This is a communication

8.6The actions/queries ▲ makes at A and B are irrelevant, because ▲ only cares about maximizing utility, and it
always gets utility 0 regardless of what it does. In the depiction of this deviation in Figure 8.13, the deviator always
plays action 1 at A and B.
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Figure 8.13: A part of the UTC decision problem for ▲ corresponding to the
same game. Nodes labeled ▲ are decision points for ▲; boxes are observation
points. “...” denotes that the part of the decision problem following that edge has
been omitted. Terminal nodes are unmarked. Red edge labels indicate interactions
with the mediator; blue edge labels indicate interactions with the game. The
profitable untimed deviation discussed in Section 5.5 is indicated by the thick
lines. The first action taken in that profiable deviation, c2, is not legal for a timed
deviator, because a timed deviator must query the mediator once before taking
its first action. The matrices (lower-left corner) are the pair of matrices (A,B)
corresponding to that same deviation. All blank entries are 0.
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Figure 8.14: Another example. The notation is shared with Figure 8.12. In
this example, ▲’s strategy set is equivalent to a simplex, so the linear deviations
coincide with its swap deviations. As such, we will not bother to depict the UTC
decision problem or matrices.

equilibrium: ▲ cannot profitably deviate, because its utility in the B subgame is always 0, and
if it chooses to disobey the recommendation a1 its expected utility will be also 0, because it
cannot ask for another recommendation before choosing what action to play. However, ▲ has
the following profitable UTC deviation: ask for the recommendation at B before deciding which
action to play at A. If the recommendation is b1, play a2; if the recommendation is b2, play a3.
Notice that, in this example, ▲’s decision problem is essentially that of a normal-form game;
therefore, its linear deviations coincide with its swap deviations. However, due to the timing
restriction on communication deviations, the communication deviations are more restricted than
the swap deviations. This example also shows that the untimed private communication equilibria
(see Section 8.8.4.6) are not outcome-equivalent to the timed private communication equilibria: in
this game, every correlated profile is a distribution over terminal nodes (outcomes), so the fact
that there exists a private communication equilibrium with a profitable UTC deviation is enough
to disprove outcome equivalence.

8.8.3 Regret Minimization on ΦUTC

In this section, we discuss how Theorem 8.43 can be used to construct very efficient ΦLIN-regret
minimizers, both in theory and in practice.

Theorem 8.45 (CFR for ΦLIN, special case of Theorem 4.23). DAG-CFR can be applied to
ΦUTC (and thus also on ΦLIN) with 𝑂 (𝑑2√𝑇) regret and 𝑂 (𝑑2) per-iteration complexity.

Applying Theorem 8.10 now yields:

Theorem 8.46. CFR-based algorithms can be used to construct a ΦLIN-regret mini-
mizer with 𝑂 (𝑑2√𝑇) regret, and per-iteration complexity dominated by the complexity of
computing a fixed point of a linear transformation 𝜙(𝑡) : convX → convX.

As mentioned, this significantly improves the per-iteration complexity of linear-swap regret
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Figure 8.15: Experimental comparison between our dynamics and those of Farina
and Pipis [95] for approximating a linear correlated equilibrium in extensive-form
games. Each algorithm was run for a maximum of 100,000 iterations or 6 hours,
whichever was hit first. Runs that were terminated due to the time limit are marked
with a square ■.

minimization. Fixed points can be computed by finding a feasible solution to the constraint system
{x ∈ X,Ax = x}, where x ∈ X is expressed using the sequence-form constraints. This is a
linear program with 𝑂 (𝑑) variables and constraints, so the LP algorithm of Cohen et al. [65]
yields a fixed-point computation algorithm with runtime 𝑂̃ (𝑑𝜔).

For comparison, the algorithm of Farina and Pipis [95] requires an ℓ2 projection onto X on every
iteration, which requires solving a convex quadratic program; the authors of that paper derive a
bound of 𝑂̃ (𝑑10), which, although polynomial, is much slower than our algorithm. CFR-based
algorithms are currently the fastest practical regret minimizers [38, 103]—therefore, showing
that our method allows such algorithms to be applied is also a significant practical step. In
Section 8.8.6, we will show empirically that the resulting algorithm is significantly better than the
previously-known state of the art, in terms of both per-iteration time complexity and number of
iterations.
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8.8.4 Discussion
Here, we discuss a few points of interest about UTC and linear deviations.

8.8.4.1 The Convex Hull of Pure Deviations

In our definitions, we were careful to allow transformations 𝜙 ∈ Φ to map from the set of pure
strategies, Π, to its convex hull X, instead of insisting that every pure strategy map onto another
pure strategy. One might ask whether this makes a difference in our definitions. For example, if in
(8.1) we restrict our attention to 𝜙 : Π → Π, does the definition change? In symbols, for a given
set of transformations Φ, is Φ ⊆ conv Φ̂ where Φ̂ = {𝜙 ∈ Φ : 𝜙(x) ∈ Π ∀x ∈ Π}? For the other
sets of deviations mentioned in this chapter (external, swap, trigger, and communication), the
answer is already known to be positive.

Our equivalence theorem between UTC and linear deviations gives an answer to this question for
the set of linear deviations as well. Since the UTC deviations are defined by a decision problem,
every mixed UTC deviation is by definition equivalent to a distribution over pure UTC deviations.
That is, the vertices of ΦUTC are the pure UTC deviations: they map pure strategies Π to pure
strategies. Since ΦUTC = ΦLIN, this proves:

Corollary 8.47. When Π is a sequence-form polytope, the extreme points of ΦLIN are the
linear maps 𝜙 : Π → Π, i.e., the linear maps that map pure strategies to pure strategies.
Thus, ΦLIN = Φ̂LIN

This result is not obvious a priori. For example, it fails to generalize to other sets of functions Φ,
or to ΦLIN for polytopes Π that are not sequence-form polytopes:

• Other sets of functions Φ: Let Φ = {𝜙} consist of a single constant function 𝜙 : x ↦→ x∗,
where x∗ ∈ X \ Π. Then Φ̂ is empty, so Φ ⊈ conv Φ̂.

• Non-sequence-form polytopes: Take Π to be a trapezoid 𝐴𝐵𝐶𝐷 where 𝐴𝐵 is the longer
of the two bases and consider the linear map 𝜙 with 𝜙(𝐴) = 𝐷, 𝜙(𝐷) = 𝐴, and 𝜙(𝐵) = 𝐶.
Then 𝜙 is an extreme point of ΦLIN, but 𝜙(𝐶) will lie somewhere along segment 𝐴𝐵, but at
neither endpoint—that is, not at a vertex. Figure 8.16 has a visual depiction.

8.8.4.2 Generalization to Arbitrary Pairs of Polytopes

Our main result characterizes the set of linear maps 𝜙 : Π → Π for sequence-form polytopes Π.
However, it is actually more general than this: an identical proof works to characterize the set of
linear maps 𝜙 : Y → X for any (possibly different!) sequence-form polytopes X and Y. Hence,
we have shown:
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𝐴 = 𝜙(𝐷) 𝐵

𝐶 = 𝜙(𝐵)𝐷 = 𝜙(𝐴)

𝜙(𝐶)

Figure 8.16: A visual depiction of the argument that Corollary 8.47 cannot
generalize to all polytopes. The affine map 𝜙 maps the large blue polygon onto
the small orange polygon, and 𝜙 is a vertex of the set of linear maps from polygon
𝐴𝐵𝐶𝐷 to itself, yet 𝜙(𝐶) is not a vertex of 𝐴𝐵𝐶𝐷.

Theorem 8.48. Let Π,Y be sequence-form strategy sets. The linear maps 𝜙 : Y → X are
precisely the functions induced by strategies in the DAG decision problem whose nodes
are identified with pairs (𝑠, 𝑠), where 𝑠 ∈ ΣX ∪ JX and 𝑠 ∈ ΣY ∪ JY , and which behaves
analogously to Definition 8.41.

Although we are mostly concerned with the case X = Y in this paper, we state this extension in
the hope that it may be of independent interest. We will also use it in the proof of the revelation
principle (Theorem 8.52).

8.8.4.3 Uniqueness of Representation

The statement of Theorem 4.26 discusses ΦUTC and ΦLIN as sets of functions Φ ⊆ XΠ. It does not
imply that for every linear map 𝜙 : Π → X there is exactly one representation of 𝜙 as a deviator
strategy in the UTC decision problem, only that there is at least one representation. Indeed, the
external deviations (constant functions 𝜙 : x ↦→ x∗ for fixed x∗ ∈ X can be represented via a
large number of different strategies in the UTC decision problem: the deviator may send any
number of queries to the mediator, before eventually deciding to ignore the queries and play
according to x∗, and such a deviator would still represent the external deviation 𝜙.

Similarly, Theorem 4.26 also does not imply that every matrix A ∈ RΣ×Σ representing a linear
map 𝜙A : Π → X is part of a pair (A,B) satisfying the system of equations (8.8). Indeed, the
proof of Theorem 4.26 only shows that for every linear 𝜙 : Π → X, there is at least one pair
(A,B) satisfying (8.8) where A represents 𝜙. It is easy to construct matrices A that represent
linear maps, yet cannot satisfy (8.8), by changing the first row of A to some other vector c with
c⊤x = 1 for all x ∈ Π.
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8.8.4.4 When Untimed and Timed Communication Deviations Coincide

If all players have only one layer of decision nodes, the game is a single-stage Bayesian game—in
that special case, the communication deviations and linear deviations will coincide8.7. This
property was also proven by Fujii [117], but our framework gives a particularly simple proof
via Theorem 4.26: for any UTC deviation in a single-stage game, the deviator makes either no
queries or one query to the mediator. A communication deviator can simulate the same function
by making the same query (if any), or, if the UTC deviator makes no query, by making an arbitrary
query and ignoring the reply. It turns out that the converse is also essentially true:

Theorem 8.49. Consider any decision problem with no nontrivial decision points—that is,
the player has at least two legal actions at every decision point. The (timed) communication
deviations coincide with the untimed communication deviations (and hence also the linear
deviations) if and only if every path through the decision problem contains at most one
decision point.

Proof. The if direction was shown above and by Fujii [117], so it suffices to show the only
if direction. Suppose there are two decision points, 𝐴 and 𝐵, such that 𝐵 is a child of action
𝑎1 at 𝐴. Let 𝑎2 be another action at 𝐴, and let 𝑏1 and 𝑏2 be two actions at 𝐵. (The game
in Figure 8.14 has such a structure). Consider any deviation 𝜙 that plays action 𝑎𝑖 if it is
recommended 𝑏𝑖, for 𝑖 ∈ {1, 2}. It is easy to construct untimed deviations with this behavior,
but timed deviations cannot have this behavior, because a timed deviation cannot know the
recommendation at 𝐵 while still at decision point 𝐴. □

8.8.4.5 Relation between Our Representation and That of Farina and Pipis [95]

This chapter and the paper of Farina and Pipis [95] both take similar approaches to minimizing
ΦLIN-regret: both use the framework of Gordon et al. [132] to reduce the problem to minimizing
external regret over the set of linear maps, and then derive a system of constraints for the set of
matrices A ∈ RΣ×Σ that represent linear maps. The representations are, however, significantly
different:

• The representation of Farina and Pipis [95] cannot be expressed in scaled extensions. As
such, that paper was forced to resort to less efficient regret minimization techniques. This
difference is what allows us to improve upon their results.

• As a technical note, the representation of Farina and Pipis [95] will always result in a
matrix A ∈ RΣ×Σ where the columns of A corresponding to nonterminal sequences are
filled with zeros. While this is without loss of generality due to the constraints defining
the sequence form, it sometimes results in intuitively-strange representations: for example,
their representation does not represent the identity map Id : Π → Π as the identity matrix
I ∈ RΣ×Σ, whereas our representation will.

8.7Here, by two sets of deviations coinciding, we mean that the same set of deviation functions 𝜙 : Π → X is
available to both deviators.
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• While our representation generalizes to arbitrary pairs of sequence-form polytopes according
to Section 8.8.4.2, theirs generalizes even further, to functions 𝜙 : Y → X as long as Y
is sequence form and X has some small set of linear constraints (not necessarily sequence
form) describing it. We likely cannot hope for our representation to generalize as far: our
proof of equivalence relies fundamentally on both input and output being sequence-form
strategy sets.

8.8.4.6 Untimed Communication Equilibria

The UTC deviations, like all sets of deviations, give rise to a notion of equilibrium. We define:

Definition 8.50. In an extensive-form game, an untimed private communication equilibrium is a
correlated profile that is a (Φ𝑖)-equilibrium where Φ𝑖 is player 𝑖’s set of UTC deviations.

We add the word “private” here in the name to emphasize the fact that the mediator must have a
separate interaction with each player—that is, the mediator cannot use its interactions with one
player to inform how it gives recommendations to another player. This is enforced by the fact that
the equilibrium is a correlated profile. See Chapter 6 regarding why this distinction is important.

Defining untimed communication equilibrium without such a privacy restriction seems to be a
subtle task, and is orthogonal to and beyond the scope of the present work. However, we will
make a few informal comments here. Untimed communication equilibria (without the privacy
constraint) are difficult to define in a way that does not quickly collapse to the regular notion
of communication equilibrium. In games with three or more players, the mediator is always
guaranteed that two of the players have not deviated, and those two players will have messages
synchronized with the game clock. Therefore, under reasonable assumptions on how often each
player makes moves, the mediator will immediately know if the deviating player is sending
out-of-order messages, and this concept would reduce immediately to the regular communication
equilibrium. It is entirely unclear how to define a notion of untimed (non-private) communication
equilibrium that does not exhibit such a collapse.

In two-player games, it is possible that there is a reasonable way to define untimed communication
equilibria. The above collapse does not apply, because the mediator will not know which player is
the one sending out-of-timing messages. However, this definition would still be rather subtle—for
example, when do the out-of-order messages arrive to the mediator, relative to the other player’s
messages? We leave these issues to future work.

8.8.4.7 Revelation Principle for Untimed Private Commnunication Equilibrium

All the other notions of equilibrium involving a mediator, discussed in Section 5.4.1, obey
a revelation principle, which we now discuss using the example of normal-form correlated
equilibrium. The original definition of Aumann [15] did not initially refer to correlated profiles;
instead, the definition posited an arbitrary joint distribution of correlated signals. In this section,
we break down the notions of equilibrium that we have defined so far, and reconstruct them from
the perspective of this arbitrary set of signals, and show that the resulting notions are equivalent
for our notion of untimed private communication equilibrium.
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We start with NFCE as an illustrative example. Let 𝜇 ∈ Δ(S1 × · · · × S𝑛), where S𝑖 is an arbitrary
set of signals for player 𝑖. The mediator samples a joint signal (𝑠1, . . . , 𝑠𝑛) ∼ 𝜇, and then each
player privately observes its own signal 𝑠𝑖 and selects (possibly at random) a strategy x ∈ Π. An
NFCE is then a tuple (𝜇, 𝜙1, . . . , 𝜙𝑛), where 𝜙𝑖 : S𝑖 → X is the function by which player 𝑖 selects
its strategy given a signal, such that each player’s choice of 𝜙𝑖 maximizes that player’s utility
given 𝜇 and the other 𝜙𝑖s, that is,

E
(𝑠1,...,𝑠𝑛)∼𝜇

[𝑢𝑖 (𝜙′𝑖 (𝑠𝑖), 𝜙−𝑖 (𝑠−𝑖) − 𝑢𝑖 (𝜙𝑖 (𝑠𝑖), 𝜙−𝑖 (𝑠−𝑖)] ≤ 0

for every player 𝑖 and other possible function 𝜙′
𝑖

: S𝑖 → X. An NFCE is direct if S𝑖 = Π𝑖
and 𝜙𝑖 : Π𝑖 → X𝑖 is the identity function. The revelation principle states that every NFCE is
outcome-equivalent8.8 to a direct equilibrium.

To generalize this to extensive-form and communication equilibria (timed and untimed), we follow
the approach of Forges [109], Myerson [228]. In their approach, a mediator of player 𝑖 is a map
𝑀𝑖 : S≤𝐻

𝑖
→ S𝑖 (where S≤𝐻

𝑖
is the set of all sequences over S𝑖 of length ≤ 𝐻, and 𝐻 is some

large but finite number (at least the depth of player 𝑖’s decision problem.) that determines what
message the mediator sends in reply to a player whose message history with the mediator is a
finite sequence s = {𝑠𝑖}. We will assume that S𝑖 at least is expressive enough to send an empty
message, a decision point, or an observation point: S𝑖 ⊇ J𝑖 ⊔ Σ𝑖 ⊔ {⊥}. The three notions of
extensive-form correlated equilibrium, private communication equilibrium, and untimed private
communication equilibrium will differ in how the player interacts with the mediator. We will
describe player 𝑖’s interactions by a set of functions Φ𝑖 ⊆ (X𝑖)M𝑖 whereM𝑖 is a set of mediators:
each function 𝜙𝑖 ∈ Φ𝑖 represents the player 𝑖 choosing how it interacts with the mediator and how
it uses those interactions to inform its choices of action. Then, as before, an equilibrium is a tuple
(𝜇, 𝜙1, . . . , 𝜙𝑛) where 𝜙 ∈ Δ(M1 × . . .M𝑛) is a distribution over mediators and no player 𝑖 can
profit by switching to a different 𝜙′

𝑖
∈ Φ𝑖. The three notions above then differ in the choice of set

Φ𝑖:

• Extensive-form correlated equilibria are equilibria where Φ𝑖 is the set of interactions in
which the player, upon reaching a decision point 𝑗 , must send that decision point to the
mediator.

• Private communication equilibria are equilibria where Φ𝑖 is the set of interactions in which
the player, upon reaching a decision point 𝑗 , must send a single message (which may or
may not be the decision point 𝑗) to the mediator.

• Untimed private communication equilibria are equilibria where Φ𝑖 is the set of interactions
in which the player, upon reaching a decision point 𝑗 , may send any number of messages to
the mediator.

The direct mediator 𝑀x𝑖

𝑖
for a pure strategy x𝑖 ∈ Π𝑖 is the mediator who acts by sending the

recommendation 𝑎 at infoset 𝑗 if and only if the message history matches the ∅𝑖 → 𝑗 path,
otherwise ⊥. Formally, 𝑀x𝑖

𝑖
(s) = 𝑎(x𝑖, 𝑗) if s = ( 𝑗 (1) , 𝑎 (1) , 𝑗 (2) , . . . , 𝑗) is the path to 𝑗 in player

8.8By outcome-equivalent, we mean that the distribution over terminal nodes in the extensive-form game is the
same in both equilibria.
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𝑖’s decision tree, and ⊥ otherwise. We writeM∗
𝑖

:= {𝑀x𝑖

𝑖
| x𝑖 ∈ Π𝑖} for the set of direct mediators

on Π𝑖. Notice that, for direct 𝑀𝑖, the sets of interactions valid for each of the three equilibrium
notions reduces to the sets of deviations defined in Section 5.4.1. Analogous to the NFCE case,
an equilibrium (𝜇, 𝜙∗1, . . . , 𝜙

∗
𝑛) (in any of the previous three notions) is called direct if 𝜇 is a

distribution over direct mediators, and 𝜙∗
𝑖

is the map 𝑀x𝑖

𝑖
↦→ x𝑖 (which is the analogy of the

identity map). We are now ready to state the revelation principle for these notions.

Theorem 8.51 (Revelation principle: for EFCE, proven by von Stengel and Forges [291];
for communication equilibrium, proven by Forges [109], Myerson [228] and refined in
Chapter 6). For EFCE and (private) communication equilibrium, every equilibrium is
outcome-equivalent to a direct equilibrium.

Our main result in this section is that the same holds for untimed private communication equilib-
rium:

Theorem 8.52 (Revelation principle for untimed private communication equilibrium).
Every untimed private communication equilibrium is outcome-equivalent to a direct untimed
private communication equilibrium.

Proof. Let (𝜇, 𝜙1, . . . , 𝜙𝑛) be some (possibly indirect) equilibrium. Observe that we can view
the mediator as holding a strategy y ∈ Y𝑖, where Y𝑖 is the decision problem whose nodes
correspond to sequences s ∈ S≤𝐻

𝑖
, i.e., to message histories. Notice that, by construction of the

message set S𝑖, Y contains a copy of each Π𝑖 within it, and that direct mediators 𝑀x𝑖

𝑖
constrain

themselves to states within this copy of Π𝑖 by terminating the interaction (sending ⊥ forever) if
the history of communication fails to match a state in player 𝑖’s decision problem. We will use
this fact later.

By Theorem 8.48, each player’s strategy set Φ𝑖 is the set of linear maps Y𝑖 → X𝑖. Now,
consider the direct profile (𝜇∗, 𝜙∗

𝑖
, . . . , 𝜙∗𝑛) where 𝜇∗ ∈ Δ(M∗1 × · · · ×M

∗
𝑛) is given by sampling

(𝑀1, . . . , 𝑀𝑛) ∼ 𝜇, sampling x𝑖 ∈ Π𝑖 from any distribution whose expectation is 𝜙𝑖 (𝑀𝑖)
for every player 𝑖, and finally outputting (𝑀x1

1 , . . . , 𝑀
x𝑛
𝑛 ). Clearly, this profile is outcome-

equivalent to the original profile, so it only remains to show that it is also an equilibrium.
Consider any deviation 𝜙′

𝑖
of player 𝑖 from the direct equilibrium.

We proceed by contrapositive. Suppose that (𝜇∗, 𝜙∗
𝑖
, . . . , 𝜙∗𝑛) is not an equilibrium: player 𝑖 has

profitable deviation 𝜙′
𝑖
. Since a direct mediator is constrained, as above, to act within player

𝑖’s decision problem, 𝜙′
𝑖

can be expressed as a UTC deviation 𝜙′
𝑖

: Π𝑖 → X𝑖. Since all UTC
deviations are linear, 𝜙′

𝑖
is itself linear, and can also be extended to a function 𝜙′

𝑖
: X𝑖 → X𝑖.

Now let 𝜓𝑖 : Y𝑖 → X𝑖 be given by 𝜓𝑖 = 𝜙′𝑖 ◦ 𝜙𝑖, and observe that, since the composition of linear
functions is linear, 𝜓𝑖 is a linear map, that is, 𝜓𝑖 ∈ Φ𝑖. Moreover, by construction, the profiles
(𝜇, 𝜓𝑖, 𝜙−𝑖) and (𝜇∗, 𝜙′

𝑖
, 𝜙∗−𝑖) must induce the same outcome distributions—and therefore, 𝜓𝑖 is

a profitable deviation against the original equilibrium (𝜇, 𝜙1, . . . , 𝜙𝑛). □

This result justifies the definitions of equilibrium we have been using throughout the section before
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reaching this point. We remark that, although the proof is usually not difficult, the revelation
principle is not a given or automatic fact that can be assumed without proof: there are other
settings where it fails, such as when the deviator’s set of allowable messages depends on its true
type in a nontrivial manner (e.g., [110, 173]).

8.8.5 Generalization Beyond Extensive-Form Games
We now show that the ability to write ΦLIN as a system of linear constraints is not special to
extensive-form games. In fact, we have the following result:

Theorem 8.53. Let X be a polytope given by explicit linear constraints, X = {x ∈ R𝑑 :
Mx ≤ u}. Let A ∈ R𝑑×𝑑 . Then Ax ∈ X for all x ∈ X if and only if there is a matrix
B ∈ R𝑚×𝑚 satisfying the constraints

BM = MA, Bu ≤ u, B ≥ 0. (8.10)

Proof. Let A ∈ R𝑑×𝑑 , and let m⊤
𝑖
x ≤ 𝑏𝑖 be the 𝑖th constraint that defines X. Then, the claim

that m⊤
𝑖

Ax ≤ 𝑏𝑖 for every x ∈ X is equivalent to the claim that the linear program

max
x

m⊤
𝑖 Ax s.t. Mx ≤ u (8.11)

has value at most 𝑏𝑖. By strong duality, (8.11) has the same value as

min
u𝑖

u⊤u𝑖 s.t. M⊤u𝑖 = A⊤m𝑖, u ≥ 0.

The theorem follows now by setting B =
[
u1 . . . u𝑘

]⊤. □

Furthermore, assuming that B1(0) ⊆ X ⊆ B𝑅 (0) with 𝑅 ≤ poly(𝑑), it follows that ∥A∥2, ∥B∥2 ≤
poly(𝑑), where ∥ · ∥2 denotes the spectral norm. Indeed, for ∥A∥2, take any x ∈ R𝑑 with ∥x∥ = 1.
Since B1(0) ⊆ X, we have x ∈ X, in turn implying that Ax ∈ X. As a result, ∥Ax∥ ≤ poly(𝑑),
from which it follows that ∥A∥2 ≤ poly(𝑑). Further, one can take each 𝑏𝑖 to be such that
1 ≤ 𝑏𝑖 ≤ poly(𝑑), and so the bound ∥B∥2 ≤ poly(𝑑) follows from the fact that Bu ≤ u and
B ≥ 0.

Combining these bounds with Theorem 8.53, we are able to use standard techniques for minimizing
regret over ΦLIN—such as projected gradient descent. As a consequence, we can instantiate the
regret minimizer operating over ΦLIN with projected gradient descent.

Corollary 8.54. There is a deterministic algorithm that guarantees REGΦLIN (𝑇) ≤ 𝜖 after
poly(𝑑, 𝑚)/𝜖2 rounds, and requires solving a convex quadratic program with 𝑂 (𝑑2 + 𝑚2)
variables and constraints in each iteration.

For comparison, let us compare to the approach of Daskalakis et al. [81] for the case where X is
given explicitly. To do so, we recall the following definition.
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Definition 8.55. We say that a polytope X has an H-representation of size 𝑚 if it is given as the
intersection of 𝑚 halfspaces: X = {x ∈ R𝑑 : Ax ≤ b} for some A ∈ Q𝑚×𝑑 and b ∈ Q𝑚. It has a
𝑉-representation of size 𝑚 if it is given as the convex hull of 𝑚 vertices: X = conv({v1, . . . , v𝑚})
for v1, . . . , v𝑚 ∈ Q𝑑 .

In this context, they make the following crucial observation [81, Lemmas 3.1 and 3.2].

Lemma 8.56 ([81]). If X has either an 𝐻-representation of size 𝑚 or a 𝑉-representation of size
𝑚, there is a poly(𝑑, 𝑚)-time membership oracle for ΦLIN.

Using a membership oracle for ΦLIN, it is also possible to construct a linear optimization or-
acle [138]. As a result, coupled with Lemma 8.56, standard algorithms—such as follow-the-
perturbed-leader [145]—can be applied to minimize regret over ΦLIN. However, the main
limitation is that constructing a linear optimization oracle using a membership oracle relies on the
ellipsoid algorithm, which is impractical. In contrast, Theorem 8.53 allows us to bypass using the
ellipsoid algorithm, resulting in a more practical approach. Therefore, we obtain the best-known
algorithm for linear-swap regret minimization over explicitly-represented polytopes, improving
on Daskalakis et al. [81] by reducing the per-iteration complexity.

Remark 8.57. The construction in Theorem 8.53 is not equivalent to our DAG-based construction
of ΦLIN in the case of extensive-form games. Indeed, Theorem 8.53 implies that every matrix A
representing a linear endomorphism on X induces a feasible solution to (8.10), and Section 8.8.4.3
guarantees that this is not true of the DAG representation. Our DAG representation is signifi-
cantly more efficient in the special case of extensive-form games, as it permits DAG-CFR-based
algorithms, which have time complexity linear in the size of the DAG.

8.8.6 Experimental Evaluation
We empirically investigate the performance of our learning dynamics for linear correlated equi-
librium, compared to the recent algorithm by Farina and Pipis [95]. We test on four benchmark
games:

• 4-player Kuhn poker, a multiplayer variant of the classic benchmark game introduced by
Kuhn [187]. The deck has 5 cards. This game has 3,960 terminal states.

• A ridesharing game, a two-player general-sum game introduced as a benchmark for welfare-
maximizing equilibria by Zhang et al. [305]. This game has 484 terminal states.

• 3-player Leduc poker, a three-player variant of the classic Leduc poker introduced by Southey
et al. [275]. Only one bet per round is allowed, and the deck has 6 cards (3 ranks, 2 suits).
The game has 4,500 terminal states.

• Sheriff of Nottingham, a two-player general-sum game introduced by Farina et al. [101] for
its richness of equilibrium points. The smuggler has 10 items, a maxmimum bribe of 2, and
2 rounds to bargain. The game has 2,376 terminal states.

We run our algorithm based on the UTC polytope, and that of Farina and Pipis [95] (with the
learning rate 𝜂 = 0.1 as used by the authors), for a limit of 100,000 iterations or 6 hours, whichever
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Game Our algorithm Farina and Pipis [95] Speedup

4-Player Kuhn poker 5.65ms ± 0.30ms 195ms ± 7ms 35×
Ridesharing game 676µs ± 80µs 160ms ± 7ms 237×
3-Player Leduc poker 42.0ms ± 0.7ms 12.1s ± 1.0s 287×
Sheriff of Nottingham 114ms ± 16ms 50.2s ± 9.6s 442×

Table 8.17: Comparison of average time per iteration. For each combination
of game instance and algorithm, the mean and standard deviation of the iteration
runtime are noted.

Game Target gap Our algorithm Farina and Pipis [95] Speedup

4-Player Kuhn poker 7 × 10−4 32.8s 5h 25m 595×
Ridesharing game 9 × 10−5 8.89s 4h 07m 1667×
3-Player Leduc poker 0.224 2.12s 6h 00m 10179×
Sheriff of Nottingham 2.06 2.00s 6h 00m 10800×

Table 8.18: Comparison of time taken to achieve a particular linear swap
equilibrium gap. The gap is whatever gap was achieved by the algorithm of Farina
and Pipis [95] before termination.

is hit first. Instead of solving linear programs to find the fixed points, we use power iteration,
which is faster in practice. All experiments were run on the same machine with 32GB of RAM
and a processor running at a nominal speed of 2.4GHz. For our learning dynamics, we employed
the CFR algorithm instantiated with the regret matching+ [282] regret minimizer at each decision
point (see Theorem 8.45). Experimental results are shown in Figure 8.15.

One of the most appealing features of our algorithm is that allows CFR-based methods to apply.
CFR-based methods are the fastest regret minimizers in practice, so it is unsurprising that using
them results in better convergence as seen in Figure 8.15. Another appealing feature is that our
method sidesteps the need of projecting onto the set of transformations. This is in contrast with
the algorithm of Farina and Pipis [95], which requires an expensive projection at every iteration.
We observe that this difference results in a dramatic reduction in iteration runtime between the two
algorithms, which we quantify in Table 8.17. So, we remark that when accounting for time instead
of iterations on the x-axis of the plots in Figure 8.15, the difference in performance between the
algorithms appears even stronger. Such a plot is available in the appendix of the full paper [307].

8.9 Hardness of Minimizing Φ-Regret in Behavioral Strategies
In this section, we show that if the learner is constrained to output in reach round a strategy in
X (i.e., 𝜇(𝑡) is restricted to be a point distribution), then there is no efficient algorithm (under
standard complexity assumptions) minimizing Φ-regret (Theorem 8.4). The key connection is an
observation by Hazan and Kale [146], which reveals that any Φ-regret minimizer is inadvertedly
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able to compute approximate fixed points of any deviations in Φ. We then show that the set of
induced deviations, even on the hypercube X = [0, 1]𝑑 , is rich enough to approximate PPAD-hard
fixed-point problems.

In this context, consider a transformation Φ ∋ 𝜙 : X → X for which we want to compute an
approximate fixed point x ∈ convX; that is, ∥𝜙(x) − x∥2 ≤ 𝜖 , for some precision parameter
𝜖 > 0. (It is convenient in the construction below to measure the fixed-point error with respect
to ∥ · ∥2.) Hazan and Kale [146] observed that a Φ-regret minimizer can be readily turned into
an algorithm for computing fixed points of any function in Φ, as stated formally below. Before
we proceed, we remind that here and throughout we operate under a strongly adaptive adversary,
which is quite crucial in the construction of Hazan and Kale [146].

Proposition 8.58 ([146]). Consider a regret minimizer R operating over an arbitrary
strategy set X. If R runs in time poly(𝑑, 1/𝜖) and guarantees REGΦ(𝑇) ≤ 𝜖 for any
sequence of utilities, then there is a poly(𝑑, 1/𝜖) algorithm for computing an 𝜖-fixed point
of any 𝜙 ∈ Φ with respect to ∥ · ∥2, assuming that 𝜙 can be evaluated in polynomial time.

Proposition 8.58 significantly circumscribes the class of problems for which efficient Φ-regret
minimization is possible, at least when operating in behavioral strategies. Indeed, computing
fixed points is in general a well-known (presumably) intractable problem. In our context, the
set Φ does not contain arbitrary (Lipschitz continuous) functions X → X, but instead contains
multilinear functions from X to X. To show Theorem 8.4, we start with a generalized circuit,
and we show that all gates can be approximately simulated using exclusively gates involving
multilinear operations; we defer the formal argument to the appendix of the full paper [317]. As a
result, we arrive at the main hardness result of this section.

We also obtain a stronger hardness result under a stronger complexity assumption put forward
by Babichenko et al. [16], which also can be found in the appendix of the full paper [317]. As we
have already discsused, the above result justifies the importance of expected fixed points in the
positive results for computing equilibria and regret minimization.

Since Proposition 8.58 can be circumvented, one may wonder whether it is possible “fix” it by
finding an expected fixed point instead of a regular fixed point. Indeed, this is possible:

Proposition 8.59. Consider a regret minimizer R operating over Δ(X), where X ⊆ B𝑅 (0).
If R runs in time poly(𝑑, 𝑅/𝜖)-time and guarantees REGΦ(𝑇) ≤ 𝜖 for any sequence of
utilities, then there is a poly(𝑑, 𝑅/𝜖) algorithm for computing 𝜖-expected fixed points of
𝜙 ∈ Φ, assuming that we can efficiently compute Ex(𝑡 )∼𝜇 (𝑡 ) [𝜙(x(𝑡)) − x(𝑡)] at any time 𝑡.

Proof. The proof proceeds similarly to Proposition 8.58. Suppose that R outputs a strategy
𝜇(𝑡) ∈ Δ(X). At each time 𝑡 ∈ [𝑇], we can terminate if ∥ Ex(𝑡 )∼𝜇 (𝑡 ) [𝜙(x(𝑡)) − x(𝑡)] ∥2 ≤ 𝜖𝑅;
that is, we have identified an (𝜖𝑅)-expected fixed point. Otherwise, we construct the utility
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function

𝑢(𝑡) : X ∋ x ↦→ 1
𝑅

1
∥ Ex(𝑡 )∼𝜇 (𝑡 ) [𝜙(x(𝑡)) − x(𝑡)] ∥2

〈
E

x(𝑡 )∼𝜇 (𝑡 )
[𝜙(x(𝑡)) − x(𝑡)],x − 𝜇(𝑡)

〉
,

which indeed satisfies the normalization constraint |𝑢(𝑡) (x) | ≤ 1. Now, if at all iterations it was
the case that ∥ Ex(𝑡 )∼𝜇 (𝑡 ) [𝜙(x(𝑡)) − x(𝑡)] ∥2 > 𝜖𝑅, we have

REG𝑇Φ ≥
1
𝑇

𝑇∑︁
𝑡=1

𝑢(𝑡)
(

E
x(𝑡 )∼𝜇 (𝑡 )

[𝜙(x(𝑡))]
)
− 1
𝑇

𝑇∑︁
𝑡=1

𝑢(𝑡) (𝜇(𝑡)) > 𝜖

since 𝑢(𝑡) (𝜇(𝑡)) = 0 and

𝑢(𝑡)
(

E
x(𝑡 )∼𝜇 (𝑡 )

[𝜙(x(𝑡))]
)
=

1
𝑅





 E
x(𝑡 )∼𝜇 (𝑡 )

[𝜙(x(𝑡)) − x(𝑡)]






2

for all 𝑡 ∈ [𝑇]. This contradicts the assumption that REG𝑇
Φ
≤ 𝜖 for any sequence of utilities, in

turn implying that there exists 𝑡 ∈ [𝑇] such that 𝜇(𝑡) is an 𝜖-expected fixed point. Given that, by
assumption, we can compute Ex(𝑡 )∼𝜇 (𝑡 ) [𝜙(x(𝑡)) − x(𝑡)] for any time 𝑡, the claim follows. □

8.10 Impossibility of Minimizing Swap Regret in Extensive-
Form Games

We now show generic lower bounds on minimizing swap regret, that is, regret against the set of
all functions Φ = ΠΠ. For notation, in this subsection, we will define

𝑉 (𝜙) :=
1
𝑇

𝑇∑︁
𝑡=1

E
x∼𝜇𝑡

〈
u𝑡 , 𝜙(x)

〉
.

Thus, in particular, the total utility experienced by the learner is 𝑉 (Id). After 𝑇 rounds, the
(average) swap-regret is

REGSWAP(𝑇) := max
𝜙:Π→Π

𝑉 (𝜙) −𝑉 (Id) = max
𝜙:Π→Π

1
𝑇

𝑇∑︁
𝑡=1

E
x∼𝜇𝑡

〈
u𝑡 , 𝜙(x) − x

〉
.

The learner’s goal is then to achieve small swap regret after a small number of rounds: for example,
one may hope to achieve swap regret 𝜖 after 𝑇 = poly(𝑑, 1/𝜖) rounds.

The main result of this section is the following.

Theorem 8.60 (Extensive-form lower bound). There exist arbitrarily large tree-from
strategy sets Π ⊂ {0, 1}𝑑 with the following property. Let 𝜖 > 0 and suppose 𝑇 ≤
exp(Ω(min{𝑑1/14, 𝜖−1/6})). Then there exists an oblivious adversary running for 𝑇 itera-
tions against which no learner can achieve expected swap regret better than 𝜖 .
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Intuitively, the proof of Theorem 8.60 works by finding an “embedding” of the adversary of
Theorem 8.14 into a tree-form decision problem such that the utility functions 𝑢𝑡 do remain linear.
This works by choosing random vectors in {−1, 1}𝑛 (for some appropriately chosen dimension
𝑛) to simulate the “actions” in the (exponentially large) normal-form decision problem, and then
exploiting the concentration property that an exponentially large number of such vectors {a𝑖}𝑁𝑖=1
can be chosen such that

〈
a𝑖,a 𝑗

〉
≈ 0 for all 𝑖 ≠ 𝑗 .

Like Theorem 8.14, our lower bound is information-theoretic: it does not rely on computational
hardness results, and thus applies to any no-regret learning algorithm no matter how much
computation it might perform.

Before proving Theorem 8.60, we first state a more detailed version of the normal-form lower
bound (Theorem 8.14).8.9 This restatement changes the notation so as to avoid mixing the notation
between tree-form and normal-form decision problems, and extracts some useful properties of the
adversary. In particular, a key property of the adversary that we exploit (specified in Item 1 in the
below theorem) is that, with probability 1, each of the vectors u𝑡 that it chooses is in fact a unit
vector e𝑖. (In general, in the normal-form game setting, the vectors u𝑡 may have coordinates in
[−1, 1].)

Theorem 8.61 ([71], expanded version of Theorem 8.14). LetA = Δ(𝑁) be the 𝑁-simplex,
and let 𝑇 < 𝑁/4. Then there exists an adversary on A with the following properties:

1. The adversary selects a sequence (u1, . . . ,u𝑇 ) ∼ D from some distribution D ∈
Δ(A𝑇 ), and then outputs utility vector u𝑡 at time 𝑡 regardless of the sequence of
distributions played by the learner.

2. There exists an action a∗ ∈ A that is never used by the adversary.8.10

3. There exists a partition A = A1 ⊔ · · · ⊔ Aℓ where ℓ ≤ 𝑂 (log𝑇) with the following
property. Within each set A𝑖, number the actions A𝑖 = {a𝑖1, . . . ,a𝑖𝑁𝑖

}. For any se-
quence (u1, . . . ,u𝑇 ) ∈ suppD, the adversary plays actions inA𝑖 only in increasing
order. That is, if u𝑡 = a𝑖 𝑗 and u𝑡

′
= a𝑖 𝑗 ′ and 𝑡 ≤ 𝑡′, then 𝑗 ≤ 𝑗 ′.

4. The swap regret of any learner against this adversary is8.11 Ω(ℓ−6) = Ω(log−6 𝑇).

Proof of Theorem 8.60. We proceed via a reduction from Theorem 8.61.

Extensive-form game instances. Consider the following family of tree-from strategy sets,
parameterized by natural numbers ℓ and 𝑛. First the learner picks an index 𝑖 ∈ [ℓ]. Then the
environment picks 𝑗 ∈ [𝑛], and finally the learner picks a binary action. This family of decision

8.9The discussion in Dagan et al. [71] on pages 37–38 of specifies the adversary which satisfies the properties listed
in Theorem 8.61.

8.10This can always be assumed WLOG.
8.11The reason that the −5 in Theorem 8.14 has been changed to a −6 here is that the adversary is now constrained

to pick a sequence of actions, i.e., ℓ1-bounded losses, instead of ℓ∞-bounded losses. See [71], Theorems 1.7 and 4.1
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Figure 8.19: A depiction of the class of tree-form decision problems used in
the proof of Theorem 8.60. Triangles (▲) are decision points and boxes (□) are
observation points.

problems is depicted in Figure 8.19.

A pure strategy is identified (up to linear transformations) by a vector x ∈ Rℓ×𝑛 where, for
some 𝑖 ∈ [ℓ], x(𝑖, ·) ∈ {− 1√

𝑛
, 1√

𝑛
}𝑛 and x(𝑖′, ·) = 0 if 𝑖′ ≠ 𝑖 (i.e., x interpreted as a matrix with

exactly one nonzero row). For convenience, we will use Π𝑖 ⊂ Π to denote the set of (pure)
strategies where the learner plays 𝑖 at the root. Let 𝐶 be an absolute constant large enough to
make the asymptotic bounds in Theorem 8.61 true.

The adversarial environment. The adversary used to prove Theorem 8.60 works as follows.
First, for each 𝑖 ∈ [ℓ], it populates A𝑖 with 𝑁𝑖 uniformly randomly chosen strategies in Π𝑖.
Formally, we let 𝜓 : A → Π denote the (random) mapping which associates each action in
A𝑖 ⊂ A with the corresponding action in Π𝑖: the image of A𝑖 under 𝜓 consists of actions
we denote by ã𝑖1, . . . , ã𝑖𝑁𝑖

∈ Π𝑖, which are chosen independently and uniformly in Π𝑖. The
adversary in Theorem 8.61 produces a random sequence u1, . . . ,u𝑇 ∈ A; we consider the
adversary which draws a sequence u𝑡 from that distribution and outputs the sequence consisting
of ũ𝑡 := 𝜓(u𝑡) for 𝑡 ∈ [𝑇].

Analysis. Let 𝜖 > 0 be a parameter to be selected later. We start with a simple concetration
bound.

Lemma 8.62. Let 𝛿 = 𝑁2𝑒−𝑛𝜖
2/2. With probability 1 − 𝛿, for all a,a′ ∈ A, we have

|⟨ã, ã′⟩ − 1{a = a′}| ≤ 𝜖 .

Proof. If a = a′ then the claim holds trivially because then ã = ã′, and they are both unit
vectors. For a fixed a ≠ a′ ∈ A, the claim holds with probability 2𝑒−𝑛𝜖2/2 by Hoeffding’s
inequality. The lemma then follows by union bounding over the

(𝑁
2
)
≤ 𝑁2/2 pairs. □

We will claim that, for any learner against this adversary, there exists a learner against the
adversary of Theorem 8.61 that achieves a similar swap regret—and thus the swap regret of the
former learner must be large. First, we will construct the latter learner.
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Let 𝜇1, . . . , 𝜇𝑇 ∈ Δ(Π) be the sequence of distributions played by the learner. Note that 𝜇𝑡 can
depend on the utilities u1:𝑡−1 ∈ A that are played by the adversary. Consider the sequence
𝜇̄1, . . . , 𝜇̄𝑇 ∈ Δ(A), where 𝜇̄𝑡 is the distribution that samples x ∼ 𝜇𝑡 and plays according to
𝑝x ∈ Δ(A), defined as follows. Let x ∈ Π𝑖 be any strategy. There are two cases.

1.
〈
x, ã𝑖 𝑗

〉
≤ 𝜖 for every 𝑖 ∈ [ℓ], 𝑗 ∈ [𝑁𝑖]. Then define 𝑝x = a∗ deterministically (i.e., 𝑝x

is the distribution which puts all of its mass on a∗).

2.
〈
x, ã𝑖 𝑗

〉
> 𝜖 for some 𝑖 ∈ [ℓ], 𝑗 ∈ [𝑁𝑖]. Let 𝑗 be the largest such index, let 𝛽 =

〈
x, ã𝑖 𝑗

〉
,

and define 𝑝x as the distribution that is a∗ with probability 1− 𝛽 and a𝑖 𝑗 with probability
𝛽. Note that 𝛽 ∈ [0, 1] since x, ã𝑖 𝑗 ∈ {− 1√

𝑛
, 1√

𝑛
}𝑛 and in this case we have assumed that

⟨x, ã𝑖 𝑗 ⟩ > 𝜖 > 0.

A critical property for us will be that the learner cannot “guess in advance” what future
unobserved ã𝑖 𝑗s will be, since these are sampled uniformly at random. That is, in Case 2, x
can only be played with large probability once the adversary has played ã𝑖 𝑗 .

To be more formal, we first define some notation. For every 𝑖 ∈ [ℓ], 𝑗 ∈ [𝑁𝑖], let 𝑡𝑖 𝑗 be the first
iteration on which the adversary plays ã𝑖 𝑗 (or 𝑡𝑖 𝑗 = 𝑇 if this never happens). For x ∈ Π𝑖, if x is
in Case 1 above then define 𝑡x = 0, and otherwise define 𝑡x = 𝑡𝑖 𝑗 , where 𝑗 is as in Case 2.

There are two properties that we will critically need to use about 𝑡x. The first states that the
learner cannot place large mass on x until after 𝑡x, because doing so would require the learner
to guess a vector heavily correlated with ã𝑖 𝑗 before the learner observes ã𝑖 𝑗 .

Lemma 8.63. E
1
𝑇

∑︁
x∈Π

𝑡x∑︁
𝑡=1

𝜇𝑡 (x) ≤ 𝛿.

Proof. Since the learner has not yet observed ã𝑖 𝑗 at time 𝑡𝑖 𝑗 , its prior strategy sequence
𝜇1:𝑡𝑖 𝑗 (x) must be independent of ã𝑖 𝑗 . Moreover, if 𝑡 ≤ 𝑡x then there must exist some 𝑗 with
𝑡𝑖 𝑗 ≥ 𝑡 and

〈
x, ã𝑖 𝑗

〉
≥ 𝜖—namely, the 𝑗 defining Case 2. Thus we have:

E
1
𝑇

∑︁
x∈Π

𝑡x∑︁
𝑡=1

𝜇𝑡 (x) ≤ E
1
𝑇

𝑑∑︁
𝑖=1

∑︁
x∈Π𝑖

𝑇∑︁
𝑡=1

𝜇𝑡 (x)
∑︁
𝑗 :𝑡𝑖 𝑗≥𝑡

1
{〈
x, ã𝑖 𝑗

〉
≥ 𝜖

}
=

1
𝑇

𝑑∑︁
𝑖=1

∑︁
x∈Π𝑖

𝑁𝑖∑︁
𝑗=1

E


∑︁
𝑡≤𝑡𝑖 𝑗

𝜇𝑡 (x)
︸                                ︷︷                                ︸

≤𝑁

E
[
1
{〈
x, ã𝑖 𝑗

〉
≥ 𝜖

}]︸                    ︷︷                    ︸
≤𝑒−𝑛𝜖 2/2

≤ 𝛿,

where in the last line we use the fact that ã𝑖 𝑗 is independent of 𝜇1:𝑡𝑖 𝑗 (x) and then Hoeffding’s
inequality. Moreover, we have used in the final inequality that for each 𝑖 ∈ [ℓ] and 𝑗 ≤ 𝑁𝑖 ≤
𝑁 , we have 1

𝑇

∑
x∈Π

∑𝑇
𝑡=1 E[𝜇𝑡 (x)] ≤ 1. □

The second property is that, for 𝑡 > 𝑡x, utilities of x under ũ𝑡 are approximately the same as
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those of 𝑝x under the utilies u𝑡 of Theorem 8.61.

Lemma 8.64. For 𝑡 > 𝑡x, we have
〈
x, ũ𝑡

〉
≤ 𝑝x(u𝑡) + 𝜖 .

Proof. Let x ∈ Π𝑖. There are two cases. In the first case, we suppose that
〈
x, ã𝑖 𝑗

〉
≤ 𝜖

for every 𝑖 ∈ [ℓ], 𝑗 ∈ [𝑁𝑖]. Then for every 𝑡, we have u𝑡 ∉ supp 𝑝x = {a∗} (because the
adversary of Theorem 8.61 never plays a∗), and

〈
x, ũ𝑡

〉
≤ 𝜖 by definition, so we are done.

Otherwise, let 𝑗 be the largest index for which
〈
x, ã𝑖 𝑗

〉
> 𝜖 . Then 𝑡x = 𝑡𝑖 𝑗 by definition, and

since 𝑡 > 𝑡𝑖 𝑗 , by Property 4, for time steps following 𝑡𝑖 𝑗 the adversary of Theorem 8.61 is
no longer allowed to play a𝑖 𝑗 ′ for 𝑗 ′ < 𝑗 . Thus, either u𝑡 = a𝑖 𝑗 , or else u𝑡 ∉ {a𝑖1, . . . ,a𝑖 𝑗 }.
Since 𝑗 is defined to be the largest index for which ⟨x, ã𝑖 𝑗 ⟩ > 𝜖 , in the latter case we must
have 𝑝x puts all its mass on a∗ ≠ u𝑡 , meaning that ⟨x, ũ𝑡⟩ ≤ 𝜖 = 𝑝x(u𝑡) + 𝜖 . In the former
case, we have ⟨x, ũ𝑡⟩ = 𝛽 = 𝑝x(a𝑖 𝑗 ) = 𝑝x(u𝑡). □

For the rest of this proof we will use 𝑉̄ (𝜙) to denote the utilities experienced by 𝜇̄𝑡 under the
utilities u𝑡 in Theorem 8.61. That is,

𝑉̄ (𝜙) = 1
𝑇

𝑇∑︁
𝑡=1

∑︁
a∈A

𝜇̄𝑡 (a)1
{
𝜙(a) = u𝑡

}
=

1
𝑇

𝑇∑︁
𝑡=1

∑︁
x∈Π

𝜇𝑡 (x) Pr
a∼𝑝x
[𝜙(a) = u𝑡]

By Theorem 8.61, there exists a function 𝜙 : A → A such that8.12 E[𝑉̄ (𝜙) − 𝑉̄ (Id)] ≥ 1/𝐶ℓ6.
We define a deviation 𝜙 : Π → X by setting8.13 𝜙(x) := Ea∼𝑝x 𝜓(𝜙(a)).

It suffices to show that E[𝑉 (𝜙) −𝑉 (Id)] is large. To do this, we will show that, in expectation
and up to small errors, 𝑉 (Id) ≤ 𝑉̄ (Id) and 𝑉 (𝜙) ≥ 𝑉̄ (𝜙).

For the first approximation, we have

𝑉 (Id) = 1
𝑇

∑︁
x∈Π

𝑇∑︁
𝑡=1

𝜇𝑡 (x)
〈
x, ũ𝑡

〉
≤ 1
𝑇

∑︁
x∈Π

∑︁
𝑡>𝑡x

𝜇𝑡 (x)
〈
x, ũ𝑡

〉
+ 𝛿

≤ 1
𝑇

∑︁
x∈Π

∑︁
𝑡>𝑡x

𝜇𝑡 (x)𝑝x(u𝑡) + 𝜖 + 𝛿

≤ 1
𝑇

∑︁
x∈Π

𝑇∑︁
𝑡=1

𝜇𝑡 (x)𝑝x(u𝑡) + 𝜖 + 2𝛿 = 𝑉̄ (Id) + 𝜖 + 2𝛿, (8.12)

where the first and third inequalities use Lemma 8.63, and the second inequality uses Lemma 8.64.
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For the second, conditional on the event in Lemma 8.62, we have

𝑉 (𝜙) = 1
𝑇

∑︁
x∈Π

𝑇∑︁
𝑡=1

𝜇𝑡 (x)
〈
𝜙(x), ũ𝑡

〉
≥ 1
𝑇

∑︁
x∈Π

∑︁
𝑡>𝑡x

𝜇𝑡 (x)
〈
𝜙(x), ũ𝑡

〉
− 𝛿

≥ 1
𝑇

∑︁
x∈Π

∑︁
𝑡>𝑡x

𝜇𝑡 (x) Pr
a∼𝑝x
[𝜙(a) = u𝑡] − 𝜖 − 𝛿

≥
∑︁
x∈Π

1
𝑇

𝑇∑︁
𝑡=1

𝜇𝑡 (x) Pr
a∼𝑝x
[𝜙(a) = u𝑡] − 𝜖 − 2𝛿 = 𝑉̄ (𝜙) − 𝜖 − 2𝛿,

where the first and third inequalities use Lemma 8.63. To establish the second inequality above,
we note that, 〈

𝜙(x), ũ𝑡
〉
= E

a∼𝑝x

〈
𝜓(𝜙(a)), ũ𝑡

〉
≥ Pr

a∼𝑝x
[𝜙(a) = u𝑡] − 𝜖

by Lemma 8.62, since 𝜙(a), ũ𝑡 ∈ A. Thus, accounting for the probability 𝛿 in which
Lemma 8.62 fails, we have

E[𝑉 (𝜙) − 𝑉̄ (𝜙)] = E[𝑉 (𝜙) − 𝑉̄ (𝜙) |𝐹]︸                  ︷︷                  ︸
≥−𝜖−2𝛿

· Pr[𝐹]︸︷︷︸
≤1

+E[𝑉 (𝜙) − 𝑉̄ (𝜙) |¬𝐹]︸                    ︷︷                    ︸
≥−1

· Pr[¬𝐹]︸  ︷︷  ︸
≤𝛿

≥ −𝜖 − 3𝛿

(8.13)

where 𝐹 is the event in Lemma 8.62. Combining (8.12) and (8.13),

E[𝑉 (𝜙) −𝑉 (Id)] ≥ E
[
𝑉̄ (𝜙) − 𝑉̄ (Id)

]
− 2𝜖 − 5𝛿 ≥ 1

𝐶ℓ6 − 2𝜖 − 5𝛿 ≥ 1
4𝐶ℓ6 = 𝜖

by setting the parameters

𝜖 =
1

4𝐶ℓ6 , and 𝑛 =
2 log 20𝐶𝑁2𝑑6

𝜖2 so that 5𝛿 = 5𝑁2𝑒−𝑛𝜖
2/2 ≤ 1

4𝐶ℓ6 .

The resulting tree-form decision problem hence has dimension 𝑑 = ℓ · 𝑛 = 𝑂 (log14 𝑁),
and since ℓ = Θ(𝜖−1/6) ≤ 𝑂 (log𝑇) we have that the swap regret is at least 𝜖 for all 𝑇 <

min
{
𝑁/4, exp(Ω(𝜖−1/6))

}
, where 𝑁 = exp(Ω(𝑑1/14)), as desired. □

Finally, we conclude by providing a lower bound that matches our upper bound (Theorem 8.38)
up to a constant factor in the exponent of 𝑘 . We first observe that that there is a simple way to
parameterize the above lower bound in terms of the dimension of the set of deviations:

8.12Technically 𝜙 is a random variable dependent on u1, . . . ,u𝑇 .
8.13Note that if a profitable deviation Π → X exists, then by linearity, so must a profitable deviation Π → Π.
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Corollary 8.65. Consider a learner operating on the simplex Δ(A). There is a 𝑘-
dimensional set of deviations Φ ⊆ Δ(A)Δ(A) such that for any 𝑇 <

√
𝑘/4, there is an

adversary that forces the Φ-regret of the learner to be Ω(log−6 𝑇).

Indeed, one can first identify an arbitrary subset A′ of A with cardinality
√
𝑘 , and then employ

the adversary of Theorem 8.14 with respect to A′ while rendering all other actions dominated by
assigning to them very small utility. That Φ is 𝑘-dimensional in this case follows because the set
of stochastic matrices mapping Δ(A′) to Δ(A′)—which contains all relevant swap deviations—is
(
√
𝑘)2-dimensional.

Combining Corollary 8.65 with Theorem 8.60, we have proven Theorem 8.5.

8.11 Discussion
In this section, we discuss several remarks about the framework and results that we have intro-
duced.

8.11.1 Strict Hierarchy of Equilibrium Concepts
Let Ψℓ be the set of degree-ℓ polynomial maps on strategy set Π = {0, 1}𝑑 . For every ℓ ≥ 0,
let Sℓ (Γ) be the set of Ψℓ-equilibria in Γ. It is clear from definitions that Sℓ (Γ) ⊆ Sℓ−1(Γ).
Further, even for normal-form games, it is known that coarse-correlated equilibria are not generally
equivalent to correlated equilibria, so at least one of these inclusions is strict in some games. We
now show that all of these inclusions are strict, so that the deviations Ψℓ form a strict hierarchy of
equilibria.8.14

Proposition 8.66. For every ℓ ≥ 1, there exists a game Γ such that Sℓ (Γ) ⊊ Sℓ−1(Γ).

Proof. Consider the two-player game Γ defined as follows.

• P1’s strategy space is X = [−1, 1]ℓ. Player 2’s strategy space is simply Y = [−1, 1].
• P1’s utility function is 𝑢1(x, 𝑦) = 𝑥1𝑦. That is, P1 would like to set 𝑥1 = 𝑦. P2 gets no

utility.

Consider the correlated profile 𝜇 defined as follows: 𝜇 is uniform over the 2ℓ pure profiles
(x, 𝑦) ∈ X × Y such that 𝑦 = 𝑥1𝑥2 . . . 𝑥ℓ. P1’s expected utility is clearly 0, and there is a swap
(i.e., Ψℓ) deviation that yields a profit of 1, namely x ↦→ (𝑥1𝑥2 . . . 𝑥ℓ, . . . ). (it does not matter
what the swap deviation plays at coordinates other than the first one.) But, since all the 𝑥𝑖s are
independent, no function of degree less than ℓ can have positive correlation with 𝑥1𝑥2 . . . 𝑥ℓ,

8.14The below result constructs a game that depends on ℓ. It is not the case that there exists a single game for which
the inclusion hierarchy is strict: for example, when Π = {0, 1}𝑑 , for ℓ ≥ 𝑑, the set Ψℓ will already contain all the
swap deviations, so Sℓ (Γ) = S𝑑 (Γ) for every ℓ ≥ 𝑑.
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and thus, there are no profitable deviations of degree less than ℓ. Thus, 𝜇 is a Ψℓ−1-equilibrium,
but not a Ψℓ-equilibrium. □

8.11.2 Characterization of Recent Low-Swap-Regret Algorithms in Our
Framework

We have, throughout this chapter, introduced and used a framework of Φ-regret that involves
fixed points in expectation. Proposition 8.59 shows that the ability to compute fixed points in
expectation is in some sense necessary for the ability to minimize Φ-regret. It is instructive to
briefly discuss how the recent swap-regret-minimizing algorithm of Dagan et al. [71] and Peng
and Rubinstein [242] fits into this framework. Their algorithm makes no explicit reference to
fixed-point computation, nor to the minimization of external regret over swap deviations 𝜙—
they do not explicitly invoke the framework we use in this chapter, nor that of Gordon et al.
[132]. Where is the expected fixed point hidden, then? While we will not present their entire
construction here, it suffices to state the following property of it. At every round 𝑡, the learner
outputs a distribution 𝜇(𝑡) ∈ Δ(X) that is uniform on 𝐿 strategies x(𝑡,1) , . . . ,x(𝑡,𝐿) . The way to
map this into our framework is to consider 𝜇(𝑡) an approximate fixed point in expectation of the
“function”8.15 𝜙(𝑡) that maps x(𝑡,ℓ) ↦→ x(𝑡,ℓ+1) for each ℓ = 1, . . . , 𝐿 − 1. With this choice of 𝜙(𝑡) ,
their algorithm indeed fits into our framework.

8.11.3 Representation of Strategies
In this section, we discuss how mixed strategy profiles 𝜇 ∈ Δ(X1 × · · · × X𝑛) are represented for
the purposes of all of the results in this chapter. In both cases, at each timestep, each player’s
strategy 𝜇(𝑡)

𝑖
is a mixture of at most 𝐿 = poly(𝑑, log(1/𝜖)) strategies x(𝑡,1)

𝑖
, . . . ,x(𝑡,𝐿)

𝑖
. That is,

𝜇 =

𝑇∑︁
𝑡=1

𝜆(𝑡)
𝑛?
𝑖=1

(
𝐿∑︁
ℓ=1

𝜆
(𝑡,ℓ)
𝑖

𝛿(x(𝑡,ℓ)
𝑖
)
)
,

where 𝜆(𝑡) and 𝜆(𝑡,ℓ)
𝑖

are weights satisfying
∑𝑇
𝑡=1 𝜆

(𝑡) = 1, and
∑𝐿
ℓ=1 𝜆

(𝑡,ℓ)
𝑖

= 1 for every 𝑡 and every
𝑖.

If we impose a slightly more stringent restriction on the output format, namely, we want 𝜇 to
be a uniform mixture of products of mixtures of pure strategies, we can use the Carathéodory
construction from Section 8.4.1 to force the x(𝑡,ℓ)

𝑖
s to be pure strategies without loss of generality.

Now, writing 𝛽(x(𝑡,ℓ)
𝑖
) = ∑

𝑗∈[𝑁] 𝜆
(𝑡,ℓ, 𝑗)
𝑖

𝛿(x(𝑡,ℓ, 𝑗)
𝑖
) for x(𝑡,ℓ, 𝑗)

𝑖
∈ Π𝑖, where 𝑁 = 𝑑 + 1 for the

Carathéodory map, we set

𝜇 =

𝑇∑︁
𝑡=1

𝜆(𝑡)
𝑛?
𝑖=1

©­«
𝐿∑︁
ℓ=1

𝜆
(𝑡,ℓ)
𝑖

𝑁∑︁
𝑗=1
𝜆
(𝑡,ℓ, 𝑗)
𝑖

𝛿(x(𝑡,ℓ, 𝑗)
𝑖
)ª®¬.

8.15“Function” is in quotes because the stated 𝜙 may not be a function at all; for example, the sequence
x(𝑡 ,1) , . . . ,x(𝑡 ,𝐿) may contain repeats yet be aperiodic.
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Note that we cannot convert these to mixtures of products of pure straegies (i.e., 𝜇 =
∑
𝑡 𝜆
(𝑡)𝛿(z (𝑡))

with z (𝑡) ∈ Π1 × · · · × Π𝑛) without incurring an exponential blowup.

8.12 Conclusions and Open Problems
In summary, we established efficient algorithms for minimizing Φ-regret and computing Φ-
equilibria with respect to any set of deviations with a polynomial dimension. For the online
learning setting, our upper bounds are tight up to constant factors in the exponents, crystallizing
for the first time a family of deviations that characterizes the learnability of Φ-regret.

There are many important avenues for future research. First, we did not attempt to optimize the
(polynomial) dependence of the running time (in Theorems 8.34 and 8.38) on 𝑘 and 𝑑; improving
the overall complexity of our algorithms is an interesting direction. Moreover, developing more
practical algorithms—that refrain from using ellipsoid—would also be a valuable contribution.
In particular, are there polynomial-time algorithms for computing Φ-equilibria without resorting
to the EAH framework? But the most pressing open question is to understand the complexity of
computing (normal-form) correlated equilibria in the centralized model.
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Chapter 9

Game Theory and Variational Inequalities

9.1 Introduction
In this chapter, we will generalize several of the ideas we have explored so far even further—
beyond games—to optimization problems, specifically variational inequalities (VIs). VIs are
a mainstay framework at the heart of optimization that unifies a host of foundational problems
in diverse areas ranging from engineering to economics [22, 93, 174]. The basic problem
underpinning VIs—when restricted to Euclidean spaces—can be formulated as follows.

Definition 9.1 (SVIs). LetX be a convex and compact subset of R𝑑 and a (single-valued) mapping
𝐹 : X → R𝑑 . The 𝜖-approximate Stampacchia variational inequality (SVI) problem9.1 asks for a
point x ∈ X such that

⟨𝐹 (x),x′ − x⟩ ≥ −𝜖 ∀x′ ∈ X. (9.1)

Assuming 𝐹 is continuous, an exact SVI solution (that is, with 𝜖 = 0) always exists [93]—by
Brouwer’s fixed-point theorem applied on the function x ↦→ ΠX (x − 𝜂𝐹 (x)), where ΠX is the
(Euclidean) projection mapping. For computational purposes, we have introduced a slackness
𝜖 > 0 in the right-hand side of (9.1); without this relaxation, the only SVI solution can be irrational.
It is assumed that 𝜖 is given (in binary) as part of the input, and the goal is to design algorithms
with complexity growing polynomially in log(1/𝜖) and the dimension 𝑑.

A canonical example of Definition 9.1 is the problem of computing fixed points of gradient
descent—that is, first-order optima—in constrained optimization. In particular, for a differentiable
function 𝑓 , the 𝜖-SVI problem corresponding to 𝐹 := ∇ 𝑓 can be expressed as ⟨∇ 𝑓 (x),x′ − x⟩ ≥
−𝜖 for all x′ ∈ X, which captures precisely the first-order optimality conditions [32]. Another
standard example of Definition 9.1 is the problem of computing (approximate) Nash equilibria
in multi-player games [230]: the problem of computing a Nash equilibrium in a multilinear
game can be expressed as a VI by setting X = X1 × · · · × X𝑛 to be the joint strategy set, and
𝐹 (x) = (−∇x1𝑢1(x), . . . ,−∇x𝑛

𝑢𝑛 (x)).
9.1It is common to refer to SVIs as simply VIs, but we adopt the former nomenclature here to disambiguate with

the Minty VI problem, introduced in Definition 9.2.
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Unfortunately, by virtue of encompassing (approximate) Nash equilibria, solving general SVIs
is computationally intractable—namely, PPAD-hard [236]—even when 𝐹 is linear and 𝜖 is an
absolute constant [259]; recent work by Bernasconi et al. [26], Kapron and Samieefar [170]
characterizes the exact complexity of SVIs, as well as generalizations thereof. In fact, even in
the special case discussed above wherein 𝐹 := ∇ 𝑓 , computing 𝜖-SVI solutions is also hard—
under certain well-believed complexity assumptions—when 𝜖 is exponentially small in the
dimension [108].

In light of the intractability of solving general SVIs, most research has restricted its attention to
more structured classes of problems. Following a long and burgeoning line of work that goes back
to the 1960s, we operate under the Minty condition (introduced below as Assumption 9.3); it is
based on a variant of SVIs (Definition 9.1) tracing back to Minty [217], known as the Minty VI
problem.

Definition 9.2 (MVIs). Let X be a convex and compact subset of R𝑑 and a mapping 𝐹 : X → R𝑑 .
The Minty variational inequality (MVI) problem asks for a point x ∈ X such that

⟨𝐹 (x′),x′ − x⟩ ≥ 0 ∀x′ ∈ X. (9.2)

Unlike SVIs, an MVI solution may not exist even when 𝐹 is continuous—indeed, the Minty
condition is precisely the requirement that an MVI solution exists:

Assumption 9.3 (Minty condition). A variational inequality problem VI(X, 𝐹) satisfies the
Minty condition if there exists x ∈ X that satisfies (9.2).

Assuming continuity, Definition 9.2 refines Definition 9.1 in the following sense.

Lemma 9.4 (Minty’s lemma). If 𝐹 is continuous and X is convex and compact, then any MVI
solution is also an SVI solution.

On the other hand, an SVI solution need not be an MVI solution—otherwise Assumption 9.3
would always hold under a continuous mapping. One well-known special case in which the
set of MVI solutions does coincide with the set of SVI solutions is when 𝐹 is monotone; that
is, when ⟨𝐹 (x) − 𝐹 (x′),x − x′⟩ ≥ 0 for all x,x′ ∈ X. This holds more generally when 𝐹
is pseudomonotone, which means that ⟨𝐹 (x′),x − x′⟩ ≥ 0 =⇒ ⟨𝐹 (x),x − x′⟩ ≥ 0 for all
x,x′ ∈ X. Importantly, the Minty condition is more permissive than monotonicity, encompassing
a broader class of problems; indeed, it captures a host of nonconvex optimization problems
(cf. Section 9.3).

By now, it is well-known that under the Minty condition, there are algorithms with complexity
scaling polynomially in 1/𝜖 (and all other natural parameters of the problem) for computing an
𝜖-SVI solution. This goes back to the early, pioneering work of Sibony [270], Martinet [210],
and Korpelevich [180]; in particular, the latter showed that the extra-gradient method converges
in all monotone VIs—this stands in stark contrast to the usual gradient descent algorithm, which
can cycle even in two-player zero-sum games [215], which are monotone. Motivated by many
applications in machine learning and reinforcement learning, there has been renewed interest in
the Minty condition recently (e.g., [42, 48, 78, 195, 197, 213, 214, 241, 274, 298]). However,
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Result Reference

Upper bounds

• 𝜖-SVIs under the Minty condition Theorem 9.5
• 𝜖-MVIs under a monotone 𝐹 Corollary 9.6
• 𝜖-SVIs or Ω𝜖 (𝜖2)-strict EVIs Theorem 9.8
• 𝜖-global optimization under quasar-convexity† Theorem 9.10
• 𝜖-Nash equilibria in harmonic games Corollary 9.11
• 𝜖-Nash or Ω𝜖 (𝜖4)-strict CCEs in two-player concave
games

Theorem 9.12

Lower bounds
• Deciding MVI feasibility (i.e., Minty condition) Theorem 9.13
• Solving MVIs under the Minty condition Proposition 9.15

Table 9.1: Summary of main results. All algorithms (upper bounds) have runtimes
that depend polynomially on both 𝑑 and log(1/𝜖), and, to our knowledge, are the
first algorithms for their respective settings with this dependence. †: Unlike our
other positive results, our result for quasar-convex optimization holds even when
𝐹 = ∇ 𝑓 is not Lipschitz continuous.

those existing results become vacuous when 𝜖 is exponentially small in terms of the dimension 𝑑.
On the other end of the spectrum, all existing algorithms with poly(𝑑, log(1/𝜖)) complexity make
restrictive assumptions that are significantly stronger than the Minty condition, akin to strong
monotonicity or some type of an “error bound” (for example, we refer to [203, 205, 274, 298],
discussed further in Section 8.1.3).

9.1.1 Our results
We establish the first polynomial-time algorithm for solving 𝜖-SVIs under the Minty condition.
In what follows, we assume that the constraint set X is accessed through a (weak) separation
oracle (Definition 9.18) and B1(0) ⊆ X ⊆ B𝑅 (0) for some 𝑅 ≤ poly(𝑑); the latter can be met
be bringing X into isotropic position, a transformation that does not affect our main result (as
formalized in the appendix of the full paper [13]). With regard to the mapping 𝐹, we assume that
it can be evaluated in polynomial time, it is 𝐿-Lipschitz continuous, and ∥𝐹 (x)∥ is bounded by
𝐵 > 0 (Assumption 9.20). We are now ready to state our main result.

Theorem 9.5 (Precise version in Theorem 9.46). Under the Minty condition (Assump-
tion 9.3), there is an algorithm that runs in poly(𝑑, log(𝐵/𝜖), log 𝐿) time and returns an
𝜖-SVI solution.

Compared to all previous results cited earlier under the Minty condition, this result improves
exponentially the dependence on 1/𝜖 and 𝐿. We clarify that, although the underlying algorithm
posits the Minty condition, its execution does not hinge on knowing an MVI solution. Indeed, a
peculiar feature of Theorem 9.5 is that while its main precondition concerns MVIs, the output
itself is an approximate SVI solution; the reason for this discrepancy will become clear shortly.
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Furthermore, Theorem 9.5 implies the first, to our knowledge, polynomial-time algorithm for
solving monotone VIs—perhaps the most well-studied structural assumption in the literature.

Corollary 9.6. There is an algorithm that runs in poly(𝑑, log(𝐵/𝜖), log 𝐿) time and returns
an 𝜖-MVI solution when 𝐹 is monotone.

Indeed, as we saw earlier, monotonicity implies that the set of MVI solutions coincides with the
set of SVI solutions, so Corollary 9.6 directly follows from Theorem 9.5. Before we present
some more results that build on Theorem 9.5 (gathered in Table 9.1), we dive into our technical
approach.

9.1.1.1 Technical Approach: Proof of Theorem 9.5

The proof of Theorem 9.5 relies on the usual (central-cut) ellipsoid algorithm, but with certain
unusual twists.

Challenge 1: lack of convexity. The first immediate conundrum lies in the fact that the set of
SVI solutions is generally not convex even when the Minty condition holds. By contrast, the set
of MVI solutions is convex, thereby being a better candidate on which to execute ellipsoid. But
this approach also runs into an apparent difficulty: while a point x ∈ X can be confirmed to be an
𝜖-SVI solution by invoking a (linear) optimization oracle, this is not so for MVIs. Indeed, as we
show later (Section 9.1.1.4), ascertaining MVI membership is coNP-complete.

In summary, the set of SVI solutions admits an efficient membership oracle, while the set of MVI
solutions is convex. A natural approach now presents itself: execute the ellipsoid with respect to
the set of MVIs, but only verify SVI membership. To do so, the first key idea is this: if a point
x ∈ X is not an 𝜖-SVI solution, then 𝐹 (x) yields a hyperplane separating x from the set of MVIs.
As a result, this allows us to run the ellipsoid algorithm with respect to the convex set of MVI
solutions, with the peculiarity that we only test for SVI membership during the execution of the
algorithm. So long as the algorithm fails to identify an approximate SVI solution, the volume of
the ellipsoid shrinks geometrically.

Challenge 2: lack of full dimensionality. This now brings us to the next key challenge: the set
of MVI solutions is generally not fully dimensional. It is therefore unclear whether the volume
of the ellipsoid can be used as a yardstick to measure the progress of the algorithm. There is a
standard approach for addressing this issue, at least for rational polyderal sets (for example, [138,
Chapter 6]): restrict the execution of the ellipsoid to suitable subspaces whenever one of the
ellipsoid’s axis gets too small. However, this standard approach falls short in our problem;
we provide a concrete numerical example in Section 9.7.3 illustrating that the usual ellipsoid
algorithm fails to identify 𝜖-SVI solutions.

To address this problem, we introduce a new algorithmic idea. Namely, we show that we can
produce, in polynomial time, what we refer to as a strict separating hyperplane; this key ingredient
underpinning Theorem 9.5 is summarized below (the precise version is Lemma 9.44). (Technically,
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Figure 9.2: One step of our ellipsoid algorithm—when the current ellipsoid
center a(𝑡) is not already an 𝜖-SVI solution. While 𝐹 (a(𝑡)) separates a(𝑡) from
the set of MVI solutions (in this case a single point), 𝐹 (ã(𝑡)) yields a 𝛾-strict
separating hyperplane, which turns out to be crucial; see Section 9.7.3.

we need to allow a to be approximately in X since we are dealing with general convex sets, but
we do not dwell on this issue in the introduction.)

Lemma 9.7 (SVI membership or MVI strict separation). Given a point a ∈ X ∩Q𝑑 and 𝜖 ∈ Q>0,
there is a polynomial-time algorithm that either

1. ascertains that a is an 𝜖-SVI solution or

2. returns c ∈ Q𝑑 , with ∥c∥∞ = 1, such that ⟨c,x⟩ ≤ ⟨c,a⟩ − 𝛾 for any point x ∈ X that
satisfies the Minty VI (9.2), where 𝛾 = 𝜖2 · poly(𝑅−1, 𝐿−1, 𝐵−1).

To obtain a hyperplane that strictly separates a ∈ X from the set of MVI solutions (in the sense
of Item 2), assuming that a is not an 𝜖-SVI solution, we perform a gradient descent step starting
from a. Since a is not an 𝜖-SVI solution, it can be shown that the resulting point, say ã ∈ X,
is such that 𝐹 (ã) strictly separates a from the set of MVIs (Lemma 9.44); this is illustrated
in Figure 9.2.

Interestingly, this simple algorithmic maneuver is, at least conceptually, similar to the extra-
gradient method [180] (and variants thereof), which is known to converge—albeit at an inferior
rate that grows polynomially in 1/𝜖—under the Minty condition. Accordingly, we call the
overall algorithm ExtraGradientEllipsoid; it is an incarnation of the central-cut ellipsoid endowed
with additional gradient descent steps. We stress again that this step cannot be avoided: the
usual ellipsoid algorithm without the extra-gradient step fails (Section 9.7.3) due to its inability
to generate strict separating hyperplanes. This phenomenon mirrors the behavior of first-order
methods, whereby regular gradient descent fails to converge to an SVI solution—even in monotone
problems—whereas the extra-gradient method succeeds [180]. As such, we find that there is an

278



intriguing analogy between the behavior we uncover for ellipsoid-based algorithms and what has
been known for decades pertaining to gradient-based algorithms.

To finish the proof of Theorem 9.5, we observe that Lemma 9.7—and in particular the sequence
of strict separating hyperplanes produced during the execution of the ellipsoid—implies that the
volume of the ellipsoid cannot shrink too much (Lemma 9.45). Indeed, since the ellipsoid always
contains the set of MVI solutions, and the separating hyperplanes are strict, every MVI solution is
in some sense far from the boundary of the ellipsoid, which in turn implies that the ellipsoid must
have nontrivial volume. In other words, the algorithm will necessarily terminate with an 𝜖-SVI
solution, as promised—so long as an MVI solution exists.

If no MVI solution exists, the above algorithm might fail, that is, the volume may end up shrinking
too much. But in this case, as we shall see, a small adaptation to ExtraGradientEllipsoid can
produce a polynomial certificate of MVI infeasibility (cf. Theorem 9.8).

9.1.1.2 A certificate of MVI infeasibility

We now treat the general setting in which the Minty condition can be altogether violated. Our
next result shows how to employ ExtraGradientEllipsoid so as to produce a certificate of MVI
infeasibility. But how does such a “certificate” look like?

To answer this, we rely on a novel notion of expected VIs (EVIs) (Definition 9.29). This is a
relaxation of Definition 9.1 that only imposes the SVI constraint in expectation for points draw
from a distribution. For readers familiar with equilibrium concepts in game theory, it is instructive
to have in mind that EVIs are to SVIs what (average) coarse correlated equilibria (ACCEs)
(Definition 9.31) are to Nash equilibria. The key point is that there is a strong duality between
MVIs and EVIs (Proposition 9.30); namely, the Minty condition holds if and only if no EVI
solution with negative gap exists—we refer to the latter object as a strict EVI solution. In other
words, the mere existence of a strict EVI exposes MVI infeasibility. This brings us to the following
key refinement of Theorem 9.5.

Theorem 9.8 (SVI or strict EVI; precise version in Theorem 9.55). There is an algorithm
that runs in poly(𝑑, log(𝐵/𝜖), log 𝐿) time and returns either

1. an 𝜖-SVI solution or

2. an Ω𝜖 (𝜖2)-strict EVI solution.

This clearly strengthens Theorem 9.5: under the Minty condition no strict EVIs exist, so Item 2
in Theorem 9.8 will never arise under Assumption 9.3. A key reference point here is a result
by Anagnostides et al. [12], who provided an algorithm with a similar output guarantee, but with
complexity scaling polynomially—rather than logarithmically—in 1/𝜖 ; as such, Theorem 9.8
yields again an exponential improvement over existing results.

The proof of Theorem 9.8 is based on an application of duality between MVIs and EVIs. In
particular, the minimax theorem implies that, once the volume of the ellipsoid becomes sufficiently
small, there is a distribution supported on ã(1) , . . . , ã(𝑇) that is a 𝛾/2-strict EVI, where 𝛾 is the
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strictness parameter per Lemma 9.7 and ã(𝑡) is obtained after a gradient descent step starting from
the center of the ellispoid at the 𝑡th iteration (Figure 9.2); coupled with Lemma 9.7, this explains
the Ω𝜖 (𝛾) = Ω𝜖 (𝜖2) strictness in Item 2. We are thus left with the simple problem of optimizing
the mixing weights of a distribution with a polynomial support. This algorithmic maneuver closely
resembles the celebrated “ellipsoid against hope” algorithm of Papadimitriou and Roughgarden
[237] (cf. [81, 96, 159]), which is also based on running ellipsoid on an infeasible program.

A strict EVI, besides certifying MVI infeasibility, is an interesting object in its own right. It
is, by definition, a solution concept with negative gap, thereby being particularly stable—any
possible deviation is not just suboptimal, but significantly so. Indeed, its incarnation in the
context of games has been already used to address the equilibrium selection problem, as we
explain more in Section 8.1.3. Furthermore, in certain applications, the EVI gap translates to a
performance guarantee in terms of some underlying objective function; the smoothness framework
of Roughgarden [256]—and its extension for general VI problems given in Definition 9.26—is
a prime example of this in the context of multi-player games. It turns out that an EVI with a
negative gap yields a strict improvement over the bound predicted by the smoothness framework.

But there is something more that is especially notable about Theorem 9.8: each of the compu-
tational problems in Items 1 and 2 is computationally hard on its own, yet Theorem 9.8 shows
that their disjunction is easy! In particular, computing 𝜖-SVI solutions is a well-known PPAD-
complete problem. With regard to strict EVIs, we provide a characterization of its complexity
in this chapter, establishing NP-completeness (Theorem 9.13).9.2 To put this into context, we
highlight that there has been interest in characterizing the complexity of the union of two problems,
especially in the realm of TFNP. A notable contribution here is the work of Daskalakis and
Papadimitriou [76] that examined the complexity of problems in PPAD ∩ PLS, where PLS stands
for “polynomial local search” [164]. They observed that if a problem A is PPAD-complete and B
is PLS-complete, then the problem that must return either a solution to A or to B is PPAD ∩ PLS-
complete—that is, CLS-complete [108]; unlike Theorem 9.8, this observation by Daskalakis and
Papadimitriou [76] assumes that A and B are defined with respect to different instances. In this
context, Theorem 9.8 provides an example in which the disjunction of two hard problems—one
PPAD-complete and the other NP-complete—defined with respect to the same instance is easy.

9.1.1.3 Implications and Extensions

Moving forward, we discuss several important consequences and extensions of our main results
for optimization and game theory.

Quasar-convex optimization. The first implication concerns optimizing quasar-convex func-
tions; this is a relaxation of convexity that has attracted significant interest recently (for exam-
ple, [53, 72, 115, 133, 141, 147, 294]).

(We elaborate more on how this relates to other properties in Section 9.3.1.) Not only does
VI(X,∇ 𝑓 ) (under Definition 9.24) satisfy the Minty condition, but every approximate SVI solu-

9.2Strict EVIs are dual to MVI solutions; Theorem 9.13 shows that deciding MVI feasibility is coNP-complete, so
deciding strict EVI existence is NP-complete.
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tion is also an approximate global minimum of 𝑓 (Proposition 9.25); combined with Theorem 9.5,
we obtain the first polynomial-time algorithm for globally minimizing smooth quasar-convex
functions.

Corollary 9.9. There is a poly(𝑑, log(𝐵/𝜖), log(1/𝜆), log 𝐿)-time algorithm that outputs
a point x ∈ X such that 𝑓 (x) ≤ minx′∈X 𝑓 (x′) + 𝜖 for any 𝜆-quasar-convex function 𝑓 .

This result can be generalized (cf. Proposition 9.28) by considering a broader class of VI problems
(Definition 9.26), beyond quasar-convex functions. Interestingly, this class of problems encom-
passes (a special case of) smooth games, famously introduced by Roughgarden [256]; we explain
this in more detail in Section 9.3.1.

Furthermore, as we shall now see, Corollary 9.9 can be significantly strengthened by relaxing
the assumption that ∇ 𝑓 is continuous (Theorem 9.10). This follows a long line of research in
nonsmooth optimization (e.g., [82, 165, 285, 314]). In this context, we show that under quasar-
convexity—and, more generally, its extension based on Definition 9.26—it is possible to entirely
eliminate the (logarithmic) dependence on 𝐿.

Theorem 9.10 (Precise version in Theorem 9.54). There is a poly(𝑑, log(𝐵/𝜖), log(1/𝜆))-
time algorithm that outputs a point x ∈ X such that 𝑓 (x) ≤ minx′∈X 𝑓 (x′) + 𝜖 for any
𝜆-quasar-convex function 𝑓 .

(Since we are considering additive approximations, a dependence on 𝐵 is necessary since one can
always rescale 𝑓 .) The key idea here is that quasar-convexity yields a strict separating hyperplane
without requiring an extra-gradient step, which is where the Lipschitz continuity of 𝐹 came into
play in Lemma 9.7. Theorem 9.10 should be compared with the result of Lee and Valiant [193]
pertaining to optimizing star-convex functions—the special case of Definition 9.24 where 𝜆 = 1.

Weak Minty condition. We also strengthen Theorem 9.5 along another axis. Perhaps the
most immediate question is how far can one relax the assumption that VI(X, 𝐹) satisfies the
Minty condition—while accepting the fact that, in light of the intractability of general VIs,
imposing some assumptions is inevitable. Naturally, this question has received ample attention
in contemporary research (cf. Section 9.4.3). One permissive condition that has emerged from
that line of work is the weak Minty property put forward by Diakonikolas et al. [87] in the
unconstrained setting. In Definition 9.49, we introduce a natural version of that notion for the
constrained setting. And we show, in Theorem 9.52, that Theorem 9.5 can be applied in a certain
regime of the weak Minty condition.

Harmonic games. We next discuss two implications and extensions of our main results for game
theory. The first concerns harmonic games (Definition 9.36), a class of multi-player games at the
heart of the seminal decomposition of Candogan et al. [52], covered in more detail in Section 9.3.3.
Leveraging Theorem 9.5, we obtain the first polynomial-time algorithm for computing 𝜖-Nash
equilibria (per Definition 9.32, captured by 𝜖-SVIs) in multi-player harmonic games under the
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polynomial expectation property [237]; this latter condition postulates that one can efficiently
compute utility gradients (equivalently, the underlying mapping 𝐹 can be evaluated efficiently),
which holds in most succinct classes of games.

Corollary 9.11. There is a polynomial-time algorithm for computing 𝜖-Nash equilibria in
(succinct) multi-player harmonic games under the polynomial expectation property.

This algorithm is based on the observation that harmonic games satisfy a weighted version of
the Minty condition. In particular, after applying a suitable transformation, we show that the
induced VI problem satisfies the usual Minty condition under a Lipschitz continuous mapping
(Proposition 9.38), at which point Corollary 9.11 follows from Theorem 9.5. Crucial to this
argument is the fact that the weights in harmonic games cannot be too close to 0 (Lemma 9.37),
for otherwise the Lipschitz continuity parameter would blow up; this issue is the crux in our
refinement for two-player games, which is the subject of the next paragraph.

Nash or strict coarse correlated equilibria in two-player games. Our next application con-
cerns equilibrium computation in two-player concave games. As we alluded to, EVIs are closely
related to the notion of a coarse correlated equilibrium (CCE) from game theory. More precisely,
when the underlying VI problem corresponds to a multi-player game, the EVI gap equates to
the sum of the players’ deviation benefits under a correlated distribution; this does not quite
capture the usual notion of a CCE in which one bounds the maximum of the deviation benefits
(Section 9.3.2). In light of this, we also provide the following refinement of Theorem 9.8 in
two-player concave games.

Theorem 9.12 (Precise version in Theorem 9.57). In a two-player concave game, there is
an algorithm that runs in time poly(𝑑, log(𝐵/𝜖), log 𝐿) and returns either

1. an 𝜖-Nash equilibrium or

2. an Ω𝜖 (𝜖4)-strict CCE.

Unlike Theorem 9.8, which can be applied to multi-player games to find Nash or strict ACCEs,
Theorem 9.57 cannot be extended to games with more than two players—one can always include a
third player who always obtains zero utility. Theorem 9.12 provides an exponential improvement
over a known result by Anagnostides et al. [11], who gave a poly(𝑑, 𝐵, 𝐿, 1/𝜖)-time algorithm for
the same problem via optimistic mirror descent.

As in harmonic games, the proof of Theorem 9.12 is based on analyzing a weighted version of the
Minty condition—this allows transitioning from the sum to the maximum deviation benefit. But,
unlike harmonic games, here we need to handle the case where one of the weights is arbitrarily
close to 0, in which case the Lipschitz continuity parameter blows up, which in turn neutralizes
the strict separation oracle of Lemma 9.7. We address this by providing a tailored separation
oracle for two-player games when one of the weights gets too close to 0 (Lemma 9.59).

282



Expected VIs. In Section 9.6, we take a deeper look at the expected VI (EVI) problem in its
own right. In particular, we will define an entire class of Φ-EVI problems that generalize the
notion to Φ-equilibria in games to variational inequalities. We show that, at least when Φ contains
only linear functions, Φ-EVIs are both efficiently computable and efficiently learnable, but—in a
departure from the learnability of Φ-equilibria from Chapter 8—not efficiently computable when
Φ contains nonlinear functions, even if they have constant degree. Finally, we use our notion of
Φ-EVI to define a new notion of correlated equilibrium in games that we call the anonymous
(linear) correlated equilibrium (ALCE). ALCEs are efficiently computable and learnable, but,
surprisingly, lie somewhat outside the usual hierarchy of Φ-equilibria. We conclude by comparing
our notion to the more usual notions of correlation that we have already introduced.

9.1.1.4 Lower Bounds

As promised, we complement Theorem 9.8 by proving that determining whether the Minty
condition holds is coNP-complete.

Theorem 9.13 (Precise version in Proposition 9.86 and Theorems 9.87 and 9.89). Determin-
ing whether a VI problem satisfies the Minty condition (Assumption 9.3) is coNP-complete.
Hardness holds even for two-player concave games or multi-player (succinct) normal-form
games and even when a constant approximation error 𝜖 is allowed.

Inclusion in coNP follows because a strict EVI solution is itself an efficiently verifiable witness of
MVI infeasibility. On the other hand, for explicitly represented (normal-form) games, the duality
between EVIs and MVIs (Proposition 9.30) enables us to show the following positive result.

Proposition 9.14. There is a polynomial-time algorithm that determines whether an
explicitly represented (normal-form) game satisfies the Minty condition.

In particular, for such problems, it is well-known that one can efficiently optimize over the
polytope of EVI solutions, so one can in particular minimize the equilibrium gap.

One final natural question that arises from Theorem 9.5 concerns the complexity of computing
Minty VI solutions (per Definition 9.2), when promised that such a solution exists; by Lemma 9.4,
this would be stronger than computing SVI solutions. With a straightforward construction, we
observe that this is information-theoretically impossible.

Proposition 9.15 (Precise version in Propositions 9.92 and 9.94). Computing an 𝜖-MVI
solution requires Ω(1/𝜖) oracle evaluations to 𝐹 even when an MVI solution is guaranteed
to exist and 𝑑 = 1. When 𝑑 is large, it requires Ω(2𝑑) oracle evaluations even when 𝜖 is an
absolute constant.

In particular, this lower bound implies that the dependence on 𝜆 in Theorem 9.10 and Corollary 9.9
cannot be removed (Proposition 9.92).
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9.2 Preliminaries
Before moving on, we lay out some basic notation and background on optimization, and then
proceed to formally state our blanket assumptions.

Notation. We denote by size(𝑟) the encoding length of a rational number 𝑟 ∈ Q in binary. For a
matrix A ∈ R𝑑×𝑑′ , ∥A∥ denotes its spectral norm.

We distinguish between a VI problem, denoted by VI(X, 𝐹)—which is given by a mapping
𝐹 : X → R𝑑 that can be evaluated in polynomial time (Assumption 9.20) and a constraint set
that is implicitly accessed through a (weak) separation oracle (Definition 9.18)—and a solution
thereof, be it an SVI (Definition 9.1) or an MVI (Definition 9.2).

Let X be a convex and compact set in R𝑑 . We define

X−𝜖 := {x ∈ X : B𝜖 (x) ⊆ X}, (9.3)

where we recall that B𝜖 (x) is the (closed) Euclidean ball centered at x ∈ R𝑑 with radius 𝜖 > 0.
(9.3) describes all points that are “𝜖-deep” inside X. Similarly, we define

X+𝜖 := {x′ ∈ R𝑑 : ∥x′ − x∥ ≤ 𝜖 for some x ∈ X} =
⋃
x∈X
B𝜖 (x), (9.4)

the set of all points that are “𝜖-close” to X. Throughout this chapter, we work with a general
convex set X, which might even be supported solely on irrational points; it will thus be necessary
to consider (9.3) and (9.4)—in place of X—in the definitions that follow to ensure the existence
of points with rational coordinates.

We say that X is in isotropic position if for a uniformly sampled x ∼ X, we have E[x] = 0
and E[xx⊤] = I𝑑×𝑑 . There is a polynomial-time algorithm that brings any constraint set X
into isotropic position (for example, [202]). This transformation does not affect our main result
(Theorem 9.46) or implications thereof, so we assume it without loss of generality. If X is in
isotropic position, we can assume that B1(0) ⊆ X ⊆ B𝑅 (0) for some 𝑅 ≤ poly(𝑑); in fact, all
our positive results apply even when 𝑅 ≤ exp(poly(𝑑)).

Remark 9.16. We assume throughout that X is well-bounded, in that B𝑟 (a) ⊆ X ⊆ B𝑅 (0),
which in particular implies that X is fully dimensional. Under this assumption, it is known (for
example, see Grötschel et al. [138, Lemma 3.2.35]) that if ⟨c,x⟩ ≤ 𝛾 holds for all x ∈ X−𝛿, it
follows that

⟨c,x⟩ ≤ 𝛾 + 2𝑅
𝑟
∥c∥𝛿 ∀x ∈ X. (9.5)

As a result, we can safely consider deviations in X, not merely in X−𝛿, by suitably rescaling the
precision parameters—by virtue of (9.5).

Continuing with some basic geometric definitions, we say that a set E ⊆ R𝑑 is an ellipsoid if there
exists a vector a ∈ R𝑑 and a positive definite matrix A ∈ R𝑑×𝑑 such that

E = E(A,a) := {x ∈ R𝑑 : ⟨x − a,A−1(x − a)⟩ ≤ 1};
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above, we use the inverse of A so as to be consistent with Grötschel et al. [138]. vol(E) is the
volume of the ellipsoid E.

We are now ready to introduce some basic oracles, which are known to be (polynomial-time)
equivalent when X is well-bounded; in light of Remark 9.16, we can handle deviations x′ ∈ X
instead of x′ ∈ X−𝜖 .9.3 The first one simply ascertains (approximate) membership.

Definition 9.17 (Weak membership; [138]). Given a point x ∈ Q𝑑 and a rational number 𝜖 ∈ Q>0,
decide whether x ∈ X+𝜖 .

A separation oracle takes a step further: if the point is not (approximately) in the set, it proceeds
by producing a separating hyperplane, as defined next.

Definition 9.18 (Weak separation; [138]). Given a point x ∈ R𝑑 and a rational number 𝜖 ∈ Q>0,
either

• assert that x ∈ X+𝜖 or

• find a vector c ∈ Q𝑑 with ∥c∥∞ = 1 such that ⟨c,x′⟩ < ⟨c,x⟩ + 𝜖 for every x′ ∈ X−𝜖 .

The final useful oracle (approximately) optimizes linear functions with respect to the constraint
set; it enables verifying whether a point is an approximate SVI solution.

Definition 9.19 (Weak optimization; [138]). Given a vector c ∈ Q𝑑 and a rational number
𝜖 ∈ Q>0, either

• assert that X−𝜖 is empty or

• find a vector x ∈ X+𝜖 ∩ Q𝑑 such that ⟨c,x⟩ ≤ ⟨c,x′⟩ + 𝜖 for all x′ ∈ X−𝜖 .

Our main assumption concerning X is that it is given implicitly through access to any of those
computationally equivalent oracles.

With regard to the mapping 𝐹 of the underlying variational inequality problem, we gather our
assumptions below; some of our results, such as Theorem 9.54, weaken these assumptions.

Assumption 9.20. For a fixed 𝜖0 ∈ Q>0, the mapping 𝐹 : X → R𝑑 satisfies the following:

1. for any rational x ∈ X ∩ Q𝑑 , 𝐹 (x) is a rational number that can be evaluated exactly in
poly(𝑑) time, with size(𝐹 (x)) ≤ poly(size(x));

2. for any x,x′ ∈ X, ∥𝐹 (x) − 𝐹 (x′)∥ ≤ 𝐿∥x − x′∥ for some 𝐿 ∈ Q>0; and

3. for any x ∈ X, ∥𝐹 (x)∥ ≤ 𝐵 for some 𝐵 ∈ Q>0.

Regarding Item 1, a weaker assumption, which suffices for our purposes, is that we have access to
an oracle that, for any x ∈ X∩Q𝑑 and rational 𝛿 ∈ Q>0, returns g ∈ Q𝑑 such that ∥𝐹 (x) −g∥ ≤ 𝛿.
When specialized to multi-player games, Item 1 is precisely the polynomial expectation property
of Papadimitriou and Roughgarden [237].

9.3For simplicity, we posit the strong versions of the oracles, that is, with 𝜖 = 0. We explain in the appendix of the
full paper [13] how to generalize this to weak oracles
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For simplicity, our algorithm takes as input 𝐿 and 𝐵, under the promise that 𝐹 satisfies Assump-
tion 9.20; this is not necessary: one can run the algorithm starting from 𝐿0, 𝐵0; if the output does
not satisfy the desired property, it suffices to repeat, setting 𝐿1 = 2𝐿0 and 𝐵1 = 2𝐵0, and so on.

We next state a simple, well-known result regarding optimizing convex functions with respect to a
constraint set that admits a separation oracle.

Theorem 9.21 ([138]). Let X ⊆ R𝑑 be in isotropic position, given by a (weak) separation
oracle, and 𝑓 : X → R a convex function that can be evaluated exactly in poly(𝑑)
time. There is a poly(𝑑, log(1/𝜖))-time algorithm that outputs x ∈ X+𝜖 such that 𝑓 (x) ≤
minx′∈X−𝜖 𝑓 (x′) + 𝜖 .

Remark 9.22. In addition, suppose that 𝑓 is differentiable and 𝜇-strongly convex: 𝑓 (x) ≥
𝑓 (x′) + ⟨∇ 𝑓 (x′),x − x′⟩ + 𝜇

2 ∥x − x
′∥2. If x′ is the global minimum of 𝑓 with respect to X−𝜖 ,

we have ∥ΠX−𝜖 (x) − x′∥ ≤ 2𝜖/𝜇 + 2( 𝑓 (ΠX−𝜖 (x)) − 𝑓 (x′))/𝜇; if 𝑓 is Lipschitz continuous, it
follows that x is also geometrically close to x′.

9.3 Consequences and Manifestations of the Minty Condition
The Minty condition (Assumption 9.3) is intimately related to several important and seemingly
disparate concepts in optimization and game theory. This section gathers a number of such
connections, most of which are new. In Section 9.3.1, we begin by exploring connections in
optimization, mostly revolving around quasar-convexity (Definition 9.24) and a more general
incarnation thereof in general VI problems (Definition 9.26). Section 9.3.2 establishes a duality
between MVIs and a relaxation of SVIs called expected VIs (Proposition 9.30), which are closely
related to the notion of coarse correlated equilibria from game theory. We then leverage this
duality to show that in explicitly represented multi-player games, ascertaining whether the Minty
condition holds can be phrased as a linear program of polynomial size; this is to be contrasted
with our coNP-hardness for succinct games (Theorem 9.89). Section 9.3.3 examines classes of
games that satisfy the Minty condition, which notably includes harmonic games—after applying
a suitable transformation (Proposition 9.38).

9.3.1 Optimization
We first turn our attention to optimizing a single function. Let 𝑓 : X → R be a differentiable
function to be minimized.9.4 As we discussed earlier, an 𝜖-SVI solution x ∈ X to the problem
arising when 𝐹 := ∇ 𝑓 (x) is an approximate stationary point of gradient descent applied on
𝑓 ; namely, ⟨∇ 𝑓 (x),x′ − x⟩ ≥ −𝜖 for all x′ ∈ X. In particular, if there exists 𝑟 > 0 such that
B𝑟 (x) ⊆ X—that is, x is in the interior of X—it follows that ∥∇ 𝑓 (x)∥ ≤ 𝜖/𝑟. Of course, when
𝑓 is nonconvex, 𝜖-SVIs are not generally approximate global minima—they can even be saddle
points. This is in stark contrast to MVI solutions, although their existence is not guaranteed in

9.4We always assume that 𝑓 is differentiable on an open superset X̂ ⊃ X.
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general; indeed, the following was observed, for example, by Huang and Zhang [152, Theorem
2.10].

Proposition 9.23 ([152]). Consider the optimization problem minx∈X 𝑓 (x), where 𝑓 is
differentiable and X is convex and compact. If x ∈ X is an MVI solution with respect to
𝐹 := ∇ 𝑓 , then x is a global minimum of 𝑓 .

On the other hand, a global minimum of 𝑓 is not necessarily an MVI solution—otherwise our
main result (Theorem 9.46) would imply CLS ⊆ P (cf. [108]); see Huang and Zhang [152, Remark
2.11] for a concrete example.

One special case in which SVI solutions do correspond to global minima is when 𝑓 is quasar-
convex, in the following sense.

Definition 9.24 (Quasar-convexity). Let 𝜆 ∈ (0, 1] and x be a minimizer of a differentiable
function 𝑓 : X → R. We say that 𝑓 is 𝜆-quasar-convex with respect to x if

𝑓 (x) ≥ 𝑓 (x′) + 1
𝜆
⟨∇ 𝑓 (x′),x − x′⟩ ∀x′ ∈ X. (9.6)

Quasar-convexity is a generalization of the usual notion of convexity: if (9.6) holds for any
x,x′ ∈ X and 𝜆 = 1, one recovers precisely convexity for differentiable functions. Further,
when (9.6) holds only with respect to x (as in Definition 9.24) but with 𝜆 = 1, we get the notion
of star-convexity [193, 232]. It follows immediately from the definition that quasar-convexity
is in fact a strengthening of the Minty condition, which further guarantees that all approximate
SVI solutions are approximately global minima in terms of value—this latter property does not
necessarily hold under solely the Minty condition.9.5

Proposition 9.25. Let 𝐹 := ∇ 𝑓 for a differentiable, 𝜆-quasar-convex function 𝑓 : X → R
with respect to a global minimum x ∈ X of 𝑓 . Then, x is a solution to the Minty VI problem.
Furthermore, any 𝜖-SVI solution satisfies 𝑓 (x′) ≤ 𝑓 (x) + 𝜖/𝜆.

Proof. The fact that x satisfies the Minty VI follows since

⟨∇ 𝑓 (x′),x′ − x⟩ ≥ 𝜆( 𝑓 (x′) − 𝑓 (x)) ≥ 0

for any x′ ∈ X, where we used the fact that 𝑓 (x) ≤ 𝑓 (x′) (x is a global minimum of 𝑓 ). Now,
let x′ be an 𝜖-SVI solution, which implies that ⟨∇ 𝑓 (x′),x − x′⟩ ≥ −𝜖 . Combining with (9.6),
we have

𝑓 (x′) ≤ 𝑓 (x) + 𝜖
𝜆
,

as promised. □

9.5Hinder et al. [147] established a lower bound of Ω(𝜆−1𝜖−1/2) in terms of the number of gradient evaluations
required to minimize a 𝜆-quasar convex function; this does not contradict Theorem 9.10 because their lower bound
only applies if the dimension is large enough as a function of 𝜖 ; in particular, their lower bound targets “dimension-free”
algorithms.
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Smooth VIs. The notion of quasar-convexity given in Definition 9.24 can be significantly
generalized to general VI problems. As we shall see, this captures a special case of the seminal
notion of smoothness, introduced by Roughgarden [256].9.6 (For convenience, we take the
perspective of maximization in the following definition.)

Definition 9.26 (Smoothness for VIs). Let 𝜆 > 0 and 𝜈 > −1. Consider further a function
𝑄 : X → R and a global maximum x ∈ X of 𝑄. A VI problem with respect to the mapping
𝐹 : X → R𝑑 is called (𝜆, 𝜈)-smooth with respect to 𝑄 and x if

⟨𝐹 (x′),x′ − x⟩ ≥ 𝜆𝑄(x) − (𝜈 + 1)𝑄(x′) ∀x′ ∈ X. (9.7)

In particular, (𝜆, 𝜆 − 1)-smoothness equates to 𝜆-quasar-convexity when we define 𝑄 := − 𝑓 and
𝐹 := ∇ 𝑓 . Furthermore, in the special case of multi-player games, Definition 9.26 is equivalent
to the seminal concept of smoothness introduced by Roughgarden [256]—in particular, Defini-
tion 9.26 is a direct extension of the more general concept of “local smoothness” per Roughgarden
and Schoppmann [257].

Definition 9.27 (Smoothness for games; [256]). Let 𝜆 > 0 and 𝜈 > −1, andx ∈ argmaxx′∈X SW(x′)
with respect to an 𝑛-player game Γ. Γ is called (𝜆, 𝜈)-smooth with respect to x if

𝑛∑︁
𝑖=1

𝑢𝑖 (x𝑖,x′−𝑖) ≥ 𝜆SW(x) − 𝜈SW(x′) ∀x′ ∈ X. (9.8)

By defining 𝑄 := SW—the social welfare function, we see that (9.8) is equivalent to (9.7) due to
multilinearity. The key motivation behind Definition 9.27 is that it enables bounding the social
welfare of any (A)CCE in terms of the optimal welfare [256]. Smoothness manifests itself promi-
nently in a host of important applications; for example, we refer to the survey of Roughgarden et al.
[258]. For our purposes, the key point is that Definition 9.26 enables generalizing Proposition 9.25
to a broader family of problems beyond (single-function) optimization:

Proposition 9.28. Let 𝜆 > 0, a function 𝑄 : X → R with a global maximum at x ∈ X,
and a mapping 𝐹 : X → R𝑑 . If the corresponding VI problem is (𝜆, 𝜆 − 1)-smooth with
respect to 𝑄 and x, then x is a solution to the Minty VI problem. Furthermore, any 𝜖-SVI
solution satisfies 𝑄(x′) ≤ 𝑄(x) + 𝜖/𝜆.

The proof is analogous to that of Proposition 9.25.

9.3.2 Expected VIs and Duality with MVIs
The next connection is that MVIs are, in a precise sense, duals of a certain relaxation of SVIs
which we call expected VIs; we refer to Cai et al. [46] and Şeref Ahunbay [70] for some precursors
of that definition in the context of nonconcave games.

We begin by stating the definition of expected VIs.
9.6We caution that smoothness per Definition 9.26 is different than the usual notion of smoothness in optimization;

we chose to overload notation so as to be consistent with the terminology of Roughgarden [256].
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Definition 9.29. In the context of Definition 9.1, the 𝜖-expected VI problem asks for a distribution
𝜇 ∈ Δ(X) such that

E
x∼𝜇
⟨𝐹 (x),x′ − x⟩ ≥ −𝜖 ∀x′ ∈ X. (9.9)

That is, in an expected VI, it suffices if the (S)VI constraint holds in expectation when x is drawn
from a distribution 𝜇. Unlike SVIs, expected VIs can be solved in poly(𝑑, log(1/𝜖)) time, as
we will see in Section 9.6. Definition 9.29 places no restriction on 𝜖 being nonnegative; indeed,
expected VIs with a negative gap may exist (cf. Proposition 9.30)—this is obviously not possible
for SVIs. For 𝜖 < 0, an 𝜖-EVI solution will also be referred to as a (−𝜖)-strict EVI solution.

In this context, starting from (9.9), we observe that

max
𝜇∈Δ(X)

min
x′∈X

E
x∼𝜇
⟨𝐹 (x),x′ − x⟩ = min

x′∈X
max
𝜇∈Δ(X)

E
x∼𝜇
⟨𝐹 (x),x′ − x⟩,

where the equality follows by the minimax theorem [273]; indeed, the function Ex∼𝜇⟨𝐹 (x),x−x′⟩
is bilinear in terms of 𝜇 and x′. Equivalently,

− max
𝜇∈Δ(X)

min
x′∈X

E
x∼𝜇
⟨𝐹 (x),x′ − x⟩ = max

x′∈X
min
x∈X
⟨𝐹 (x),x − x′⟩, (9.10)

where we used the fact that, for a givenx′ ∈ X, min𝜇∈Δ(X) Ex∼𝜇⟨𝐹 (x),x−x′⟩ = minx∈X ⟨𝐹 (x),x−
x′⟩. By (9.10), we arrive at the following characterization of the Minty condition.

Proposition 9.30. The Minty condition (Assumption 9.3) holds if and only if there is no
𝜖-expected VI solution (Definition 9.29) with 𝜖 < 0.

Proof. If the Minty condition holds, there exists x′ ∈ X such that minx∈X ⟨𝐹 (x),x − x′⟩ ≥ 0.
By (9.10), this implies that max𝜇∈Δ(X) minx′∈X Ex∼𝜇⟨𝐹 (x),x′ − x⟩ ≤ 0, which means that
every 𝜖-expected SVI solution 𝜇 must satisfy 𝜖 ≥ 0. The converse is also immediate. □

Coarse correlated equilibria in games. Proposition 9.30 has a particularly notable consequence
in the context of 𝑛-player (normal-form) games. Here, each player 𝑖 ∈ [𝑛] selects as (mixed)
strategy a probability distribution x𝑖 ∈ Δ(A𝑖) =: X𝑖 over a finite set of available actions A𝑖.
Under a joint strategy x = (x1, . . . ,x𝑛) ∈ X1 × · · · × X𝑛 =: X, we denote by 𝑢𝑖 (x) the expected
utility of a player 𝑖. Expected VIs (per Definition 9.29) correspond to the following equilibrium
concept; this can be readily extended to general concave games (Section 9.5 does so for two-player
games).

Definition 9.31 (Average CCE). For an 𝑛-player game, a distribution 𝜇 ∈ Δ(A1 × · · · × A𝑛) is
an 𝜖-average coarse correlated equilibrium (𝜖-ACCE) if

𝑛∑︁
𝑖=1

E
x∼𝜇
[𝑢𝑖 (x′𝑖,x−𝑖) − 𝑢𝑖 (x)] ≤ 𝜖 ∀x′1, . . . ,x

′
𝑛 ∈ X1 × · · · × X𝑛. (9.11)
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Several remarks are in order. An ACCE is a relaxation of a CCE [226], which in turn relaxes
correlated equilibria (CE) à la Aumann [15]. The key difference between ACCEs and CCEs is
that the former only insists on bounding the cumulative deviation benefit over all players, whereas
in a CCE one bounds the maximum deviation benefit; the term “average” CCE is due to Nadav
and Roughgarden [229], who also separated ACCEs from CCEs. Now, as we shall see, expected
VIs are to ACCEs what SVIs are to Nash equilibria; we now recall the latter definition.

Definition 9.32. For an 𝑛-player game, a strategy x ∈ X1 × · · · ×X𝑛 is an 𝜖-Nash equilibrium if9.7

𝑛∑︁
𝑖=1
(𝑢𝑖 (x′𝑖,x−𝑖) − 𝑢𝑖 (x)) ≤ 𝜖 ∀x′1, . . . ,x

′
𝑛 ∈ X1 × · · · × X𝑛.

As we alluded to, Definition 9.31 can be naturally cast as an expected VI problem per Defini-
tion 9.29. Indeed, we define

𝐹 : x ↦→ ((−𝑢𝑖 (𝑎𝑖,x−𝑖))𝑎𝑖∈A𝑖
)𝑛𝑖=1 and X := Δ(A1) × · · · × Δ(A𝑛). (9.12)

That (9.11) is equivalent to the resulting expected VI problem follows immediately from the
definitions, noting that one can always—without any loss of generality—restrict 𝜇 to be a
distribution over pure strategies.

In this context, a direct consequence of Proposition 9.30 is that there is a linear program with a
number of variables and constraints polynomial in

∏𝑛
𝑖=1 |A𝑖 |, whose output determines whether the

Minty property holds. In particular, one can compute the ACCE that minimizes the equilibrium
gap per (9.11). Let 𝜖 be the output of that linear program. By Proposition 9.30, the Minty
condition—with respect to the corresponding mapping 𝐹—holds if and only if 𝜖 = 0 (of course,
there is always a 0-ACCE simply because an exact Nash equilibrium exists).

Proposition 9.33. For any 𝑛-player normal-form game, there is an algorithm polynomial
in

∏𝑛
𝑖=1 |A𝑖 | (and the number of bits needed to encode the payoff tensor) that determines

whether the Minty condition with respect to the corresponding VI problem per (9.12) holds.

As a result, there is a polynomial-time algorithm for determining whether the Minty condition
holds in explicitly represented (normal-form) games, meaning that the input fully specifies each
entry of the utility tensors; as we show in Theorem 9.89, this is no longer the case in succinct games
(with the polynomial expectation property). Moreover, we also state the following immediate
consequence.

Proposition 9.34. For any 𝑛-player game that satisfies the Minty condition, there is an
algorithm polynomial in

∏𝑛
𝑖=1 |A𝑖 | that determines an MVI solution (per Definition 9.2).

9.7It is more common to bound the maximum deviation benefit (as opposed to the cumulative one), but—unlike
CCEs—the two are equivalent up to a factor of 𝑛 in the approximation.
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Games with nonnegative sum of regrets. Moreover, the condition that every 𝜖-expected VI
solution has nonnegative gap (Proposition 9.30) is precisely the condition put forward by Anag-
nostides et al. [12], which was used to define the class of games with “nonnegative sum of
regrets.” To be precise, the regret of a player 𝑖 ∈ [𝑛] who has observed the sequence of utilities
(u(𝑡)

𝑖
(x(𝑡)−𝑖 ))1≤𝑡≤𝑇 and has selected the sequence of strategies (x(𝑡)

𝑖
)1≤𝑡≤𝑇 is defined as

REG
(𝑇)
𝑖

:= max
x𝑖∈X𝑖

𝑇∑︁
𝑡=1

𝛼(𝑡) ⟨x𝑖 − x(𝑡)𝑖 ,u
(𝑡)
𝑖
⟩, (9.13)

where 𝛼(1) , . . . , 𝛼(𝑇) ≥ 0 are weights such that
∑𝑇
𝑡=1 𝛼

(𝑡) = 1; it is common to define regret when
𝛼(1) = · · · = 𝛼(𝑇) = 1/𝑇 , but we will operate under the more flexible definition given in (9.13).

Observation 9.35. We say that a game Γ has nonnegative sum of regrets if for any
𝑇 ∈ N, weights (𝛼(𝑡))1≤𝑡≤𝑇 ∈ Δ(𝑇), and sequence of joint strategies (x(𝑡))1≤𝑡≤𝑇 ∈ X𝑇 ,
it holds that

∑𝑛
𝑖=1 REG

(𝑇)
𝑖
≥ 0. This is equivalent to any 𝜖-ACCE in Γ satisfying 𝜖 ≥ 0.

By Proposition 9.30, it is also equivalent to the Minty property with respect to Γ.

Among others implications, in such games it is possible to show that a broad class of no-regret
dynamics—namely, ones satisfying the RVU bound of Syrgkanis et al. [281], such as optimistic
mirror descent—guarantees optimal per-player (average) regret vanishing at a rate of 𝑇−1; it
remains an open question whether this is possible in general multi-player games (cf. [79]).

9.3.3 Harmonic Games
Moving forward, we observe that (a weighted version of) the Minty condition manifests itself
in harmonic games. This is a class of games introduced by Candogan et al. [52], who famously
provided a decomposition of any game—based on Helmholtz decomposition—into a direct sum of
a potential game and a harmonic game; this decomposition is unique up to an affine transformation
that preserves the equilibria of the game. The potential component captures games with aligned
interests, whereas the harmonic component captures games with conflicting interests.

Following recent follow-up work [5, 194], we give below a more general definition of harmonic
games than the one introduced by Candogan et al. [52].9.8

Definition 9.36 (Harmonic games; [5, 52, 194]). A finite game Γ is called harmonic if for each
player 𝑖 ∈ [𝑛] there exists σ𝑖 ∈ RA𝑖

>0 such that

𝑛∑︁
𝑖=1

∑︁
𝑎𝑖∈A𝑖

σ𝑖 (𝑎𝑖) (𝑢𝑖 (a′) − 𝑢𝑖 (𝑎𝑖,a′−𝑖)) = 0 ∀a′ ∈ A1 × · · · × A𝑛. (9.14)

To cast this as a special case of the Minty property, we observe that (9.14) can be equivalently
reformulated as asking for a collection of (strictly) positive weights 𝑤1, . . . , 𝑤𝑛 and fully mixed

9.8Under the original definition of Candogan et al. [52], the strategy profile in which each player mixes uniformly
at random is a Nash equilibrium, thereby trivializing equilibrium computation.
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strategies x1 ∈ Δ(A1) ∩ RA1
>0 , . . . ,x𝑛 ∈ Δ(A𝑛) ∩ RA𝑛

>0 such that9.9

𝑛∑︁
𝑖=1

𝑤𝑖 (𝑢𝑖 (a′) − 𝑢𝑖 (x𝑖,a′−𝑖)) = 0 ∀a′ ∈ A1 × · · · × A𝑛. (9.15)

We can now recognize this as a special case of the Minty property after we suitably rescale the
utilities in the definition of 𝐹. But there are two lingering issues with this observation: first, we do
not know the weights 𝑤1, . . . , 𝑤𝑛; and second, even if we could rescale the utilities, the complexity
of the algorithm would be polynomial in log(𝜌), where 𝜌 := max1≤𝑖≤𝑛 𝑤𝑖/min1≤𝑖≤𝑛 𝑤𝑖.

To address these issues, we first make a simple observation regarding the bit complexity of σ that
satisfies (9.14).

Lemma 9.37. Let size(𝑢𝑖 (a)) ≤ poly(𝑛,max1≤𝑖≤𝑛 |A𝑖 |) for all 𝑖 ∈ [𝑛] and a ∈ A1 × · · · × A𝑛.
Suppose further that (9.14) is feasible. Then, it can be satisfied with respect to σ = (σ1, . . . ,σ𝑛) ∈
RA1
>0 × · · · × R

A𝑛

>0 such that size(σ) ≤ poly(𝑛,max1≤𝑖≤𝑛 |A𝑖 |).

Proof. (9.14) induces a linear program with a polynomial number of variables (and exponential
number of constraints). The number of active constraints required to define a vertex is thus
polynomial. Since the coefficients of each constraint have polynomial bit complexity (by
assumption), the claim follows.9.10 □

Returning to (9.15), we can assume that
∑𝑛
𝑖=1 𝑤𝑖 = 1 (by rescaling); Lemma 9.37 implies that

𝑤𝑖 ≥ 1/2poly(𝑛,max1≤𝑖≤𝑛 |A𝑖 |) . Having established this lower bound, we consider the mapping

𝐺 : P≥𝛼 ∋ (𝑤1, . . . , 𝑤𝑛, 𝑤1x1, . . . , 𝑤𝑛x𝑛) := (𝑢1(x), . . . , 𝑢𝑛 (x),−(𝑢𝑖 (𝑎𝑖,x−𝑖)𝑎𝑖∈A𝑖
)𝑛𝑖=1),

(9.16)
where

P≥𝛼 :=
{
(𝑤1, . . . , 𝑤𝑛, 𝑤1x1, . . . , 𝑤𝑛x𝑛) : w ∈ Δ(𝑛) ∩ R𝑛≥𝛼,x1 ∈ Δ(A1), . . . ,x𝑛 ∈ Δ(A𝑛)

}
(9.17)

for a sufficiently small 𝛼 = 1/2poly(𝑛,max1≤𝑖≤𝑛 |A𝑖 |) (per Lemma 9.37). The following now follows
directly from the definitions.

9.9Combining Lemma 9.4 and Proposition 9.38, it follows that x is an exact Nash equilibrium. In particular,
this means that any harmonic game admits a fully mixed Nash equilibrium, but we are yet not aware of any prior
polynomial-time algorithm for computing Nash equilibria in harmonic games. To elaborate on this point further, in
certain classes of games, such as two-player (general-sum) games, knowing the support of the equilibrium reduces the
problem to a linear system, which can be in turn solved in polynomial time (e.g., [263]). This is not so in multi-player
games: Etessami and Yannakakis [92, Corollary 13] proved certain hardness results based on a three-player game
promised to have a unique, fully mixed Nash equilibrium.

9.10For explicitly represented (normal-form) games, it is evident from (9.14) that there is a polynomial-time
algorithm for computing σ, and hence a Nash equilibrium of that game. Our focus here is on succinct games (with
the polynomial expectation property), in which case the LP induced by (9.14) has exponentially many constraints.
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Proposition 9.38. Consider any harmonic game Γ per Definition 9.36. If we define
VI(P≥𝛼, 𝐺) per (9.16) and (9.17), the following properties hold:

• VI(P≥𝛼, 𝐺) satisfies the Minty condition;

• 𝐺 is 2poly(𝑛,max1≤𝑖≤𝑛 |A𝑖 |)-Lipschitz continuous; and

• an 𝜖-SVI of VI(P≥𝛼, 𝐺) is an 𝜖 · 2poly(𝑛,max1≤𝑖≤𝑛 |A𝑖 |)-Nash equilibrium of Γ.

As a result, our main result (Theorem 9.46) implies a polynomial-tme algorithm for computing
𝜖-Nash equilibria in harmonic games.

Some simple examples of games that adhere to Definition 9.36 include “cyclic games,” in the
sense of Hofbauer and Schlag [149], the buyer-seller game of Friedman [114], and the crime
deterrence game analyzed by Cressman et al. [69].

Polymatrix zero-sum games and beyond. We continue with a related but distinct class of
games known as polymatrix games [45]; in particular, it is easy to see that any two-player zero-
sum game with a fully mixed Nash equilibrium is harmonic per Definition 9.36. We first make
an observation with regard to general MVI problems, providing a sufficient condition under
which Assumption 9.3 holds.

Proposition 9.39. Consider a problem VI(X, 𝐹) such that 𝐹 is linear and ⟨𝐹 (x),x⟩ = 0
for all x ∈ X. Then, the Minty condition (Assumption 9.3) holds.

Proof. The Minty condition is equivalent to maxx∈X minx′∈X ⟨𝐹 (x′),x′ − x⟩ ≥ 0. But under
our assumptions, the function (x,x′) ↦→ ⟨𝐹 (x′),x′ − x⟩ is bilinear, which in turn implies that

max
x∈X

min
x′∈X
⟨𝐹 (x′),x′ − x⟩ = min

x′∈X
max
x∈X
⟨𝐹 (x′),x′ − x⟩ ≥ 0,

by the minimax theorem [273]. □

When specialized to multi-player games, the two preconditions of Proposition 9.39 are satisfied
when i) the game is (globally) zero-sum, meaning that SW(x) :=

∑𝑛
𝑖=1 𝑢𝑖 (x) = −⟨𝐹 (x),x⟩ = 0

(by multilinearity) for all x, and ii) the utility gradient of each player is linear in the joint strategy.
Those two assumptions are satisfied in zero-sum polymatrix games [45]. A polynomial-time
algorithm for computing Nash equilibria in zero-sum polymatrix games was obtained by Cai et al.
[45], who observed that taking the marginals of any CCE yields a Nash equilibrium; this approach
falls short more generally if one merely assumes that the Minty condition holds (Proposition 9.95).
On the other hand, without the zero-sum restriction, computing 𝜖-Nash equilibria in polymatrix
games is PPAD-hard [83, 259].
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9.4 Solving SVIs under the Minty Condition
In this section, we establish our main result. To begin with, we gather some basic facts about the
central-cut ellipsoid in Section 9.4.1, without assuming that the underlying convex set is fully
dimensional (Theorem 9.40). We then show how to adapt this basic paradigm (in ExtraGradi-
entEllipsoid) by introducing some new key ideas, arriving at our main result in Theorem 9.46:
a polynomial-time algorithm for computing 𝜖-SVI solutions under the Minty condition. Sec-
tions 9.4.3 and 9.4.4 concern two basic extensions of our main result: the former relaxes the
Minty condition following the weaker property put forward by Diakonikolas et al. [87], while the
latter relaxes the assumption that the mapping 𝐹 is continuous, imposing instead an assumption
generalizing quasar-convexity—itself a strengthening of the Minty condition (Proposition 9.28).
Finally, Section 9.4.5 deals with the most general setting wherein the Minty condition (and
relaxations thereof per Section 9.4.3) can be altogether violated. It shows how the execution of
our main algorithm (ExtraGradientEllipsoid) can produce a polynomial certificate—in the form of
a strict EVI solution—that the Minty condition is violated.

9.4.1 Central-Cut Ellipsoid
We will use the following standard result concerning one incarnation of the central-cut ellip-
soid [138, Theorem 3.2.1]. It is suited to our purposes as it does not rest on the usual assumption
that the underlying constraint set is fully dimensional.

Theorem 9.40 ([138]). Let 𝜖 ∈ Q>0 and K ⊆ B𝑅 (0) be a circumscribed closed and
convex set, with 𝑅 ≥ 1, given by a polynomial-time oracle SEPK such that for any x ∈ Q𝑑

and 𝛿 ∈ Q>0, either asserts that x ∈ K+𝛿 or finds a vector c ∈ Q𝑑 with ∥c∥∞ = 1 with
⟨c,x′⟩ ≤ ⟨c,x⟩ + 𝛿 for every x′ ∈ K. There is a polynomial-time algorithm that returns
one of the following:

• a point in K+𝜖 or

• an ellipsoid E ⊆ R𝑑 , described by a positive definite matrix A ∈ Q𝑑×𝑑 and a point
a ∈ Q𝑑 , such that K ⊆ E and vol(E) ≤ 𝜖 .

Theorem 9.40 is based on the central-cut ellipsoid method (Ellipsoid). It produces a sequence
of ellipsoids, E (0) , E (1) , . . . , E (𝑇) , each of which contains the underlying set K, such that either
at least one of their centers belongs to K+𝜖 , or the last ellipsoid E (𝑇) has volume at most 𝜖 . We
clarify that, in Algorithm 9.3, we use the notation ≈𝑝 to mean that the left-hand side is obtained
by truncating the binary expansions of the numbers on the right-hand side after 𝑝 digits behind
the binary point. The correctness of Ellipsoid boils down to the following lemma.

Lemma 9.41 ([138]). At every iteration 𝑡 of Ellipsoid, the following properties hold:

• the matrix A(𝑡) is positive definite with ∥a(𝑡) ∥ ≤ 𝑅2𝑡 , ∥A(𝑡) ∥ ≤ 𝑅22𝑡 , and ∥(A(𝑡))−1∥ ≤
𝑅−24𝑡;

• K ⊆ E (𝑡); and
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Algorithm 9.3 (Ellipsoid): Central-cut ellipsoid algorithm [138]

1: input: a separation oracle SEPK for K per Theorem 9.40, rational 𝜖 > 0.
2: output: a point in K+𝜖 or an ellipsoid E ⊆ R𝑑 such that K ⊆ E and vol(E) ≤ 𝜖 .
3: set the maximum number of iterations as 𝑇 := ⌈5𝑑 log(1/𝜖) + 5𝑑2 log(2𝑅)⌉
4: set the precision parameter as 𝑝 := 8𝑇
5: set the error tolerance for SEPK as 𝛿 := 2−𝑝
6: initialize the ellipsoid E (0) := E (0) (A(0) ,a(0)) as a(0) := 0 and A(0) := 𝑅2I𝑑
7: for 𝑡 = 0, . . . , 𝑇 − 1 do
8: invoke SEPK with input a(𝑡) and error 𝛿
9: if a(𝑡) ∈ K+𝛿 then return a(𝑡)

10: else
11: SEPK has returned c ∈ Q𝑑 , with ∥c∥∞ = 1, such that ⟨c,x⟩ ≤ ⟨c,a(𝑡)⟩ + 𝛿 for all

x ∈ K
12: update the ellipsoid:
13:

a(𝑡+1) ≈𝑝 a(𝑡) −
1

𝑑 + 1
A(𝑡)c√︁
⟨c,A(𝑡)c⟩

and A(𝑡+1) ≈𝑝
2𝑑2 + 3

2𝑑2

(
A(𝑡) − 2

𝑑 + 1
A(𝑡)cc⊤A(𝑡)√︁
⟨c,A(𝑡)c⟩

)
.

14: return E (𝑇)

• vol(E (𝑡+1))/vol(E (𝑡)) ≤ 𝑒−1/(5𝑑) .

Armed with this lemma, Theorem 9.40 follows by noting that vol(E (𝑇)) ≤ 𝑒−𝑇/(5𝑑) vol(E (0)) and
vol(E (0)) ≤ (2𝑅)𝑑; by the choice of 𝑇 in Algorithm 9.3, we conclude that, if the algorithm failed
to terminate (in Algorithm 9.3) with a point in K+𝜖 (the value of 𝛿 in Algorithm 9.3 implies
that K+𝛿 ⊆ K+𝜖 ), we have vol(E (𝑇)) ≤ 𝜖 , as promised.

9.4.2 Our Algorithm and its Analysis
We will now show how to leverage Ellipsoid to compute 𝜖-SVI solutions under the Minty property.
To do so, we are first faced with an immediate concern: the set of SVI solutions is not necessarily
convex even when the Minty property holds (see the function behind Proposition 9.92). On the
other hand, while the set of MVI solutions is convex (Claim 9.50), it is hard to verify whether a
point satisfies the Minty VI, as we show in Theorems 9.87 and 9.89.

We address this by executing the following hybrid version of the ellipsoid. We let K be the set of
MVI solutions—points that satisfy (9.2); for now, we assume that K ≠ ∅, although we will relax
that assumption later (Sections 9.4.3 and 9.4.5). At each iteration, we evaluate whether the center
of the ellipsoid—when it belongs to X—is an 𝜖-SVI solution, which boils down to a call to the
optimization oracle (Definition 9.19); if not, the key observation is that we can strictly separate
that point from the set of MVIs—in the sense of Definition 9.42.
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𝛾

x′

x ∈ K

Figure 9.4: A sequence of 𝛾-strict separating hyperplanes implies that any x ∈ K
is far from the boundary of the ellipsoid, assuming that the closest point outside the
ellipsoid, labeled x′, belongs to X. Claim 9.47 shows how to make this argument
when x′ ∉ X by considering instead a point z ∈ X that is close to x′.

9.4.2.1 Strict Separation Oracle

The basic building block of our algorithm is what we refer to as a strict separation oracle—a
strengthening of the second item of Definition 9.18:

Definition 9.42 (Strict separation). Given a point x ∈ R𝑑 and a rational number 𝛾 ∈ Q>0,
we say that a vector c ∈ Q𝑑 , with ∥c∥∞ = 1, 𝛾-strictly separates x′ from a convex set K if
⟨c,x′⟩ ≤ ⟨c,x⟩ − 𝛾 for all x ∈ K.

The upshot is that a strict separation oracle for the set of MVIs can be indeed implemented in
polynomial time assuming that the point to be separated is in X but is not an approximate SVI
solution.

Lemma 9.43 (Semi-separation oracle). Given a point a ∈ X ∩ Q𝑑 and 𝜖 ∈ Q>0, there is a
polynomial-time algorithm that either

• ascertains that a is an 𝜖-SVI solution; or

• returns c ∈ Q𝑑 , with ∥c∥∞ = 1, such that ⟨c,x⟩ ≤ ⟨c,a⟩ − 𝛾 for any point x that satisfies
the Minty VI (9.2), where 𝛾 := 𝜖2𝐿𝐵−1/(𝐵 + 4𝑅𝐿)2.

We proceed with the proof of this lemma. We first determine whether a ∈ X is an 𝜖-SVI solution;
this can be done in polynomial time by invoking an optimization oracle for X (Definition 9.19). If
so, the algorithm can terminate since a is an 𝜖-SVI solution. Otherwise, we define ã ∈ Q𝑑 per the
gradient descent step ΠX (a− 𝜂𝐹 (a)); such ã guarantees the following, establishing Lemma 9.43.

Lemma 9.44. Suppose that a ∈ X is not an 𝜖-SVI solution. If ã := ΠX (a − 𝜂𝐹 (a)) with
𝜂 = 1/(2𝐿), then ⟨𝐹 (ã),a − x⟩ ≥ 𝛾 for any x ∈ X that satisfies the Minty VI (9.2), where
𝛾 := 𝜖2𝐿/(𝐵 + 4𝑅𝐿)2. Furthermore, ⟨𝐹 (ã(𝑡)),a(𝑡) − ã(𝑡)⟩ ≥ 𝛾.
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Proof. By the first-order optimality conditions, we have〈
𝐹 (a) + 1

𝜂
(ã − a),a − ã

〉
≥ 0,

which in turn implies that

⟨𝐹 (a),a − ã⟩ ≥ 1
𝜂
∥a − ã∥2. (9.18)

Moreover, for any MVI solution x ∈ X,

⟨𝐹 (ã),a − x⟩ = ⟨𝐹 (ã), ã − x⟩ + ⟨𝐹 (ã),a − ã⟩
≥ ⟨𝐹 (ã),a − ã⟩ = ⟨𝐹 (a),a − ã⟩ + ⟨𝐹 (ã) − 𝐹 (a),a − ã⟩ (9.19)

≥ 1
𝜂
∥a − ã∥2 − ∥𝐹 (ã) − 𝐹 (a)∥∥a − ã∥ (9.20)

≥ 1
𝜂
∥a − ã∥2 − 𝐿∥a − ã∥2 (9.21)

≥ 1
2𝜂
∥a − ã∥2, (9.22)

where (9.19) uses the fact that x satisfies (9.2); (9.20) follows from (9.18) and Cauchy-Schwarz;
and (9.21) uses the fact that 𝐹 is 𝐿-Lipschitz continuous. Finally, using again the first-order
optimality conditions, we have that for any x ∈ X,〈
𝐹 (a) + 1

𝜂
(ã − a),x − ã

〉
≥ 0 =⇒ ⟨𝐹 (a),x−a⟩ + ⟨𝐹 (a),a− ã⟩ + 1

𝜂
⟨ã−a,x− ã⟩ ≥ 0.

(9.23)
But a ∈ X is not an 𝜖-SVI solution, which implies that there exists x ∈ X such that ⟨𝐹 (a),x−
a⟩ < −𝜖 . So, continuing from (9.23),

𝜖 < ⟨𝐹 (a),a − ã⟩ + 1
𝜂
⟨ã − a,x − ã⟩ ≤ 𝐵∥a − ã∥ + 2𝑅

𝜂
∥a − ã∥,

which in turn yields
∥a − ã∥ ≥ (𝐵 + 4𝐿𝑅)−1𝜖 .

Combining with (9.22), the proof follows. □

Lemma 9.43 now follows from Lemma 9.44 since ∥𝐹 (ã)∥ ≤ 𝐵.

The algorithm. We are now ready to describe our main construction, given as ExtraGradien-
tEllipsoid. It is based on the central-ellipsoid we saw in Ellipsoid. In every iteration, it checks
whether the center of the current ellipsoid is an 𝜖-SVI solution. If so, the algorithm can terminate
(Algorithm 9.5). Otherwise, if the center of the current ellipsoid lies inX, it proceeds by producing
a 𝛾-strict separating hyperplane with respect to the set of MVIs (Algorithm 9.5)—by taking an
extra-gradient step per Lemma 9.44. If the center does not belong to X, it suffices to invoke the
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Algorithm 9.5 (ExtraGradientEllipsoid): Efficient algorithm for SVIs under the Minty condition
1: input:
2: oracle access to a convex, compact set X ⊆ B𝑅 (0) in isotropic position;
3: oracle access to 𝐹 : X → R𝑑 satisfying Assumption 9.20;
4: rational 𝜖 > 0.
5: output: An 𝜖-SVI solution per Definition 9.1.
6: set the strictness parameter 𝛾 := 𝜖2𝐿/(𝐵 + 4𝑅𝐿)2
7: set the termination volume 𝑣 := 𝑟𝑑/𝑑𝑑 , where 𝑟 := 𝛾/(16𝑅𝐵)
8: set the maximum number of iterations as 𝑇 := ⌈5𝑑 log(1/𝑣) + 5𝑑2 log(2𝑅)⌉
9: initialize Ellipsoid with initial ellipsoid B𝑅 (0) ⊂ R𝑑 and target volume 𝑣

10: for 𝑡 = 0, . . . , 𝑇 − 1 do ⊲ 𝑇 is set as in Ellipsoid
11: a(𝑡) ← current Ellipsoid center
12: if a(𝑡) is an 𝜖-SVI solution then return a(𝑡)

13: else if a(𝑡) ∉ X then let c ∈ Q𝑑 be a hyperplane separating a(𝑡) from X
14: else
15: compute ã(𝑡) := ΠX (a(𝑡) − 𝜂𝐹 (a(𝑡))), where 𝜂 := 1/(2𝐿)
16: set c := 𝐹 (ã(𝑡))/∥𝐹 (ã(𝑡))∥
17: pass c as the separating direction to Ellipsoid

18: return “there are no MVI solutions”

separation oracle of X (Algorithm 9.5). The algorithm continues by updating the ellipsoid.

Having analyzed our semi-separation oracle (Lemma 9.43), we conclude the analysis by showing
that the number of iterations prescribed in Algorithm 9.5, which is polynomial in all relevant
parameters, suffices to identify an 𝜖-SVI solution.

9.4.2.2 Putting Everything Together

The set of MVIs, denoted by K ≠ ∅, is generally not fully dimensional; nevertheless, by virtue
of having a strict separating hyperplane throughout the execution of ExtraGradientEllipsoid
(whenever the center of the ellipsoid belongs to X), we will show that the volume of the ellipsoid
can indeed by used as a yardstick to track the progress of the algorithm. The basic idea is that
every axis of the ellipsoid needs to have a non-trivial length (Figure 9.4)—as dictated by the
strictness parameter 𝛾, thereby implying that the volume of the ellipsoid cannot shrink too much;
formally, we show the following.

Lemma 9.45. Suppose that K ≠ ∅—that is, the Minty condition (Assumption 9.3) holds. For any
𝑡 during the execution of ExtraGradientEllipsoid, the ellipsoid E (𝑡) contains a (Euclidean) ball of
radius 𝑟 := 𝛾/(16𝑅𝐵), where 𝛾 > 0 is the strictness parameter per Lemma 9.44.

We are now ready to complete the proof of correctness of ExtraGradientEllipsoid, summarized in
the theorem below.
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Theorem 9.46. Let X be a convex and compact set in isotropic position to which we
have oracle access, 𝐹 : X → R𝑑 a mapping satisfying Assumption 9.20, and 𝜖 ∈ Q a
rational number. Under the Minty condition (Assumption 9.3), ExtraGradientEllipsoid
can be implemented in time poly(𝑑, log(𝐵/𝜖), log 𝐿) and returns an 𝜖-SVI solution to
VI(X, 𝐹).

Proof. That ExtraGradientEllipsoid can be implemented in time poly(𝑑, log(𝐵/𝜖), log 𝐿) is
immediate. We thus focus on proving correctness. For the sake of contradiction, suppose that
the algorithm never identified an 𝜖-SVI solution. The volume of a 𝑑-dimensional Euclidean
ball with radius 𝑟 > 0 is given by

𝜋𝑑/2

Γ( 𝑑2 + 1)
𝑟𝑑 >

1
𝑑𝑑
𝑟𝑑 ,

where Γ(·) is the gamma function. By our choice of parameters in Algorithm 9.5 and The-
orem 9.40, it follows that the short axis of the 𝑇 th ellipsoid will have radius strictly smaller
than 𝑟 = 𝛾/(16𝑅𝐵). Let x ∈ X be any point inside the final ellipsoid and c the unit vector in
the direction of the short axis of the ellipsoid. We will show that x strictly violates the MVI
constraint. Thus, assuming K ≠ ∅, this will imply that the algorithm must have terminated at
some earlier iteration with an 𝜖-SVI solution.

Let Z be the union of the two (𝑑 − 1)-dimensional disk of points z lying in the planes
⟨c, z − x⟩ = ±2𝑟, and within 𝑟′ := 𝛾/(4𝐵) of x. That is,

Z =
{
z ∈ R𝑑 : |⟨c, z − x⟩| = 2𝑟, ∥x − z∥ ≤ 𝑟′

}
.

Claim 9.47. Z intersects X.

Proof. SinceX contains a ball of radius 1, there must be a point y ∈ X such that |⟨c,y − x⟩| =
1. Assume ⟨c,y − x⟩ = 1 (The case ⟨c,y − x⟩ = −1 is symmetric). Let z be the
point on line segment [x,y] such that ⟨c, z − x⟩ = 2𝑟, that is, let z = x + 2𝑟 (y − x).
Since X is convex, we have z ∈ X. Since X ⊆ B𝑅 (0), we have ∥y − x∥ ≤ 2𝑅. Thus,
∥z − x∥ ≤ 2𝑟 · 2𝑅 = 𝛾/(4𝐵) = 𝑟′, so z ∈ Z. □

Lemma 9.48. If the algorithm fails to return an 𝜖-SVI solution after 𝑇 rounds, where 𝑇 is as
defined in Algorithm 9.5, any point x ∈ X strictly violates the MVI constraint. In particular,
there exists a timestep 𝑡 such that ã(𝑡) ∈ X and ⟨𝐹 (ã(𝑡)), ã(𝑡) − x⟩ ≤ −𝛾/2.

Proof. It suffices to consider x ∈ E (𝑇) . Let z ∈ Z ∩ X, which must exist by Claim 9.47.
By definition, we have ∥z − x∥ ≤ 𝑟′ < 𝛾/(2𝐵). Since the short axis of the final ellipsoid
has radius less than 𝑟 and |⟨c, z − x⟩| = 2𝑟 , it follows that z is not in the ellipsoid. Thus, at
some point, there must have been a separating hyperplane that has z on the opposite side.
This separating hyperplane could not have come from the separation oracle of X, because
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z ∈ X. Thus, it must have come from an extra-gradient step, i.e., the separating hyperplane
must have the form 〈

𝐹 (ã(𝑡)), z − a(𝑡)
〉
≥ 0.

for some timestep 𝑡. From Lemma 9.44 and the construction of ã(𝑡) , we also have
〈
𝐹 (ã(𝑡)),a(𝑡) − ã(𝑡)

〉
≥

𝛾. Thus, we have〈
𝐹 (ã(𝑡)),x − ã(𝑡)

〉
=

〈
𝐹 (ã(𝑡)), z − a(𝑡)

〉
+

〈
𝐹 (ã(𝑡)),a(𝑡) − ã(𝑡)

〉
+

〈
𝐹 (ã(𝑡)),x − z

〉
≥ 𝛾 − 𝐵 · 𝛾

2𝐵
≥ 𝛾

2
. □

This concludes the proof of Lemma 9.48, and Theorem 9.46 follows. □

9.4.3 Weak Minty Condition
Moving forward, we first observe that the previous analysis can be extended beyond the Minty
condition (Assumption 9.3). In particular, we lean on the more permissive assumption put forward
by Diakonikolas et al. [87]; we will shortly discuss how it relates to other conditions. Below,
we use the notation SVIGap : X ∋ x ↦→ maxx′∈X ⟨𝐹 (x),x − x′⟩, so that Definition 9.1 can be
equivalently expressed as SVIGap(x) ≤ 𝜖 .

Definition 9.49 (Weak Minty). A problem VI(X, 𝐹) satisfies the 𝜌-weak Minty condition, with
𝜌 > 0, if there exists x ∈ X such that

⟨𝐹 (x′),x′ − x⟩ ≥ −𝜌(SVIGap(x′))2 ∀x′ ∈ X. (9.24)

Diakonikolas et al. [87] focused on the unconstrained setting, positing that the right-hand side
of (9.24) instead reads −𝜌∥𝐹 (x′)∥2 (we have removed a factor of 2 compared to the definition
given by [87], which amounts to simply rescaling 𝜌); Definition 9.49 can be seen as the natural
counterpart of that condition to the constrained setting. For the unconstrained setting, this is
weaker than another well-studied condition; namely, 𝐹 is called (−𝜌)-comonotone [20] (see
also cohypomonotone operators per [66]) if for all x,x′ ∈ R𝑑 , ⟨𝐹 (x) − 𝐹 (x′),x − x′⟩ ≥
−𝜌∥𝐹 (x) − 𝐹 (x′)∥2; since 𝐹 (x) = 0 for any SVI solution (in the unconstrained setting), the
condition of Diakonikolas et al. [87] is weaker.

In this context, the purpose of this subsection is to show that our previous analysis can be readily
extended under Definition 9.49—in place of Assumption 9.3. For completeness, we begin with a
simple claim showing that the set of points satisfying the 𝜌-weak Minty condition is convex.

Claim 9.50. Let K be the set of solutions to (9.24). K is a convex set.

Proof. Suppose K ≠ ∅. Let x1,x2 ∈ K and 𝜆 ∈ [0, 1]. We need to show that for all x′ ∈ X,

𝜆⟨𝐹 (x′),x′ − x1⟩ + (1 − 𝜆)⟨𝐹 (x′),x′ − x2⟩ ≥ −𝜌(SVIGap(x′))2.

This follows since ⟨𝐹 (x′),x′−x1⟩ ≥ −𝜌(SVIGap(x′))2 and ⟨𝐹 (x′),x′−x2⟩ ≥ −𝜌(SVIGap(x′))2.
□
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Now, to show that an 𝜖-SVI solution can be computed in polynomial time even under the weak
Minty condition, for small enough 𝜌, it suffices to adjust Lemma 9.44 according to the statement
below.

Lemma 9.51. Suppose that a ∈ X is not an 𝜖-SVI solution. Suppose further that ã :=
ΠX (a − 𝜂𝐹 (a)) is also not an 𝜖-SVI solution. Then, ⟨𝐹 (ã),a − x⟩ ≥ 𝜖2𝐿/(𝐵 + 4𝑅𝐿)2 − 𝜌𝜖2

for any x ∈ X that satisfies the 𝜌-weak Minty condition of Definition 9.49.

The proof is similar to that of Lemma 9.44; unlike Lemma 9.44, Lemma 9.51 further assumes
that ã ∈ X is not an 𝜖-SVI solution, which can be again ascertained during the execution of the
algorithm by invoking a linear optimization oracle. Assuming that 𝐵 = 𝐿, Lemma 9.51 yields a
strict separating hyperplane when 𝜌 ≤ 𝐶 (1 + 4𝑅)−2/𝐿 for some constant 𝐶 < 1. The rest of the
argument is analogous to Theorem 9.46.

Theorem 9.52. Let X be a convex and compact set in isotropic position to which we have
oracle access, 𝐹 : X → R𝑑 a mapping satisfying Assumption 9.20, and 𝜖 ∈ Q a rational
number. Under the 𝜌-weak Minty condition (Definition 9.49) with 𝜌 ≤ 𝐶𝐿/(𝐵 + 4𝑅𝐿)2,
for some constant 𝐶 < 1, there is a poly(𝑑, log(𝐵/𝜖), log 𝐿)-time algorithm that returns
an 𝜖-SVI solution to VI(X, 𝐹).

9.4.4 Relaxing Continuity
Another natural question is whether one can relax the assumption that 𝐹 is Lipschitz continuous.
Under an additional assumption—namely, a generalization of quasar-convexity (Definition 9.24)
based on Definition 9.26—we show that this is indeed possible by obviating the need for the
extra-gradient step in ExtraGradientEllipsoid (Lemma 9.44), which is where Lipschitz continuity
was used. In particular, the following lemma shows that, under a suitable strengthening of the
Minty condition, 𝐹 (a) already yields a strict separating hyperplane. We again call attention to the
fact that smoothness per Definition 9.26, which accords with the terminology of Roughgarden
[256], is different from the usual notion of a smooth function in optimization.

Lemma 9.53. Let VI(X, 𝐹) be a (𝜆, 𝜆 − 1)-smooth VI problem (Definition 9.26) with respect to
𝑄 and a global maximizer x ∈ X thereof. If a ∈ X is such that 𝑄(a′) ≤ 𝑄(x) − 𝜖 , then

⟨𝐹 (a),a − x⟩ ≥ 𝜆𝜖 .

Proof. By Definition 9.26 (with 𝜈 = 𝜆−1), we have ⟨𝐹 (a),a−x⟩ ≥ 𝜆(𝑄(x)−𝑄(a)) ≥ 𝜆𝜖 . □

In this case, we defineK to contain any point x ∈ X such that ⟨𝐹 (x′),x′−x⟩ ≥ 𝜆(OPT−𝑄(x′))
for all x′ ∈ X, where OPT is the maximum value attained by 𝑄. This is still a convex set. Further,
K ≠ ∅—in particular, this means that the Minty condition is satisfied.

We give the overall construction in SmoothVIEllipsoid. Compared to ExtraGradientEllipsoid, we
call attention to the following differences. First, we do not check in each iteration 𝑡 whether the
center of the current ellipsoid a(𝑡) satisfies 𝑄(a(𝑡)) ≥ OPT− 𝜖 ; we do not know the value of OPT,
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Algorithm 9.6 (SmoothVIEllipsoid): Ellipsoid for (𝜆, 𝜆 − 1)-smooth VIs.
1: input:
2: oracle access to a convex, compact set X ⊆ B𝑅 (0) in isotropic position;
3: oracle access to 𝐹 : X → R𝑑 satisfying Items 1 and 3 of Assumption 9.20;
4: oracle access to 𝑄 : X → R such that ⟨𝐹 (x′),x′ −x⟩ ≥ 𝜆(𝑄(x) −𝑄(x′) for all x′ ∈ X,

where x ∈ X is some global maximum of 𝑄 and 𝜆 ∈ Q ∩ (0, 1];
5: rational 𝜖 > 0.
6: output: a point a ∈ X such that 𝑄(a) ≥ maxx∈X 𝑄(x) − 𝜖 .
7: set the strictness parameter 𝛾 := 𝜆𝜖
8: set the termination volume 𝑣 := 𝑟𝑑/𝑑𝑑 , where 𝑟 := 𝛾/(16𝑅𝐵)
9: initialize Ellipsoid with initial ellipsoid B𝑅 (0) ⊂ R𝑑 and target volume 𝑣

10: for 𝑡 = 0, . . . , 𝑇 − 1 do ⊲ 𝑇 is set as in Ellipsoid
11: a(𝑡) ← current Ellipsoid center
12: if a(𝑡) ∉ X then set c ∈ Q𝑑 be a hyperplane separating a(𝑡) from X
13: elseset c := 𝐹 (a(𝑡))/∥𝐹 (a(𝑡))∥
14: pass c as the separating direction to Ellipsoid

return argmax1≤𝑡≤𝑇 𝑄(a(𝑡))

so instead the algorithm eventually returns the point attaining the highest value throughout the
execution (Algorithm 9.6). The second difference is that 𝐹 (a(𝑡)) (Algorithm 9.6) already yields a
strict separating hyperplane (Lemma 9.53), so there is no need for an extra-gradient step.

By our previous analysis in Section 9.4.2 and Lemma 9.53, it follows that there must be some
iteration such that 𝑄(a(𝑡)) ≥ OPT − 𝜖 , for otherwise the underlying promise—namely, (𝜆, 𝜆 − 1)-
smoothness per Definition 9.26—would be violated; Algorithm 9.6 returns such a point. We
summarize the guarantee of SmoothVIEllipsoid below.

Theorem 9.54. Let X be a convex and compact set in isotropic position to which we have
oracle access, 𝐹 : X → R𝑑 a mapping satisfying Items 1 and 3 of Assumption 9.20, and
𝜖 ∈ Q a rational number. If VI(X, 𝐹) is (𝜆, 𝜆 − 1)-smooth (Definition 9.26) with respect to
𝑄, SmoothVIEllipsoid can be implemented in time poly(𝑑, log(𝐵/𝜖), log(1/𝜆)) and returns
a point a ∈ X such that 𝑄(a) ≥ maxx∈X 𝑄(x) − 𝜖 .

9.4.5 A Certificate of MVI Infeasibility: Strict EVIs
Computing 𝜖-SVI solutions is generally PPAD-hard, so certain VI problems violate the Minty
conditions (and relaxations thereof per Section 9.4.3). In such cases, the transcript of Extra-
GradientEllipsoid itself provides a certificate of MVI infeasibility. In fact, as we observe in this
subsection, the certificate of infeasibility can be expressed as an expected VI solution (in the sense
of Definition 9.29) with negative gap; the mere existence of such an object implies that the Minty
condition is violated due to the duality between EVIs and MVIs (Proposition 9.30).

To make this argument formal, we first observe that if ExtraGradientEllipsoid fails to identify an
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Algorithm 9.7 (SVIorStrictEVI): Augment ExtraGradientEllipsoid to return a certificate of strict
Minty infeasibility in case of failure

1: input:
2: Oracle access to a convex, compact set X ⊆ B𝑅 (0) in isotropic position;
3: oracle access to 𝐹 : X → R𝑑 satisfying Assumption 9.20;
4: rational 𝜖 > 0.
5: output: An 𝜖-SVI solution per Definition 9.1 or a strict EVI solution per Definition 9.29.
6: run ExtraGradientEllipsoid
7: if ExtraGradientEllipsoid returns an 𝜖-SVI a(𝑡) then return a(𝑡)

8: else return argmax𝜇∈Δ( [𝑇]) minx∈X E𝑡∼𝜇 ⟨𝐹 (ã(𝑡)),x − ã(𝑡)⟩
9: ⊲ 𝑇 and ã(𝑡) are as in ExtraGradientEllipsoid

𝜖-SVI solution, Lemma 9.48 implies that

min
x∈X

max
𝑡∈[𝑇]
⟨𝐹 (ã(𝑡)),x − ã(𝑡)⟩ ≥ 𝛾

2
,

which, by strong duality, is equivalent to

max
𝜇∈Δ(𝑇)

min
x∈X

E
𝑡∼𝜇
⟨𝐹 (ã(𝑡)),x − ã(𝑡)⟩ ≥ 𝛾

2
. (9.25)

In particular, a distribution 𝜇 over [𝑇] that satisfies (9.25) is, by definition, a 𝛾/2-strict EVI
solution, a certificate of MVI infeasibility. Further, such a distribution can be computed in
polynomial time (e.g., [161]). The crucial point here is that the maximization in (9.25) simply
optimizes over the mixing weights with respect to a fixed support of size 𝑇 , which is polynomial.
This approach resembles the celebrated “ellipsoid against hope” algorithm of Papadimitriou and
Roughgarden [237], which applies the ellipsoid algorithm on a certain program guaranteed to be
infeasible; similarly to our case, the certificate of infeasibility produces a correlated equilibrium.

The resulting construction is SVIorStrictEVI. It is almost the same as ExtraGradientEllipsoid;
the key difference is that, when the algorithm fails to identify an 𝜖-SVI solution, the last step
(Algorithm 9.7) performs an additional optimization to compute a 𝛾/2-strict EVI solution. The
guarantee of SVIorStrictEVI is given below; it is the precise version of Theorem 9.8.

Theorem 9.55. Let X be a convex and compact set in isotropic position to which we have
oracle access, a mapping 𝐹 : X → R𝑑 satisfying Assumption 9.20, and a rational number
𝜖 ∈ Q𝑑 . SVIorStrictEVI can be implemented in time poly(𝑑, log(𝐵/𝜖), log 𝐿) and returns
either

• an 𝜖-SVI solution to VI(X, 𝐹) or

• an Ω𝜖 (𝜖2)-strict EVI solution to VI(X, 𝐹).

303



9.5 Two-player Smooth Concave Games
This section provides a refinement of Theorem 9.55 in the context of two-player games. We begin
by formally introducing this class of problems.

Definition 9.56 (Two-player smooth concave games). A two-player concave game is given by two
convex and compact strategy setsX ⊆ R𝑑1 ,Y ⊆ R𝑑2 , and two utility functions 𝑢1, 𝑢2 : X,Y → R,
such that the utility of each player is concave (in the player’s own strategy), differentiable, and
𝐿-smooth. Formally, 𝑢1(·,y) : X → R is concave for every fixed y, the gradient operator
∇x𝑢1 : X × Y → R𝑑1 is 𝐿-Lipschitz continuous, and the symmetric guarantees hold for the
second player as well.

A (pure) strategy profile is a pair (x,y) ∈ X × Y. A strategy profile is an 𝜖-Nash equilibrium if
each player is 𝜖-best responding to the other player; that is,

max
x′

𝑢1(x′,y) − 𝑢1(x,y) ≤ 𝜖 and max
y′

𝑢2(x,y′) − 𝑢2(x,y) ≤ 𝜖 .

A correlated strategy profile is a distribution 𝜇 ∈ Δ(X × Y). A correlated strategy profile is a
𝜖-coarse correlated equilibrium (CCE) if no player can profit by more than 𝜖 using a unilateral
deviation, that is,

max
x′∈X

E
(x,y)∼𝜇

[𝑢1(x′,y) − 𝑢1(x,y)] ≤ 𝜖 and max
y′∈Y

E
(x,y)∼𝜇

[𝑢2(x,y′) − 𝑢2(x,y)] ≤ 𝜖 .

We will call a (−𝜖)-CCE an 𝜖-strict CCE. In this section, we will show the following result for
smooth concave games.

Theorem 9.57. Assume that X and Y are in isotropic position and given by separation
oracles. Assume also the gradient operators ∇x𝑢1 : X×Y → R𝑑1 and ∇y𝑢2 : X×Y → R𝑑2

satisfy Assumption 9.20. Let 𝑑 = 𝑑1+𝑑2. Then there exists a poly(𝑑) ·polylog(𝐵, 𝐿, 𝑅, 1/𝜖)-
time algorithm that outputs either an 𝜖-Nash equilibrium or an 𝜖′-strict CCE, where
𝜖′ ≥ 𝜖4/poly(𝐵, 𝐿, 𝑅).

We first note that this result is not an immediate corollary of Theorem 9.55. 𝜖-Nash equilibria
indeed correspond to 𝜖-SVI solutions. However, as per the discussion in Section 9.3, Theorem 9.55
would only give a strict average CCE (Definition 9.31), not a strict CCE. Circumventing this
problem therefore requires a few new insights.

Proof. First, we need to modify the SVI problem so that strict EVI solutions correspond to
strict CCEs. Consider the set

P :=


©­­­«
𝜆1
𝜆2
𝜆1x
𝜆2y

ª®®®¬ :
(
𝜆1
𝜆2

)
∈ Δ(2),x ∈ X,y ∈ Y

 ⊆ R2+𝑑 .

It is easy to see that P is convex and compact, since X and Y are. Moreover, consider the
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operator 𝐺 : P → R2+𝑑 given by

𝐺

©­­­«
𝜆1
𝜆2
𝜆1x
𝜆2y

ª®®®¬ :=
©­­­«
⟨∇x𝑢1(x,y),x⟩〈
∇y𝑢2(x,y),y

〉
−∇x𝑢1(x,y)
−∇y𝑢2(x,y)

ª®®®¬.
We now immediately encounter our first problem: 𝐺 is not Lipschitz, or even well-defined,
when 𝜆1 = 0 or 𝜆1 = 1. The solution to this problem is to restrict ourselves to the slightly
smaller set

P𝛼 :=


©­­­«
𝜆1
𝜆2
𝜆1x
𝜆2y

ª®®®¬ :
(
𝜆1
𝜆2

)
∈ Δ(2) ∩ R2

≥𝛼,x ∈ X,y ∈ Y


over which 𝐺 : P𝛼 → R2+𝑑 is indeed well-defined, bounded, and 𝐿′ := poly(𝐵, 𝐿, 𝑅)/𝛼-
Lipschitz.

We start by noting that, for any z = (𝜆1, 𝜆2, 𝜆1x, 𝜆2y), z′ = (𝜆′1, 𝜆
′
2, 𝜆
′
1x
′, 𝜆′2y

′) ∈ P, we have

−⟨𝐺 (z), z′⟩ =
©­­­«
⟨∇x𝑢1(x,y),x⟩〈
∇y𝑢2(x,y),y

〉
−∇x𝑢1(x,y)
−∇y𝑢2(x,y)

ª®®®¬
⊤©­­­«

𝜆′1
𝜆′2
𝜆′1x

′

𝜆̄′1y
′

ª®®®¬
= 𝜆′1⟨∇x𝑢1(x,y),x′ − x⟩ + 𝜆′2

〈
∇y𝑢𝑦 (x,y),y′ − y

〉
.

That is, −⟨𝐺 (z), z′⟩ is the weighted sum of deviation benefits for the two players if they deviate
to z′ from z. In particular, ⟨𝐺 (z), z⟩ = 0 for all z.

Lemma 9.58. Any 2𝛼𝐵𝑅-strict EVI solution to VI(P𝛼, 𝐺) is a 𝛼𝐵𝑅-strict CCE.

Proof. Let 𝜇 ∈ Δ(P𝛼) be a 2𝛼-strict EVI solution. Then, for any z′ = (𝜆′1, 𝜆
′
2𝜆
′
1x
′, 𝜆′2y

′) ∈
P𝛼, we have

−2𝛼 ≥ E
z∼𝜇
⟨𝐺 (z), z − z′⟩ = 𝜆′1 E

z∼𝜇
⟨∇x𝑢1(x,y),x′ − x⟩ + 𝜆′2 E

z∼𝜇

〈
∇y𝑢𝑦 (x,y),y′ − y

〉
.

Since this holds for any z′, in particular it holds if we set λ′ = (1 − 𝛼, 𝛼), which gives

(1 − 𝛼) E
z∼𝜇
⟨∇x𝑢1(x,y),x′ − x⟩ ≤ −2𝛼𝐵𝑅 + 𝛼 E

z∼𝜇

〈
∇y𝑢𝑦 (x,y),y′ − y

〉
≤ −𝛼𝐵𝑅,

where the final inequality follows from Cauchy-Schwarz. Dividing by 1 − 𝛼 and noting that
1 − 𝛼 ≤ 1 completes the proof. □

It may now be tempting to try to run ExtraGradientEllipsoid on VI(P𝛼, 𝐺) with 𝜖 large enough
to recover 2𝛼𝐵𝑅-strict EVI solutions via Theorem 9.55. Unfortunately, this is impossible, since
the Lipschitz constant 𝐿′ of 𝐺 scales as 𝑂𝛼 (1/𝛼). So, we would be required to take 𝜖 to be of
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(game-dependent) constant size. To account for this, we directly modify the semi-separation
oracle (Lemma 9.43). Intuitively, the problematic case is when 𝜆1 or 𝜆2 is close to 0. For
intuition, let us discuss an extreme case, 𝜆2 = 0.9.11 Let a = (1, 0,x, 0) ∈ P. Our goal is to
either (1) find a Nash equilibrium, or (2) separate a strictly from the set of Minty solutions
to VI(P𝛼, 𝐺). Consider the following process. Let y′ be a best response to x. If x is also
a best response to y′, then (x,y′) is a Nash equilibrium, and we are done. Otherwise, let
x′ = ΠX (x + 𝜂∇x𝑢1(x,y′)). Then, any point of the form a′ := (𝜆1, 𝜆2, 𝜆1x′, 𝜆2y′) with
𝜆1, 𝜆2 > 0 certifies that a is not Minty: the Minty constraint induced by a′ is

⟨𝐺 (a′),a′ − a⟩ = ⟨∇x𝑢1(x′,y′),x − x′⟩ ≥ 0,

but this constraint can be refuted by choosing the step size 𝜂 small enough that ∇x𝑢1(x′,y′) ≈
∇x𝑢1(x,y′). We now formalize this intuition.

Lemma 9.59. There is a polynomial-time algorithm that, given a = (𝜆1, 𝜆2, 𝜆1x, 𝜆2y) ∈ P𝛼
and 𝜖 > 0, either

• outputs an 𝜖-Nash equilibrium (not necessarily (x,y)), or

• returns a′ ∈ P𝛼 such that ⟨𝐺 (a′),a′ − a⟩ ≥ 𝛾′ := 𝜖4/poly(𝐵, 𝐿, 𝑅).

Proof. We split the analysis into two cases.

Case 1. min{𝜆1, 𝜆2} ≤ 𝛾/(4𝐵𝑅). Assume without loss of generality that 𝜆2 ≤ 𝛾/(4𝐵𝑅) (and
𝜆2 ≤ 1/2). Compute a best response y′ to x, and check if (x,y′) is an 𝜖-Nash equilibrium
by computing a best response to y′. (These are both convex optimization problems, solvable
using standard techniques.) If so, output (x,y′). Otherwise, let x′ = ΠX (x+𝜂∇x𝑢1(x,y′))
with 𝜂 = 1/(2𝐿) as before. By Lemma 9.44 applied to the VI problem (X,−∇x𝑢1(·,y′)),
we have

⟨∇x𝑢1(x′,y′),x′ − x⟩ ≥ 𝛾
But then, setting a′ = (𝜆′1, 𝜆

′
2, 𝜆
′
1x
′, 𝜆′2y

′) (for any 𝜆′1, 𝜆
′
2 > 0), we have

⟨𝐺 (a′),a′ − a⟩ = 𝜆1⟨∇x𝑢1(x′,y′),x − x′⟩ + 𝜆2
〈
∇y𝑢1(x′,y′),y − y′

〉
≤ −𝜆1 · 𝛾 + 𝜆2 · 2𝐵𝑅

Thus, for 𝜆2 ≤ min{1/2, 𝛾/(4𝐵𝑅)} we have ⟨𝐺 (a′),a′ − a⟩ ≤ −𝛾/4.

Case 2. min{𝜆1, 𝜆2} > 𝛾/(4𝐵𝑅). Then let 𝜂 = 1/(2𝐿′), where 𝐿′ ≤ poly(𝐵, 𝐿, 𝑅) · 8𝐵𝑅/𝛾
is the Lipschitz constant of 𝐺 on P𝛾/8𝐵𝑅. Let a′ = (𝜆′1, 𝜆

′
2, 𝜆
′
1x
′, 𝜆′2y

′) = ΠP𝛼
(a − 𝜂𝐺 (a)).

Then, since 𝜂 ≤ 𝛾/(8𝐵2𝑅), we have min{𝜆′1, 𝜆
′
2} ≥ 𝛾/(8𝐵𝑅), so a,a′ ∈ P𝛾/(8𝐵𝑅) . Since 𝐿′

is the Lipschitz constant of 𝐺 on P𝛾/(8𝐵𝑅) , Lemma 9.44 implies

⟨𝐺 (a′),a − a′⟩ ≥ 𝜖2𝐿′

(𝐵 + 4𝑅𝐿′)2
≥ 𝜖4

poly(𝐵, 𝐿, 𝑅) . □

9.11Since 𝛼 > 0, it is actually impossible for 𝜆2 = 0 to arise in our algorithm; nonetheless, studying this case will be
instrutive for intuition.
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Taking 𝛼 = 𝛾′/(4𝐵𝑅) and following the remainder of the analysis of Theorem 9.55 yields
Theorem 9.57. □

It should be noted that Theorem 9.57 only applies for games with two players. This restriction is
fundamental. Indeed, given any two-player game Γ, consider the (𝑛 + 1)-player game Γ′ created
by adding a player to Γ whose utility is identically zero. Then the CCE gap for player 𝑛 + 1 is
always zero, so Γ′ has no strict CCEs, but a Nash equilibrium of Γ′ would immediately also yield
a Nash equilibrium of Γ. Thus, solving the 𝜖-Nash-or-strict-CCE problem for 𝑛 + 1 players is at
least as hard as finding 𝑛-player Nash equilibria.

9.6 A Deep Dive on Expected Variational Inequalities
We now take a closer look at the problem of expected variational inequalities (Definition 9.29)
in their own right, as a relaxation of the (S)VI problem. We will start by defining a generalized
version of the EVI problem that we call the Φ-EVI problem. Intuitively, one should think of the
Φ-EVI problem as the generalization of Φ-equilibria (from Chapter 8) to variational inequalities.

Definition 9.60. Given a set of deviations Φ ⊆ XX, the 𝜖-approximate Φ-expected variational
inequality (Φ-EVI) problem asks for a distribution 𝜇 ∈ Δ(X) such that

E
x∼𝜇
⟨𝐹 (x), 𝜙(x) − x⟩ ≥ −𝜖 ∀𝜙 ∈ Φ.

Φ-EVIs are no harder than VIs9.12 (assuming that solutions exist), regardless of the choice of
Φ—indeed, if x is a VI solution, then 𝜇 = 𝛿(x) is a Φ-EVI solution regardless of Φ. However, as
we shall see, a primary justification of Φ-EVIs is that they can be easier than VIs.

Definition 9.60 is crucially parameterized by Φ; the larger the set of deviations Φ, the tighter the
set of solutions. As will become clear, Definition 9.60 is intimately connected with notions of
correlated equilibrium (CE) from game theory (e.g., [15]). The more permissive case where Φ

comprises only constant functions, Φ = ΦCON = {𝜙x : x ∈ X} where 𝜙x(x′) = x for all x′ ∈ X,
is perhaps the most basic relaxation of Definition 9.1; this is equivalent to the EVI problem as
defined in Definition 9.29, and we will refer to it as simply the “EVI problem”.

Algorithms and complexity for Φ-EVIs. As it turns out, imposing no constraints on Φ results
in an impasse: Φ-EVIs are in general tantamount to regular VIs—thereby being PPAD-hard
(Corollaries 9.70 and 9.72). On the other hand, unlike general VIs, one of our key contributions is
to show that when Φ contains only linear maps, ΦLIN, Φ-EVIs can be solved in time polynomial in
the dimension 𝑑 and log(1/𝜖) (Theorem 9.74), establishing the promised computational property
that separates EVIs from VIs. This result is once again based on EAH. (Section 8.2.3 gives a
self-contained overview of EAH.) In doing so, we extend the scope of that algorithm to a much
broader class of problems well beyond the realm of game theory. Notably, Theorem 9.74 applies
even when X is given implicitly through a membership oracle; this extension makes use of the
recent technical approach of Daskalakis et al. [81], discussed in more detail in Section 9.6.2.

9.12For this section, “VI” means SVI.
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Result Description Reference

Existence of (𝜖-approx.) solutions Under Lipschitz cont. for Φ and bounded 𝐹 Theorem 9.61

Complexity with nonlinear Φ PPAD-hardness with linear 𝐹 and 𝜖 = Θ(1) Corollaries 9.70 and 9.72

• poly(𝑑, log(1/𝜖))-time via EAH Theorem 9.74
Algorithms for linear Φ

• poly(𝑑, 1/𝜖)-time via Φ-regret minimization Theorem 9.76

Table 9.8: Our main results concerning Φ-EVIs (Definition 9.60).

One limitation of Theorem 9.74 is that it relies on the EAH algorithm, which is slow in practice.
We address this by also establishing more scalable algorithms that use ΦLIN-regret minimization
(from Theorem 8.53) instead of the ellipsoid algorithm.

In addition to their more favorable computational properties, we further show that Φ-EVIs
admit (approximate) solutions under more general conditions than their associated VIs—namely,
without 𝐹 being continuous (Theorem 9.61); Section 9.6.1 documents further interesting aspects
on existence.

Connection to other solution concepts. As we have alluded to, Φ-EVIs generalize the seminal
concept of a (coarse) correlated equilibrium à la Aumann [15] and Moulin and Vial [226]
in finite games, and more generally Φ-equilibria [132, 136, 278] of concave games. What is
more surprising is that ΦLIN-EVIs refine CEs even in normal-form games; we give illustrative
examples, together with an interpretation, in Section 9.6.3. We also note that Φ-EVIs can be used
even in games with nonconcave utilities [46, 75] or noncontinuous gradients (as in nonsmooth
optimization), as well as in (pseudo-)games with coupled constraints (cf. [25] and Section 8.1.3
for related work).

Taken together, these properties provide compelling justification for Φ-EVIs as a solution concept
in lieu of VIs. Table 9.8 gathers our main results.

9.6.1 Existence and Complexity Barriers
Perhaps the most basic question about Φ-EVIs concerns their totality—the existence of solutions.
If one is willing to tolerate an arbitrarily small imprecision 𝜖 > 0, we show that solutions exist
under very broad conditions.

Theorem 9.61. Suppose that 𝐹 : X → R𝑑 is measurable and there exists 𝐿 > 0 such that
every 𝜙 ∈ Φ is 𝐿-Lipschitz continuous. Then, for any 𝜖 > 0, there exists an 𝜖-approximate
solution to the Φ-EVI problem.
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Proof. We define a function 𝐹̂𝛿 : X → R𝑑 as

𝐹̂𝛿 : x ↦→ 1
|B𝛿 (x) ∩ X|

∫
B𝛿 (x)∩X

𝐹 (x̂)𝑑𝜈(x̂);

this is a rescaled Lebesgue integral, which represents a multivariate local average. Above,

• 𝛿 > 0 is a sufficiently small parameter, to be defined shortly;
• B𝛿 (x) ⊆ R𝑑 is the (closed) Euclidean ball of radius 𝛿 centered at x; and
• | · | denotes the set’s Borel measure.

Given that 𝐹 is assumed to be bounded, we can define 𝐵 ∈ R such that maxx∈X ∥𝐹 (x)∥ ≤ 𝐵.
For the proof below, it will suffice to set 𝛿 := 𝜖/(𝐿 + 1)𝐵.

We first observe that 𝐹̂𝛿 is continuous.

Lemma 9.62. 𝐹̂𝛿 is continuous.

Proof. We will show that for any x ∈ X and 𝜖′ > 0, we can choose 𝛿′ = 𝛿′(𝜖′) such that for
any x′ ∈ X with ∥x − x′∥ < 𝛿′,

∥𝐹̂𝛿 (x) − 𝐹̂𝛿 (x′)∥ ≤ 𝜖′.

By the triangle inequality, the difference ∥𝐹̂𝛿 (x) − 𝐹̂𝛿 (x′)∥ can be decomposed as the sum of

A⃝ :=
���� 1
|B𝛿 (x) ∩ X|

− 1
|B𝛿 (x′) ∩ X|

���� ∫
B𝛿 (x)∩X

∥𝐹 (x̂)∥𝑑𝜈(x̂)

and

B⃝ :=
1

|B𝛿 (x′) ∩ X|





∫
B𝛿 (x)∩X

𝐹 (x̂)𝑑𝜈(x̂) −
∫
B𝛿 (x′)∩X

𝐹 (x̂)𝑑𝜈(x̂)




.

Now, A⃝ can be bounded as

A⃝ ≤ 𝐵
����1 − |B𝛿 (x) ∩ X||B𝛿 (x′) ∩ X|

���� ≤ 1
2
𝜖′,

where we selected 𝛿′ small enough so that(
1 − 𝜖

′

𝐵

)
|B𝛿 (x′) ∩ X| ≤ |B𝛿 (x) ∩ X| ≤

(
1 + 𝜖

′

𝐵

)
|B𝛿 (x′) ∩ X|.

Moreover, by selecting 𝛿′ small enough so that

| (B𝛿 (x) ∩X) \ (B𝛿 (x′) ∩X)| + |(B𝛿 (x′) ∩X) \ (B𝛿 (x) ∩X)| ≤
1

2𝐵
𝜖′|B𝛿 (x′) ∩X|, (9.26)
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we have




 ∫
B𝛿 (x)∩X

𝐹 (x̂)𝑑𝜈(x̂) −
∫
B𝛿 (x′)∩X

𝐹 (x̂)𝑑𝜈(x̂)







≤
∫
(B𝛿 (x)∩X)\(B𝛿 (x′)∩X)

∥𝐹 (x̂)∥𝑑𝜈(x̂) +
∫
(B𝛿 (x′)∩X)\(B𝛿 (x)∩X)

∥𝐹 (x̂)∥𝑑𝜈(x̂)

≤ 𝐵 | (B𝛿 (x) ∩ X) \ (B𝛿 (x′) ∩ X)| + 𝐵 | (B𝛿 (x′) ∩ X) \ (B𝛿 (x) ∩ X)| ≤
1
2
𝜖′|B𝛿 (x′) ∩ X|,

where the last inequality uses (9.26). As a result, we have shown that A⃝ + B⃝ ≤ 𝜖′, thereby
implying that ∥𝐹̂𝛿 (x) − 𝐹̂𝛿 (x′)∥ ≤ 𝜖′. This completes the proof. □

Having established that 𝐹̂𝛿 is continuous, we can now apply Brouwer’s fixed point theorem on
the map x ↦→ ΠX (x − 𝐹̂𝛿 (x)), where we recall that ΠX denotes the Euclidean projection onto
X. This implies that there is a point x ∈ X such that x = ΠX (x − 𝐹̂𝛿 (x)). Moreover, such a
point satisfies the VI constraint with respect to 𝐹̂𝛿:

⟨𝐹̂𝛿 (x),x′ − x⟩ ≥ 0 x′ ∈ X;

for example, see Kinderlehrer and Stampacchia [174, Section 3] for the derivation. Finally, we
define 𝜇 ∈ Δ(X) to be the uniform distribution over B𝛿 (x) ∩ X. Then, for any 𝜙 ∈ Φ,

⟨𝐹̂𝛿 (x), 𝜙(x) − x⟩ = E
x̂∼𝜇
⟨𝐹 (x̂), 𝜙(x) − x⟩

= E
x̂∼𝜇
⟨𝐹 (x̂), x̂ − x⟩ + E

x̂∼𝜇
⟨𝐹 (x̂), 𝜙(x) − 𝜙(x̂)⟩ + E

x̂∼𝜇
⟨𝐹 (x̂), 𝜙(x̂) − x̂⟩.

(9.27)

The first term in (9.27) can be bounded as

E
x̂∼𝜇
⟨𝐹 (x̂), x̂ − x⟩ ≤

√︂
E

x̂∼𝜇
∥𝐹 (x̂)∥2

√︂
E

x̂∼𝜇
∥x̂ − x∥2 ≤ 𝛿𝐵, (9.28)

where we used the Cauchy-Schwarz inequality, the fact that ∥𝐹 (x̂)∥ ≤ 𝐵 for all x̂ ∈ X, and
∥x̂ − x∥ ≤ 𝛿 for all x̂ in the support of 𝜇. Similarly, the second term in (9.27) can be bounded
as

E
x̂∼𝜇
⟨𝐹 (x̂), 𝜙(x) − 𝜙(x̂)⟩ ≤

√︂
E

x̂∼𝜇
∥𝐹 (x̂)∥2

√︂
E

x̂∼𝜇
∥𝜙(x̂) − 𝜙(x)∥2

≤ 𝐿
√︂

E
x̂∼𝜇
∥𝐹 (x̂)∥2

√︂
E

x̂∼𝜇
∥x̂ − x∥2 ≤ 𝛿𝐵𝐿, (9.29)

where we additionally used the assumption that 𝜙 is 𝐿-Lipschitz continuous. Combining (9.28)
and (9.29) with (9.27), we have

E
x̂∼𝜇
⟨𝐹 (x̂), 𝜙(x̂) − x̂⟩ ≥ −𝛿(𝐿 + 1)𝐵 + ⟨𝐹̂𝛿 (x), 𝜙(x) − x⟩ ≥ −𝛿(𝐿 + 1)𝐵,

and this holds for any 𝜙 ∈ Φ. Setting 𝛿 := 𝜖/(𝐿 + 1)𝐵 completes the proof. □
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In particular, our existence proof does not rest on 𝐹 being continuous. Instead, we consider the
continuous function 𝐹̂ that maps x ↦→ Ex̂∼Δ(B𝛿 (x)∩X) 𝐹 (x̂) (Lemma 9.62), where B𝛿 (x) is the
Euclidean ball centered at x with radius 𝛿 = 𝛿(𝜖). It then suffices to invoke Brouwer’s fixed-point
theorem for the gradient mapping x ↦→ ΠX (x − 𝐹̂ (x)), where ΠX is the Euclidean projection
with respect to X.

Theorem 9.61 implies that a Φ-EVI can have approximate solutions even when the associated VI
problem does not.9.13

Proposition 9.63. There exists a VI problem that does not admit approximate solutions
when 𝜖 = Θ(1), but the corresponding 𝜖-approximate Φ-EVI is total for any 𝜖 > 0.

By contrast, if one insists on exact solutions, EVIs do not necessarily admit solutions.

Proposition 9.64. When 𝐹 is not continuous, there exists an EVI problem with no solutions.

We provide an example that will establish both of those claims.

Example 9.65 (Discontinuous 𝐹). Let 𝐹 (𝑥) be the sign function,

𝐹 (𝑥) = sgn(𝑥) :=

{
−1 if 𝑥 < 0,
1 otherwise,

and X = [−1, 1]. We first claim that there is no 𝜖-approximate VI solution for 𝜖 < 1. Indeed,

• for any 𝑥 < 0, picking 𝑥′ = 1 ensures ⟨𝐹 (𝑥), 𝑥′ − 𝑥⟩ = 𝑥 − 1 < −1;
• for any 𝑥 ≥ 0, picking 𝑥′ = −1 ensures ⟨𝐹 (𝑥), 𝑥′ − 𝑥⟩ = −1 − 𝑥 ≤ −1.

There is also no exact EVI solution to this problem. Indeed, consider any 𝜇 ∈ Δ(X).
• If P𝑥∼𝜇 [𝑥 = 0] = 1, then taking 𝑥′ = −1 ensures E𝑥∼𝜇⟨𝐹 (𝑥), 𝑥′ − 𝑥⟩ = ⟨𝐹 (0), 𝑥′⟩ = −1.
• Otherwise, taking 𝑥′ = 0, we have

E
𝑥∼𝜇
⟨𝐹 (𝑥), 𝑥′ − 𝑥⟩ = E

𝑥∼𝜇
[−|𝑥 |] < 0.

On the other hand, for any 𝜖 > 0, there exists an 𝜖-approximate EVI solution (as promised
by Theorem 9.61). In particular, suppose that 𝜇 uniformly picks between −𝜖 and 𝜖 . Then, for any
𝑥′ ∈ X,

E
𝑥∼𝜇
⟨𝐹 (𝑥), 𝑥′ − 𝑥⟩ = −1

2
(𝑥′ + 𝜖) + 1

2
(𝑥′ − 𝜖) = −𝜖 .

It is worth pointing out that the above example can be slightly modified so that exact EVI solutions
do exist, as we explain below.

9.13Noncontinuity of 𝐹 manifests itself prominently in nonsmooth optimization (e.g., [82, 165, 285, 314]); recent
research there focuses on Goldstein stationary points [131].
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Example 9.66 (Modification of Example 9.65 with exact VI). We define 𝐹 (𝑥) identically to
Example 9.65, except 𝐹 (1/2) = −1. We claim that there is no VI solution for 𝜖 < 1/2: any
𝑥 ≠ 1/2 by Example 9.65, and 𝑥 = 1/2 is not a solution since 𝑦 = 1 ensures ⟨𝐹 (𝑥), 𝑥′ − 𝑥⟩ = −1/2.

However, there is an exact EVI solution: fix any 𝑥∗ ∈ [0, 1/2) and consider 𝜇 that uniformly
mixes between 𝑥 = 𝑥∗ and 𝑥 = 1/2. Then, for any 𝑥′ ∈ X,

E
𝑥∼𝜇
⟨𝐹 (𝑥), 𝑥′ − 𝑥⟩ = 1

2
(𝑥′ − 𝑥∗) − 1

2

(
𝑥′ − 1

2

)
=

1
2

(
1
2
− 𝑥∗

)
> 0.

Furthermore, Theorem 9.61 raises the question of whether it is enough to instead assume that
every 𝜙 ∈ Φ is continuous. Our next result dispels any such hopes.

Theorem 9.67. There are Φ-EVI instances that do not admit 𝜖-approximate solutions even
when 𝜖 = Θ(1), 𝐹 is piecewise constant, and Φ contains only continuous functions.

Proof. As before, let 𝐹 (𝑥) be the sign function,

𝐹 (𝑥) = sgn(𝑥) :=

{
−1 if 𝑥 < 0,
1 otherwise,

and 𝜇 ∈ Δ( [−1, 1]) be any distribution. For 𝛿 > 0, let 𝜙𝛿 : [−1, 1] → [−1, 1] be given by

𝜙𝛿 (𝑥) =


1 if 𝑥 < −2𝛿,
−(𝑥 + 𝛿)/𝛿 if − 2𝛿 ≤ 𝑥 ≤ 0,
−1 if 𝑥 > 0.

Further, let 𝜙0(𝑥) := − sgn(𝑥). Every 𝜙𝛿 (with 𝛿 > 0) is continuous, by construction. Now, note
that 𝜙𝛿 → 𝜙0 pointwise when 𝛿 ↓ 0, and every 𝜙𝛿 is bounded. As a result, by the dominated
convergence theorem, we have

lim
𝛿→0

E
x∼𝜇
[𝐹 (𝑥) (𝜙𝛿 (𝑥) − 𝑥)] = E

x∼𝜇
[𝐹 (𝑥) (𝜙0(𝑥) − 𝑥)]

= E
x∼𝜇
[−1 − 𝐹 (𝑥) · 𝑥] ≤ −1,

where the last line uses the fact that 𝐹 (𝑥)𝜙0(𝑥) = − sgn(𝑥)2 = −1 and 𝐹 (𝑥) ·𝑥 = sgn(𝑥) ·𝑥 = |𝑥 |
for all 𝑥. Thus, for any 𝜖 < 1, there must be some 𝛿 > 0 for which E[𝐹 (𝑥) (𝜙𝛿 (𝑥) − 𝑥)] < −𝜖 ,
so 𝜇 cannot be an 𝜖-approximate EVI solution. □

Our final result on existence complements Theorems 9.61 and 9.67 by showing that, when Φ is
finite-dimensional, it is enough if every 𝜙 ∈ Φ admits a fixed point (this holds, for example, when
𝜙 is continuous—by Brouwer’s theorem).
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Theorem 9.68. Suppose that

1. Φ is finite-dimensional, that is, there exists 𝑘 ∈ N and a kernel map 𝑚 : X → R𝑘

such that every 𝜙 ∈ Φ can be expressed as K𝑚(x) for some K ∈ R𝑑×𝑘 ; and
2. every 𝜙 ∈ Φ admits a fixed point, that is, a point X ∋ x = fix(𝜙) such that 𝜙(x) = x.

Then, the Φ-EVI problem admits an 𝜖-approximate solution with support size at most 1+𝑑𝑘
for every 𝜖 > 0.

Proof. We assume, without loss of generality, that (as functions) the coordinates 𝑚𝑖 : X → R
for 1 ≤ 𝑖 ≤ 𝑘 are linearly independent. We further assume that 𝑚 is bounded, again without
loss of generality. (Indeed, if for example 𝑚𝑖 is unbounded, then column 𝑖 of K must contain
all zeros, or else 𝜙K(x) := K𝑚(x) would be unbounded; we can thus freely remove such
coordinates 𝑚𝑖.)

Now, let K := conv{K : 𝜙K ∈ Φ} be the set of matrices corresponding to maps in Φ; we can
assume that K is closed. We can now rewrite the Φ-EVI problem as

find 𝜇 ∈ Δ(X) s.t. E
x∼𝜇

〈
𝐹 (x)𝑚(x)⊤,K − I

〉
≥ 0

for all K ∈ K , where above I is the identity matrix and the inner product is the usual Frobenius
inner product of matrices.9.14 Further, let A := conv{𝐹 (x)𝑚(x)⊤ : x ∈ X}. Then, the Φ-EVI
problem can be in turn expressed as

find A ∈ A s.t. ⟨A,K − I⟩ ≥ 0

for all K ∈ K. Since 𝐹 and 𝑚 are bounded, by assumption, so is A. Moreover, since the
coordinates 𝑚𝑖 are linearly independent, K is also bounded. Thus, letting Ā denote the closure
of A, the max-min problem

max
A∈Ā

min
K∈K
⟨A,K − I⟩ (9.30)

satisfies the conditions of the minimax theorem. Moreover, for any K ∈ K, the fixed point
x := fix(𝜙K) satisfies 〈

𝐹 (x)𝑚(x)⊤,K − I
〉
= ⟨𝐹 (x), 𝜙K(x) − x⟩ = 0,

so the zero-sum game (9.30) has a nonnegative value; that is, there exists A ∈ Ā such that
minK∈K ⟨A,K − I⟩ ≥ 0. Thus, for every 𝜖 > 0, there exists A ∈ A such that minK∈K ⟨A,K − I⟩ ≥
−𝜖 . Moreover, by Carathéodory’s theorem, A can be expressed as a convex combination of
at most 1 + 𝑑𝑘 matrices of the form 𝐹 (x)𝑚(x)⊤. This convex combination is thus an 𝜖-
approximate EVI solution. □

The only reason the above proof breaks when 𝜖 = 0 is that A may not be closed. Indeed, this

9.14To avoid measurability issues, it is enough to consider here only distributions 𝜇 with finite support.
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issue is fundamental: there are instances where no exact EVI solutions exist even when 𝜙 contains
only constant functions (Proposition 9.64). Notably, this theorem guarantees the existence of
solutions with finite support.

Complexity. Having established some basic existence properties, we now turn to the complexity
of Φ-EVIs. Let us define the VI gap function VIGap(x) := −minx′∈X ⟨𝐹 (x),x′ − x⟩, which is
nonnegative. If we place no restrictions on Φ, it turns out that Φ-EVIs are tantamount to regular
VIs:

Proposition 9.69. If Φ contains all measurable functions from X to X, then any solution
𝜇 ∈ Δ(X) to the 𝜖-approximate Φ-EVI problem satisfies

E
x∼𝜇

VIGap(x) ≤ 𝜖 . (9.31)

Proof. We can define a measurable map 𝜙 : X → X such that 𝜙(x) is an element selected
from argminx′∈X ⟨𝐹 (x),x′ − x⟩ by utilizing the measurable maximum theorem [9, Theorem
18.19]. To satisfy the conditions of this theorem, we need to define—using Aliprantis and
Border’s notation— the weakly measurable set-valued function 𝜓 : X ↠ X as 𝜓(x) = X and
the (Carathéodory) function 𝑓 : X × X → R as 𝑓 (x,x′) = −⟨𝐹 (x),x′ − x⟩. Due to this map
𝜙, a Φ-EVI solution 𝜇 ∈ Δ(X) must then, in particular, satisfy

E
x∼𝜇
⟨𝐹 (x), 𝜙(x) − x⟩ = E

x∼𝜇
argmin
x′∈X

⟨𝐹 (x),x′ − x⟩ ≥ 0.

Therefore, there must exist x∗ ∈ X with argminx′∈X ⟨𝐹 (x∗),x′ − x∗⟩ ≥ 0, that is, a VI solution
x∗. If 𝜇 has finite support, then such a x∗ exists within that support. The 𝜖-approximation case
follows analogously. □

When 𝜇 must be given explicitly, Proposition 9.69 immediately implies that Φ-EVIs are computa-
tionally hard, because (9.31) implies that VIGap(x) ≤ 𝜖 for some x in the support of 𝜇, and such
a point can be identified in polynomial time.9.15

Corollary 9.70. The 𝜖-approximate Φ-EVI problem is PPAD-hard even when 𝜖 is an
absolute constant and 𝐹 is linear.

Coupled with Proposition 9.69, this follows from the hardness result of Rubinstein [259] concern-
ing Nash equilibria in (multi-player) polymatrix games (for binary-action, graphical games, [83]
recently showed that PPAD-hardness persists up to 𝜖 < 1/2). Corollary 9.70 notwithstanding, it
is easy to see that the set of solutions to Φ-EVIs is convex for any Φ ⊆ XX .

Remark 9.71. Let X = X1 × · · · × X𝑛, as in an 𝑛-player game. Whether Corollary 9.70 applies

9.15This argument carries over without restricting the support of 𝜇, by assuming instead access to a sampling
oracle from 𝜇: a standard Chernoff bound implies that the empirical distribution (w.r.t. a large enough sample size)
approximately satisfies (9.31).
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under deviations that can be decomposed as 𝜙 : x ↦→ 𝜙(x) = (𝜙1(x1), . . . , 𝜙𝑛 (x𝑛)) is equivalent
to asking whether computing an NFCE is PPAD-hard—a major open question, as we have
established in past chapters.

Viewed differently, a special case of the Φ-EVI problem arises when Φ = {𝜙} and 𝐹 (x) =
x − 𝜙(x), for some fixed map 𝜙 : X → X. In this case, the Φ-EVI problem reduces to finding a
𝜇 ∈ Δ(X) such that

E
x∼𝜇
⟨𝐹 (x), 𝜙(x) − x⟩ = − E

x∼𝜇
∥𝜙(x) − x∥2 ≥ −𝜖 . (9.32)

As a result, 𝜇 must contain in its support an 𝜖-approximate fixed point of 𝜙, a problem which is
PPAD-hard already for quadratic functions [317].

Corollary 9.72. The 𝜖-approximate Φ-EVI problem is PPAD-hard even when 𝜖 is an
absolute constant, 𝐹 is quadratic, and Φ = {𝜙} for a quadratic map 𝜙 : X → X.

It is also worth noting that, unlike Corollary 9.70, Φ in the corollary above contains only continu-
ous functions.

It also follows from (9.32) that, for 𝜖 = 0, Φ-EVIs capture exact fixed points. The complexity
class FIXP characterizes such problems [92].

Corollary 9.73. The Φ-EVI problem is FIXP-hard, assuming that supp(𝜇) ≤ poly(𝑑).

Exponential lower bounds in terms of the number of function evaluations of 𝐹 also follow
from Hirsch et al. [148].

On a positive note, the next section establishes polynomial-time algorithms when Φ contains only
linear maps.9.16

9.6.2 Efficient Computation with Linear Φ

The hardness results of the previous section highlight the need to restrict the set Φ in order to
make meaningful progress. Our main result here establishes a polynomial-time algorithm when Φ

contains only linear maps.

Theorem 9.74. If Φ contains only linear maps, the 𝜖-approximate Φ-EVI problem can be
solved in time poly(𝑑, log(𝐵/𝜖)) given a membership oracle for X.

Proof. It suffices to show how to run EAH, that is, it suffices to construct a GERorSEP oracle.
But this is precisely the semi-separation oracle solved by Daskalakis et al. [81, Lemma 4.1],
stated below.

9.16We do not distinguish between affine and linear maps because we can always set X ← X × {1}, in which case
affine and linear maps coincide.
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Lemma 9.75 ([81]). There is an algorithm that takes K ∈ R𝑑×𝑑 , runs in poly(𝑑) time, makes
poly(𝑑) oracle queries to X, and either returns a fixed point X ∋ x = Kx, or a hyperplane
separating K from ΦLIN.

The theorem now follows from an identical argument to the correctness proof of EAH. □

On a separate note, Theorem 9.74 only accounts for approximate solutions. We cannot hope to
improve that in the sense that exact solutions might be supported only on irrational points even in
concave maximization.

9.6.2.1 Regret minimization for EVIs on polytopes

One caveat of Theorem 9.74 is that it relies on the impractical EAH algorithm. To address this
limitation, we will show that Φ-EVIs are also amenable to the more scalable approach of regret
minimization—albeit with an inferior complexity growing as poly(1/𝜖).

Specifically, in our context, the regret minimization framework can be applied as follows. At any
time 𝑡 ∈ N, we think of a “learner” selecting a point x(𝑡) ∈ X, whereupon 𝐹 (x(𝑡)) is given as
feedback from the “environment,” so that the utility at time 𝑡 reads −⟨x(𝑡) , 𝐹 (x(𝑡))⟩. Φ-regret is a
measure of performance in online learning, defined as

REGΦ(𝑇) := max
𝜙∈Φ

𝑇∑︁
𝑡=1
⟨𝐹 (x(𝑡)), 𝜙(x(𝑡)) − x(𝑡)⟩.

The uniform distribution 𝜇 on {x(1) , . . . ,x(𝑇)} is clearly a REGΦ(𝑇)/𝑇-approximate Φ-EVI
solution. Therefore, the following result follows from Daskalakis et al. [81] (or Corollary 8.54,
for explicitly-represented X):

Theorem 9.76. There is a deterministic algorithm that finds an 𝜖-approximate EVI
solution after poly(𝑑, 𝑚)/𝜖2 rounds, and requires solving a convex quadratic program with
𝑂 (𝑑2 + 𝑚2) variables and constraints in each iteration.

9.6.3 Game Theory Applications of EVIs
A major motivation for studying Φ-EVIs lies in a strong connection to (C)CEs [15] in games.
Indeed, it is immmediate from the definitions that Φ-EVIs are enough to capture arbitrary notions
of Φ-equilibria for general multilinear games.

9.6.3.1 Coupled Constraints

We observe that (ΦLIN-)EVIs can be used even in “pseudo-games,” in whichX does not necessarily
decompose into X1 × · · · × X𝑛; this means that x𝑖 ∈ X𝑖 (x−𝑖). As we discuss in Section 8.1.3,
most prior work in such settings has focused on generalized Nash equilibria, with the exception
of Bernasconi et al. [25]. (ΦLIN-)EVIs induce an interesting notion of LCEs/CCEs in pseudo-
games, albeit not directly comparable to the one put forward by Bernasconi et al. [25]. It is worth
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noting that Bernasconi et al. [25] left open whether efficient algorithms for computing their notion
of (coarse) correlated equilibria exist.

Definition 9.77. Given an 𝑛-player pseudo-game with concave, differentiable utilities and joint
constraints X, a distribution 𝜇 ∈ Δ(X) is an 𝜖-ALCE if

max
𝜙∈ΦLIN

E
x∼𝜇

𝑛∑︁
𝑖=1

𝑢𝑖 (𝜙(x)𝑖,x−𝑖) −
𝑛∑︁
𝑖=1

𝑢𝑖 (x) ≤ 𝜖 .

By virtue of our main result (Theorem 9.74), such an equilibrium can be computed in polynomial
time.

9.6.3.2 Noncontinuous Gradients

In fact, our results do not rest on the usual assumption that each player’s gradient is a continuous
function, thereby significantly expanding the scope of prior known results even in games. For
example, we refer to Bichler et al. [27], Dasgupta and Maskin [74], Martin and Sandholm [209]
for pointers to some applications.

9.6.3.3 Nonconcave Games

Φ-EVIs give rise to a notion of local Φ-equilibrium (Definition 9.78) in nonconcave games.
It turns out that this captures a recent result by Cai et al. [46], but our framework has certain
important advantages. First, we give a poly(𝑑, log(1/𝜖))-time algorithm (Theorem 9.74), while
theirs scale polynomially in 1/𝜖 . Second, our results do not assume continuity of the gradients.
And finally, we consider our formulation more natural.

Consider an 𝑛-player game in which each player 𝑖 ∈ [𝑛] has a convex and compact strategy set X𝑖,
and a differentiable utility function 𝑢𝑖 : X1 × · · · × X𝑛 → R. Crucially, there is now no assumption
that 𝑢𝑖 is concave. In this setting, our framework suggests the following definition.

Definition 9.78. Given sets of functions Φ ⊆ XX𝑖
𝑖

, an 𝜖-approximate local (Φ𝑖)𝑛𝑖=1-equilibrium
in an 𝑛-player nonconcave game is a distribution 𝜇 ∈ Δ(X1 × · · · × X𝑛) such that for any player
𝑖 ∈ [𝑛] and deviation 𝜙𝑖 ∈ Φ𝑖,

E
x∼𝜇

〈
∇x𝑖

𝑢𝑖 (x), 𝜙𝑖 (x𝑖) − x
〉
≤ 𝜖 .

Theorem 9.74 immediately implies the following result when Φ𝑖 = ΦLIN(X𝑖,X𝑖); as before, in
what follows, we assume a membership oracle for each X𝑖.

Corollary 9.79. Suppose ∥∇𝑢𝑖 (x)∥ ≤ 𝐵 for every player 𝑖 ∈ [𝑛] and profile x ∈ X1 ×
· · · × X𝑛. Then, there is a poly(𝑑, log(𝐵/𝜖))-time algorithm that outputs an 𝜖-approximate
local (Φ𝑖)𝑛𝑖=1-equilibrium.
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Similarly, the existence of linear swap-regret minimizers for arbitrary polytopes X𝑖 [81] immedi-
ately implies the following.

Corollary 9.80. There is an independent no-regret learning algorithm that computes
𝜖-approximate local (Φ𝑖)𝑛𝑖=1-equilibria in poly(𝑑, 1/𝜖) rounds and poly(𝑑, 1/𝜖) per-round
runtime.

Cai et al. [46] also studied the problem of computing local (Φ𝑖)𝑛𝑖=1-equilibria in nonconcave games.
They defined 𝜖-local (Φ𝑖)𝑛𝑖=1-equilibria instead by restricting the magnitudes of the deviations
to the “first-order” regime where local deviations cannot change the gradients by too much. In
particular, they assume that utility functions 𝑢𝑖 are smooth, in the sense that

∇x𝑖

𝑢𝑖 (x𝑖,x−𝑖) − ∇x𝑖
𝑢𝑖 (x′𝑖,x−𝑖)




2 ≤ 𝐿



x𝑖 − x′𝑖

 ∀x𝑖,x′𝑖 ∈ X𝑖,∀x−𝑖 ∈
?
𝑖′≠𝑖

X𝑖′ ,

where 𝐿 > 0 is a constant. Then, they restrict deviations to only slightly perturb the strategies,
that is, for a given set Φ𝑖 ⊆ XX𝑖𝑖 , they define a set

Φ𝑖 (𝛿) := {𝜆𝜙𝑖 + (1 − 𝜆) Id : 𝜙𝑖 ∈ Φ𝑖, 𝜆 ≤ 𝛿/𝐷𝑖},

where Id : X → X is the identity function and 𝐷𝑖 is the ℓ2-diameter of X𝑖, i.e., ∥x − x′∥2 ≤ 𝐷𝑖
for all x,x′ ∈ X𝑖. With this restriction, they show [46, Lemma 1 and Theorem 10] that Φ-regret
minimizers converge to Φ(𝛿)-equilibria, in the sense that

E
x∼𝜇
[𝑢𝑖 (𝜙𝑖 (x𝑖),x−𝑖) − 𝑢𝑖 (x)] ≤

𝛿

𝐷𝑖

REGΦ,𝑖 (𝑇)
𝑇

+ 𝛿
2𝐿

2
,

where REGΦ,𝑖 is the Φ𝑖-regret of Player 𝑖 ∈ [𝑛], for all players 𝑖 and deviations 𝜙𝑖 ∈ Φ𝑖 (𝛿). Our
results imply theirs, in the following sense.

Proposition 9.81. Any 𝜖-approximate local (Φ𝑖)𝑛𝑖=1-equilibrium 𝜇 (per Definition 9.78)
satisfies

E
x∼𝜇
[𝑢𝑖 (𝜙𝑖 (x𝑖),x−𝑖) − 𝑢𝑖 (x)] ≤

𝛿𝜖

𝐷𝑖
+ 𝛿

2𝐿

2
for any player 𝑖 ∈ [𝑛] and deviation 𝜙𝑖 ∈ Φ𝑖 (𝛿).

Proof. Write 𝜙𝑖 = 𝜆𝜙∗𝑖 + (1 − 𝜆) Id for some 𝜙∗
𝑖
∈ Φ𝑖. Then,

𝑢𝑖 (𝜙𝑖 (x𝑖),x−𝑖) − 𝑢𝑖 (x) ≤
〈
∇x𝑖

𝑢𝑖 (x), 𝜙𝑖 (x𝑖) − x𝑖
〉
+ 𝐿

2
∥𝜙𝑖 (x𝑖) − x𝑖∥22

≤ 𝛿

𝐷𝑖

〈
∇x𝑖

𝑢𝑖 (x), 𝜙∗𝑖 (x𝑖) − x𝑖
〉
+ 𝛿

2𝐿

2
,

where the last inequality uses the fact that 𝜆 ≤ 𝛿/𝐷𝑖 and therefore ∥𝜙𝑖 (x𝑖) − x𝑖∥2 ≤ 𝜆


𝜙∗

𝑖
(x𝑖) − x𝑖




2 ≤

𝜆𝐷𝑖 ≤ 𝛿. Taking expectations over 𝜇 and applying the definition of 𝜖-approximate local (Φ𝑖)𝑛𝑖=1-
equilibrium completes the proof. □

However, our results improve on theirs in several ways:
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• We believe that the formulation of local (Φ𝑖)𝑛𝑖=1-equilibria using gradients directly instead
of restricting to small perturbations is more natural and more directly conveys what it
means for a distribution to be a local (Φ𝑖)𝑛𝑖=1-equilibrium without introducing too many
hyperparameters.

• Our results do not require the smoothness of the utility functions 𝑢𝑖.

• We have an ellipsoid-based algorithm that computes local (Φ𝑖)𝑛𝑖=1-equilibria with conver-
gence rate depending on log(1/𝜖), whereas no-regret algorithms only achieve poly(1/𝜖)
convergence rate.

• Although we do not explicitly state it here, Definition 9.78 and Corollary 9.79 extend
directly to the case where Φ𝑖 = ΦLIN(X,X𝑖) (instead of ΦLIN(X𝑖,X𝑖)). Per Section 9.6.3.4,
this can yield an even smaller set of equilibria.

9.6.3.4 Anonymous LCEs Refining Correlated Equilibria

Perhaps surprisingly, ΦLIN-EVI solutions can be a strict subset of LCEs. This separation can
already be appreciated in the setting of normal-form games, and manifests itself in at least two
distinct ways. First, there exist games for which a CE need not be a solution to the ΦLIN-EVI.
In this sense, ΦLIN-EVIs yield a computationally tractable superset of Nash equilibria that is
tighter than CEs. Second, computation suggests that the set of solutions of the ΦLIN-EVI for the
game need not be a polyhedron, unlike the set of CEs. We provide a graphical depiction of this
phenomenon in Figure 9.9. The figure depicts the set of ΦLIN-EVI solutions to a simple “Bach or
Stravinsky” game, in which the players receive payoffs (3, 2) if they both pick Bach, (2, 3) if they
both pick Stravinsky, and (0, 0) otherwise.

Interpretation. The reason for this separation is that, for a map 𝜙 : X → X, each player’s
mapped strategy 𝜙(x)𝑖 can also depend (linearly) on other players’ strategies x−𝑖. Indeed, the
EVI formulation of a game does not take into account the identities of the players. For this
reason, we will call the set of ΦLIN-EVI solutions in a concave game anonymous linear correlated
equilibria, or ALCE for short. We give two game-theoretic interpretations of ALCEs.

First, the ALCEs of a game Γ are the symmetric LCEs of the “symmetrized” game in which the
players are randomly shuffled before the game begins. That is, consider the 𝑛-player game Γsym

defined as follows. Each player’s strategy set is X. For strategy profile (x1, . . . ,x𝑛) ∈ X𝑛, the
utility to player 𝑖 is given by

𝑢
sym
𝑖
(x1, . . . ,x𝑛) = 1

𝑛!

∑︁
𝜎∈𝔊𝑛

𝑢𝜎(𝑖) (x𝜎
−1 (1)

1 , . . . ,x𝜎
−1 (𝑛)

𝑛 ),

where 𝔊𝑛 is the set of permutations 𝜎 : [𝑛] → [𝑛]. The following result then follows almost by
definition.

319



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

CE

ΦLIN-EVI solutions
Correlated equil. (CE)

VI solution (Nash eq.)

Probability of Player 1’s first action (Bach)

Pr
ob

ab
ili

ty
of

Pl
ay

er
2’

s
fir

st
ac

tio
n

(B
ac

h)

Figure 9.9: Marginals of the set of correlated equilibria (CE) and of the set of
solutions to ΦLIN-EVI in the simple 2 × 2 game “Bach or Stravinsky.” The x- and
y-axes show the probability with which the two players select the first action (Bach).
The set of marginals of ΦLIN-EVI solutions appears to have a curved boundary
corresponding, we believe, to the hyperbola 10𝑥2 − 25𝑥𝑦 + 10𝑦2 − 6𝑥 + 11𝑦 = 0.

Proposition 9.82. For a given distribution 𝜇 ∈ Δ(X), define the distribution 𝜇𝑛 ∈ Δ(X𝑛)
by sampling x ∼ 𝜇 and outputting (x, . . . ,x) ∈ X𝑛. Then, 𝜇 is a ALCE of Γ if and only if
𝜇𝑛 is an LCE of Γsym.

Second, for normal-form games, the ALCEs are the distributions 𝜇 ∈ Δ(X) such that no player
𝑖 has a profitable deviation of the following form. The correlation device first samples x ∼ 𝜇,
and samples recommendations 𝑎 𝑗 ∼ x 𝑗 for each player 𝑗 . Then, 𝑖 selects player 𝑗 (possibly
𝑗 = 𝑖) whose recommendation it wishes to see. Player 𝑖 then observes a sample 𝑎′

𝑗
∼ x 𝑗 that

is independently sampled from 𝑎 𝑗 .9.17 Finally, the player chooses an action 𝑎∗
𝑖
∈ A𝑖, and each

player 𝑗 gets reward 𝑢 𝑗 (𝑎∗𝑖 , 𝑎−𝑖). Thus, players are allowed (modulo the independent sampling) to
spy on each others’ recommendations.

For the special case where Φ𝑖 consists of all linear maps X → X𝑖, we coin the resulting (Φ𝑖)𝑛𝑖=1-
equilibrium notion an anonymous linear correlated equilibrium (ALCE). We now compare ALCEs
and LCEs in concave games, and point out some intriguing properties of ALCEs, especially
compared to LCEs and CEs.

In normal-form games Γ, LCEs and CEs coincide, and ALCEs lie strictly between LCEs and
Nash equilibria, as can be seen in Figure 9.9. We now elaborate on the normal-form specific
game-theoretic interpretation of ALCEs by giving an augmented game-based definition. For any
fixed 𝜇 ∈ Δ(X), consider the augmented game Γ𝜇 that proceeds as follows.

1. A correlation device samples x ∼ 𝜇.

9.17This independence is crucial: without it, 𝜇 would actually need to be a distribution over pure Nash equilibria!
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2. Each player 𝑖 chooses a player 𝑗 (possibly not itself) and observes a sample 𝑎 𝑗 ∼ x 𝑗 ,
independently from the samples of other players. (In particular, if multiple players choose
the same player 𝑗 , then they get independent samples from x 𝑗 ).

3. Each player selects an action 𝑎𝑖 ∈ A𝑖 and gets utility 𝑢𝑖 (𝑎1, . . . , 𝑎𝑛).

Proposition 9.83. A distribution 𝜇 ∈ Δ(X) is a ALCE of Γ if and only if the strategy
profile in which every player requests an action for itself and then plays that action is a
Nash equilibrium of Γ𝜇.

The proof will use critically the following characterization of linear maps.

Lemma 9.84 ([117]). Let X = X1 × · · · × X𝑛 where each X𝑖 is a simplex X𝑖 = Δ(𝑚𝑖). Then every
linear map 𝜙 : X → X𝑖 is a convex combination of linear maps 𝜙 𝑗 : X → X𝑖 that only depend on
a single x 𝑗 .

Proof of Proposition 9.83. Fix some 𝜇 ∈ Δ(X) and suppose that it is not a ALCE, that is, there
is some profitable deviation 𝜙 : X → X𝑖 for some player 𝑖. By Lemma 9.84, it suffices to
assume that 𝜙 only depends on one player’s strategy x 𝑗 . Moreover, a linear map 𝜙 : X𝑗 → X𝑖
can be represented as x 𝑗 ↦→ Ax𝑖, where A ∈ R𝑚𝑖×𝑚 𝑗 is column-stochastic. Again, it suffices to
assume that 𝜙 is a vertex of the set of column-stochastic matrices, that is, A has exactly one 1
in each column. Now player 𝑖’s deviation benefit under deviation 𝜙 is given by

E
x∼𝜇
[𝑢𝑖 (𝜙 𝑗 (x 𝑗 ),x−𝑖) − 𝑢𝑖 (x)] = E

x∼𝜇
𝑎∼x

[
E

𝑎′
𝑗
∼x 𝑗

𝑢𝑖 (𝜙 𝑗 (𝑎′𝑗 ), 𝑎−𝑖) − 𝑢𝑖 (𝑎)
]
,

where the equality uses multilinearity of 𝑎. This is precisely the deviation benefit of the strategy
in Γ𝜇 for player 𝑖 in which player 𝑖 chooses to sample 𝑎′

𝑗
and then plays an action according

to 𝜙 𝑗 : [𝑚 𝑗 ] → [𝑚𝑖]. The proposition now follows by observing that these are precisely the
possible pure strategy deviations of player 𝑖 in Γ𝜇. □

We make several more observations about the relationship between ALCEs and other notions of
equilibrium in games.

• Proposition 9.83 generalizes beyond normal-form games, but needs to be modified. For
example, for (single-step) Bayesian games where each X𝑖 is itself a product of simplices, it
follows from a similar proof that, in the augmented game Γ𝜇, player 𝑖 should be allowed to
observe its own type first, and then select both another player 𝑗 and a type 𝜃 𝑗 of that player
at which to ask for a recommendation. (Another way to see this is that the EVI formulation
does not distinguish Bayesian games from their agent form [188], where each player-type
pair is treated as a separate player.)

Even more generally, for extensive-form games, we can generalize ALCEs using our
characterization of the linear maps X → X𝑖 from Section 8.8: in Γ𝜇, player 𝑖 first may
observe its first recommendation at any time of its choosing, and may delay its choice of
which player 𝑗 to observe until that point.
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• The above result is a “revelation principle-like” result that characterizes ALCEs. However,
unlike the usual revelation principle, it is not without loss of generality in this result to take
𝜇 to be a distribution over vertices. Formally, in normal-form games, CEs can be without
loss of generality defined as distributions over pure action profiles A = A1 × · · · × A𝑛

instead of distributions over mixed strategy profiles X = X1 × · · · × X𝑛 [15]. By without
loss of generality here, we mean the following: given any 𝜇 ∈ Δ(X), define 𝜇′ ∈ Δ(A) by
sampling x ∼ 𝜇, then 𝑎𝑖 ∼ x𝑖 for each 𝑖. Then 𝜇 is a correlated equilibrium if and only if
𝜇′ is.

This phenomenon is not true for ALCEs. Indeed, for two-player games, if 𝜇′ ∈ Δ(A) is
a ALCE, then in fact 𝜇′ is a distribution over pure Nash equilibria, which in general may
not even exist! It is thus critical in our definition that 𝜇 be allowed to be a distribution over
mixed strategy profiles, not just pure strategy profiles.

• We have shown that there is an efficient algorithm for computing one (approximate) ALCE.
We leave as an open question the complexity of computing an optimal (e.g., welfare-
maximizing) ALCE (when the number of players 𝑛 is a constant). Optimal CEs can be
computed efficiently in this setting, because the set of CEs 𝜇 ∈ Δ(A) is bounded by a small
number of linear constraints; however, this fails for ALCEs because, as above, we need to
optimize over 𝜇 ∈ Δ(X).

9.7 Lower Bounds
We now turn to proving certain hardness results concerning MVIs. In Section 9.7.1, we will show
that deciding whether the Minty condition holds is coNP-complete, with coNP-hardness holding
even for two-player concave games (Theorem 9.87) or succinct multi-player (normal-form) games
(Theorem 9.89) when a constant error 𝜖 is allowed. Our results complement Proposition 9.33,
which showed that in explicitly represented games there is a polynomial-time algorithm for that
problem. In particular, Theorems 9.87 and 9.89 imply that determining the EVI that minimizes
the equilibrium gap—that is, the strictest ACCE—is intractable. From the point of view of the
duality exposed in Proposition 9.30, this hardness result is perhaps surprising: as we have seen,
an EVI can always be computed in polynomial time, but the dual program turns out to be hard.
Section 9.7.1.3 provides a simpler proof that deciding the Minty condition is hard—albeit not
applicable to games—based on the hardness of deciding membership in the copositive cone.
Finally, in Section 9.7.2, we formalize a straightforward query hardness result for solving MVIs
under the promise that the Minty condition holds.

9.7.1 Existence of MVI Solutions
We first characterize the complexity of deciding whether a VI problem satisfies the Minty condition
(Assumption 9.3). We will begin by showing membership in coNP, then show hardness results
even in the special case of games.

Definition 9.85. The 𝜖-approximate Minty decision problem is the following. Given a VI
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problem VI(X, 𝐹) where X is assumed to be bounded and in isotropic position and 𝐹 satisfies
Assumption 9.20, and a precision parameter 𝜖 > 0, decide whether (+) VI(X, 𝐹) satisfies the
Minty condition, or (−) an 𝜖-strict EVI solution exists.

Proposition 9.86. The 𝜖-approximate Minty decision problem is in coNP.

Proof. By Carathéodory’s theorem on convex hulls, an 𝜖-approximate EVI solution can always
have support poly(𝑑). Further, an approximate EVI solution can be checked in polynomial time
with a single call to a linear optimization oracle over X. □

Having established coNP-membership, we now turn to hardness.

9.7.1.1 Hardness for Two-Player Concave Games

To begin with, we show that deciding this problem is hard even for two-player games if the
strategy sets X,Y are allowed to be arbitrary polytopes.

Theorem 9.87. Consider a problem VI(X × Y, 𝐹) associated with a two-player concave
game per (9.12) such that 𝐹 satisfies Assumption 9.20, where X ⊆ R𝑑1 and Y ⊆ R𝑑2 are
the strategy sets of the two players. Then the 𝜖-approximate Minty decision problem is
coNP-hard, even when X,Y are polytopes given by explicit linear constraints, the utility
functions 𝑢1, 𝑢2 : X × Y → [−1, 1] are bilinear, 𝜖 is an absolute constant, and we are
promised that if there is a Minty point then (0, 0) ∈ X × Y is Minty.

We reduce from the following problem.

Lemma 9.88 (Bilinear optimization is hard). There exists an absolute constant 𝜖 > 0 for which
the following problem is NP-complete: given a bilinear map 𝑓 : [0, 1]𝑑1 × [0, 1]𝑑2 → [−1, 1]
and target value 𝑣 ∈ [−1, 1], decide whether (+) there exists (x,y) ∈ [0, 1]𝑑1 × [0, 1]𝑑2 such
that 𝑓 (x,y) ≥ 𝑣 + 𝜖 , or (−) for all (x,y) ∈ [0, 1]𝑑1 × [0, 1]𝑑2 , we have 𝑓 (x,y) ≤ 𝑣.

This result is easy to show via reduction from MAX-2-SAT; a proof can be found in the appendix
of the full paper [13].

Proof of Theorem 9.87. We will reduce from bilinear optimization. Given an instance ( 𝑓 , 𝑣),
construct the following two-player game. X = {(x, 𝑠) ∈ [0, 1]𝑑1 × [0, 1] : 0 ≤ x ≤ 1𝑠}, Y is
defined similarly, and the utility functions are given by

𝑢2((x, 𝑠), (y, 𝑡)) = 0, and 𝑢1((x, 𝑠), (y, 𝑡)) = 𝑓 (x,y) + (1 − 𝑠)𝑣 − 2(1 − 𝑡)𝑠.

Notationally, we will use x̃ = (x, 𝑠) and ỹ = (y, 𝑡). This corresponds to taking the normal-
form game in which each player’s strategy set is {0, 1}𝑑𝑖 and P1’s utility function is 𝑓 , and
adding to it one strategy 0̃ for each player such that 𝑢1(0̃, ỹ) = 𝑣 for all ỹ, and 𝑢1(x̃, 0̃) = −2
for all pure strategies (vertices of X) x̃ ≠ 0̃. Let 𝐹 be the operator corresponding to this game.
Then deciding if VI(X × Y, 𝐹) satisfies the Minty condition amounts to deciding whether P1
has a dominant strategy.
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Suppose first that 𝑓 (x,y) ≤ 𝑣 for every (x,y). Then we see that 0̃ is dominant; indeed,
𝑢1(0̃, ỹ) = 𝑣 ≥ 𝑢1(x̃, ỹ) for every (x̃, ỹ). Thus, in this case, VI(X × Y, 𝐹) satisfies the
Minty condition. Conversely, suppose that there is some (x∗,y∗) such that 𝑓 (x∗,y∗) ≥ 𝑣 + 𝜖 .
We claim here that P1 has no 𝜖/4-approximately dominant (hereafter 𝜖/4-dominant) strategy.
Suppose for contradiction that x̃ := (x, 𝑠) were 𝜖/4-dominant. Then in particular we have

𝑣(1 − 𝑠) − 2𝑠 = 𝑢1(x̃, 0̃) ≥ 𝑢1(0̃, 0̃) − 𝜖/4 = 𝑣 − 𝜖/4,

so 𝑠 ≤ 𝜖/4. But then we have

𝑢1(x̃, (y∗, 1)) ≤ 𝑠 + (1 − 𝑠)𝑣 ≤ 𝑣 + 𝜖/2 < 𝑢1((x∗, 1), (y∗, 1)) − 𝜖/4,

so x̃ is not 𝜖/4-dominant. Thus, in this case, VI(X × Y, 𝐹) admits an 𝜖/4-strict EVI solution.
□

9.7.1.2 Hardness for Multi-Player Normal-Form Games

Next, we show that, even if the games are normal form, that is, each player’s strategy set X𝑖 is a
simplex Δ(A𝑖), deciding the Minty condition becomes hard when the number of players is large.

Theorem 9.89. Consider a problem VI(X, 𝐹) associated with a multi-player normal-form
game per (9.12) such that 𝐹 satisfies Assumption 9.20. Then the 𝜖-approximate Minty
decision problem is coNP-hard, even when each player has two actions, 𝜖 is an absolute
constant, and “everyone plays their first action” is a Minty solution if a Minty solution
exists.

Proof. We again reduce from bilinear optimization (Lemma 9.88). Given a bilinear map
𝑓 : [0, 1]𝑑1 × [0, 1]𝑑2 → [−1,+1], create a game as follows. There are 𝑛 := 𝑑1+ 𝑑2+2 players,
and two actions per player. We will use x1(𝑖) ∈ [0, 1] to denote the mixed strategy of Player
𝑖 ∈ {1, . . . , 𝑑1}, x2(𝑖) ∈ [0, 1] to denote the mixed strategy of 𝑖 + 𝑑1 ∈ {𝑑1 + 1, . . . , 𝑑1 + 𝑑2},
and 𝑠, 𝑡 ∈ [0, 1] to denote the mixed strategy of the remaining two players. We will overload
notation and also use 𝑠, 𝑡 to refer to these two final players. The utility of every player except
player 𝑠 is 0. The utility of player 𝑠 is given by

𝑢𝑠 (x1,x2, 𝑠, 𝑡) = 𝑓 (x1,x2) · 𝑠𝑡 + (1 − 𝑠)𝑣 − 2(1 − 𝑡)𝑠.

(This is precisely the utility function given in the previous proof, except reparameterized.) The
proof now proceeds similarly to the proof of the previous result. Since only 𝑠 has nonzero
utility, the Minty condition is equivalent to 𝑠 having a dominant strategy.

Suppose first that 𝑓 (x1,x2) ≤ 𝑣 for every (x1,x2). Then we also have 𝑢𝑠 (x1,x2, 𝑠, 𝑡) ≤
𝑣 = 𝑢𝑠 (x1,x2, 0, 𝑡) for all (x1,x2, 𝑠, 𝑡), so 𝑠 = 0 is dominant. Conversely, suppose that there
is some (x∗1,x

∗
2) such that 𝑓 (x∗1,x

∗
2) ≥ 𝑣 + 𝜖 . Suppose for contradiction that 𝑠 ∈ [0, 1] is

𝜖/4-dominant. Then

𝑢𝑠 (x∗1,x
∗
2, 𝑠, 0) = 𝑣(1 − 𝑠) − 2𝑠 ≥ 𝑢1(x∗1,x

∗
2, 0, 0) − 𝜖/4 = 𝑣 − 𝜖/4,
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so 𝑠 ≤ 𝜖/4. But then, once again, we have

𝑢𝑠 (x∗1,x
∗
2, 𝑠, 1) ≤ 𝑠 + (1 − 𝑠)𝑣 ≤ 𝑣 + 𝜖/2 < 𝑢1(x∗1,x

∗
2, 1, 1) − 𝜖/4,

so 𝑠 is not 𝜖/4-dominant. Thus, in this case, VI(X1 × X2, 𝐹) admits an 𝜖/4-strict EVI solution.
□

To put this into context, we saw earlier in Proposition 9.33 that in explicitly given normal-form
games, there is a polynomial-time algorithm—one whose running time scales polynomially in∏𝑛
𝑖=1 |A𝑖 |—that decides whether the Minty property holds. As such, Theorem 9.89 separates

the complexity of deciding the Minty condition under succinct descriptions from that under
explicitly-represented games.

9.7.1.3 Hardness for MVI Membership Beyond Games

Beyond VI problems induced by games, treated in Sections 9.7.1.1 and 9.7.1.2, there is an
immediate, simpler hardness argument for deciding MVI membership based on the complexity of
deciding membership to the copositive cone [88, 227]. In particular, a matrix A ∈ R𝑑×𝑑 is said to
be copositive if for all nonnegative vectors x ∈ R𝑑 , we have ⟨x,Ax⟩ ≥ 0; this is a coNP-complete
problem. We can then construct the mapping 𝐹 : [0, 1]𝑑 ∋ x ↦→ x(⟨x,Ax⟩). Then, verifying
whether 0 ∈ [0, 1]𝑑 is an MVI solution is equivalent to checking whether A is copositive.

9.7.2 Solving Minty VIs
Another natural question is whether one can compute Minty VI solutions—as opposed to SVI
solutions, treated in Theorem 9.46—in polynomial time under the promise that the set of MVI
solutions is non-empty. In this subsection, we show lower bounds on this problem in both 𝜖 and 𝑑.
The upcoming lower bounds are straightforward; it is likely that they have appeared elsewhere,
but we include them for completeness since we are not aware of an explicit reference.

9.7.2.1 Lower Bound on 𝜖 in One Dimension

Our next hardness result gives an exponential lower bound (in log(1/𝜖)) for that problem, even in
a single dimension.

For a rational 𝜖 ≪ 1, we define

𝜙𝜖 : [𝜖, 3𝜖] ∋ 𝑥 ↦→ (𝑥 − 𝜖)2(𝑥 − 3𝜖)2(𝑥2(𝑥2 − 8𝜖2) − 1). (9.33)

We begin with an elementary calculation that characterizes the derivative of 𝜙𝜖 .

Claim 9.90. For any 𝑥 ∈ (𝜖, 2𝜖) it holds that 𝜙′𝜖 (𝑥) < 0, whereas for any 𝑥 ∈ (2𝜖, 3𝜖)
it holds that 𝜙′𝜖 (𝑥) > 0. In particular, 𝜙𝜖 obtains its minimum at 𝑥 = 2𝜖 , with 𝜙𝜖 (2𝜖) =
−𝜖4(1 + 16𝜖4).
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𝜖 2𝜖 3𝜖 𝑥

𝑓𝜖,𝛼 (𝑥)

Figure 9.10: The function 𝑓𝜖,𝛼 (𝑥), with 𝜖 = 0.1 and 𝛼 = 0, over the domain
[0, 1]; the y-axis is at a larger scale for the sake of the illustration.

Proof. The derivative 𝜙′𝜖 (𝑥) can be expressed as

2(𝑥−𝜖) (𝑥−3𝜖)2(𝑥2(𝑥2−8𝜖2)−1)+2(𝑥−𝜖)2(𝑥−3𝜖) (𝑥2(𝑥2−8𝜖2)−1)+(𝑥−𝜖)2(𝑥−3𝜖)2(4𝑥3−16𝑥𝜖2).

For 𝑥 ∈ (𝜖, 3𝜖), we have

2(𝑥−𝜖) (𝑥−3𝜖)2(𝑥2(𝑥2−8𝜖2)−1) < −2(𝑥−𝜖)2(𝑥−3𝜖) (𝑥2(𝑥2−8𝜖2)−1) ⇐⇒ (3𝜖−𝑥) > (𝑥−𝜖)

and
(𝑥 − 𝜖)2(𝑥 − 3𝜖)2(4𝑥3 − 16𝑥𝜖2) ≤ 0 ⇐⇒ 𝑥 ≤ 2𝜖 .

□

Now, let 𝛼 ∈ [−𝜖, 1 − 3𝜖]. We extend (9.33) as follows.

𝑓𝜖,𝛼 : [0, 1] ∋ 𝑥 ↦→
{
𝜙𝜖 (𝑥 − 𝛼) if 𝜖 ≤ 𝑥 − 𝛼 ≤ 3𝜖,
0 otherwise.

An example of 𝑓𝜖,𝛼 is illustrated in Figure 9.10. We then define

𝐹𝜖,𝛼 : [0, 1] ∋ 𝑥 ↦→
{
𝜙′𝜖 (𝑥 − 𝛼) if 𝜖 < 𝑥 − 𝛼 < 3𝜖,
0 otherwise.

(9.34)

As we show next, the induced VI problem satisfies the Minty condition and is also Lipschitz
continuous.

Lemma 9.91. VI( [0, 1], 𝐹𝜖,𝛼) satisfies the Minty condition. Furthermore, 𝐹𝜖,𝛼 is𝑂 (𝜖2)-Lipschitz
continuous.

Proof. We claim that 𝑥 := 𝛼 + 2𝜖 is a solution to the Minty VI problem with respect to 𝐹𝜖,𝛼.
Indeed, consider any 𝑥′ ≠ 𝑥. When 𝑥′−𝛼 ≥ 3𝜖 or 𝑥′−𝛼 ≤ 𝜖 , it follows that 𝐹𝜖,𝛼 (𝑥′) (𝑥′−𝑥) = 0.
Suppose 𝑥′ − 𝛼 ∈ (𝜖, 2𝜖). By Claim 9.90, we have 𝐹𝜖,𝛼 (𝑥′) < 0 while 𝑥′ − 𝑥 < 0, in turn
implying that 𝐹𝜖,𝛼 (𝑥′) (𝑥′ − 𝑥) > 0. Similarly, when 𝑥′ − 𝛼 ∈ (2𝜖, 3𝜖), we have 𝐹𝜖,𝛼 (𝑥′) > 0
while 𝑥′ − 𝑥 > 0; this shows that 𝑥 = 𝛼 + 2𝜖 is indeed a solution to the Minty VI problem.

We continue with the argument that 𝐹𝜖,𝛼 is Lipschitz continuous. Let 𝑥, 𝑥′ ∈ [0, 1] such that
𝑥 < 𝑥′. We consider the following cases:
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• If 𝑥 ≤ 𝛼 + 𝜖 and 𝑥′ ≥ 𝛼 + 3𝜖 , it follows that 𝐹𝜖,𝛼 (𝑥) = 𝐹𝜖,𝛼 (𝑥′) = 0.

• If 𝑥 ≤ 𝛼 + 𝜖 and 𝑥′ ∈ (𝛼 + 𝜖, 𝛼 + 3𝜖), it suffices to show that |𝜙′𝜖 (𝑥′ − 𝛼) | ≤ 𝐿 |𝑥′ − 𝜖 |
since |𝑥′ − 𝜖 | ≤ |𝑥′ − 𝑥 |. By the definition of 𝜙′𝜖 , this holds with 𝐿 = 𝑂 (𝜖2).

• If 𝑥 ∈ (𝛼 + 𝜖, 𝛼 + 3𝜖) and 𝑥′ ≥ 𝛼 + 3𝜖 , it suffices to show that |𝜙′𝜖 (𝑥 − 𝛼) | ≤ 𝐿 |𝑥 − 3𝜖 |
since |𝑥 − 3𝜖 | ≤ |𝑥 − 𝑥′|. This again holds with 𝐿 = 𝑂 (𝜖2).

• Finally, we treat the case where 𝑥, 𝑥′ ∈ (𝛼 + 𝜖, 𝛼 + 3𝜖). We can expand 𝜙′𝜖 (𝑥) as
24𝜖3−𝑥(144𝜖6+44𝜖2)+𝑥2(576𝜖5+24𝜖)−𝑥3(668𝜖4+4)+200𝜖3𝑥4+84𝜖2𝑥5−56𝜖𝑥6+8𝑥7.
From this expression it is easy to see that |𝜙′𝜖 (𝑥 − 𝛼) − 𝜙′𝜖 (𝑥′ − 𝛼) | ≤ 𝐿 |𝑥 − 𝑥′| for some
𝐿 = 𝑂 (𝜖2). □

It is worth noting that identifying an exact Stampacchia VI solution to VI( [0, 1], 𝐹𝜖,𝛼) is trivial:
any point outside the region (𝛼 + 𝜖, 𝛼 + 3𝜖) suffices since 𝐹𝜖,𝛼 is defined as 0 in such points. On
the other hand, any algorithm that outputs a non-trivial approximation to the global minimum of 𝑓
needs to output a point in the region (𝛼 + 𝜖, 𝛼 + 3𝜖). Now, if 𝛼 is selected initially unbeknownst
to the algorithm, it follows that any algorithm that succeeds with constant probability needs to
submit Ω(1/𝜖) = Ω(2log(1/𝜖)) queries to the evaluation oracle for 𝐹. We arrive at the following
information-theoretic lower bound.

Proposition 9.92. For any sufficiently small 𝜖 > 0, any algorithm that computes with
constant probability a pointx ∈ X such that 𝑓 (x) ≤ minx′∈X 𝑓 (x′)+𝜖4 of a function whose
associated VI problem satisfies the Minty condition requires Ω(1/𝜖) gradient evaluations,
even when X = [0, 1], 𝐿 = 𝑂 (𝜖2) and 𝐵 = 𝑂 (𝜖3).

Furthermore, suppose that one is instead looking for an approximate MVI solution 𝑥 ∈ [0, 1];
namely, 𝐹 (𝑥′) (𝑥′−𝑥) ≥ −𝐶𝜖4 for all 𝑥′ ∈ [0, 1], where𝐶 is a sufficiently small constant. We claim
that this forces 𝑥 to belong in (𝛼+ 𝜖, 𝛼+3𝜖), at which point the hardness of Proposition 9.92 kicks
in. For the sake of contradiction, suppose first that 𝑥 ≥ 𝛼 + 3𝜖 . Taking then 𝑥′ := 𝛼 + 2.5𝜖 leads
to a violation since 𝑥′ − 𝑥 < 0, 𝐹 (𝑥′) > 0 (by Claim 9.90), and |𝑥′ − 𝑥 | = Θ(𝜖), |𝐹 (𝑥′) | = Θ(𝜖3).
Similar reasoning applies if 𝑥 ≤ 𝛼 + 𝜖 by deviating to 𝑥′ := 𝛼 + 1.5𝜖 .

Corollary 9.93. For any sufficiently small 𝜖 > 0, any algorithm that computes with
constant probability a point x ∈ X such that ⟨𝐹 (x′),x′ − x⟩ ≥ −𝐶𝜖4, for a sufficiently
small constant 𝐶 > 0, of a problem VI(X, 𝐹) that satisfies the Minty condition requires
Ω(1/𝜖) gradient evaluations, even when X = [0, 1], 𝐿 = 𝑂 (𝜖2) and 𝐵 = 𝑂 (𝜖3).

9.7.2.2 Lower Bound in High Dimensions

We now address the problem of finding an approximate Minty VI solution in high dimensions,
given the promise that such a solution exists. As in the previous subsection, it will suffice to use
polynomial optimization problems.
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Proposition 9.94. There exists an absolute constant 𝜖 > 0 for which the following holds:
any algorithm that computes with constant probability an 𝜖-approximate global optimum
of a function 𝑓 : X → R whose associated VI problem satisfies the Minty problem requires
exp(𝑑) gradient evaluations, even when X = [−1, 1]𝑑 and 𝐿, 𝐵 are absolute constants.

Proof. Let c ∈ {−1,+1}𝑑 , and 𝑓c : [−1, 1]𝑑 → R be defined by 𝑓c(x) := −(max {1 − ∥c − x∥, 0})2.
Then 𝑓c has minimum x = c. Moreover, if we let 𝐹 = ∇ 𝑓c, then 𝐹 satisfies the Minty con-
dition and has constant Lipschitz constant 𝐿 and bound 𝐵. Finally, 𝐹 (x) := 0 if sgn(x) ≠ c.
Therefore, any algorithm that optimizes this family of functions 𝑓c must take Ω(2𝑑) gradient
evaluations before it successfully learns any information about 𝑓c. □

9.7.2.3 On Equilibrium Collapse

The class of instances behind Proposition 9.92 also precludes a natural approach for computing SVI
solutions under the Minty condition; namely, the positive result of Cai et al. [45] (cf. [166, 238])
concerning zero-sum, polymatrix games is based on the observation that there is an “equilibrium
collapse,” meaning that taking the marginals of any CCE results in a Nash equilibrium; in fact, it
is easy to see that this holds more generally under the preconditions of Proposition 9.39. On the
other hand, we find that this approach falls short when one merely posits the Minty condition:

Proposition 9.95. There is a problem VI( [0, 1], 𝐹) that satisfies the Minty condition, but
there exists an exact expected VI solution 𝜇 ∈ Δ( [0, 1]) such that Ex∼𝜇 x is not a Θ(1)-SVI
solution.

In proof, we take 𝐹 := 𝐹𝜖,0 per (9.34), where 𝜖 = Θ(1). We consider the distribution 𝜇 ∈
Δ( [0, 1]) that samples uniformly between 𝑥1 := 0.1𝜖 and 𝑥2 := 3.1𝜖 . By definition, we have
𝐹 (𝑥1) = 𝐹 (𝑥2) = 0. This implies that 𝜇 is an exact expected VI (per Definition 9.29). However, it
is clear that there exists a constant 𝐶 = 𝐶 (𝜖) such that Ex∼𝜇 x = 1.7𝜖 is not a 𝐶-SVI solution, as
claimed in Proposition 9.95.

9.7.3 Ellipsoid Without Extra-Gradient
It is reasonable to ask whether the extra-gradient step in our main algorithm (ExtraGradientEllip-
soid) is necessary. In other words, if the extra-gradient step were to be removed, would we still
be able to have log(1/𝜖) convergence toward an SVI solution under the Minty condition? In this
section, we give strong computational evidence that such a guarantee is impossible. We ran the
ellipsoid algorithm on polytope X = [−1, 1]2 and starting ellipse 𝐵√2(0), which is the smallest
ellipse containing X. At each timestep, given ellipsoid center a(𝑡) ∈ X, we generated a separating
direction 𝐹 (a(𝑡)) such that:

• when 𝑡 is even, 𝐹 (a(𝑡)) has positive 𝑦-component, and a(𝑡+1) has 𝑥-component 1/8, and

• when 𝑡 is odd, 𝐹 (a(𝑡)) has negative 𝑦-component, and a(𝑡+1) has 𝑥-component −1/8, and
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As shown in Figure 9.11, the ellipse quickly grows extremely thin along one axis. After 𝑇 = 1293
iterations,9.18 we observe the following properties.

• The algorithm has not proven that no Minty solution exists. That is, the red polytope in
Figure 9.11 remains nonempty, and in fact the current center a(𝑇) is a candidate Minty
solution.

• The radius of the short axis of the ellipse is less than 1.498 × 10−219.

• No approximate SVI point has been found:


𝐹 (a(𝑡))

 = 1 and



a(𝑡)

 < 0.481 for every
timestep 𝑡, so the minimum SVI gap of any queried point is at least 0.519.

• No Lipschitz violation has been found: for every 0 ≤ 𝑠 < 𝑡 ≤ 𝑇 , we have

𝐹 (a(𝑠)) − 𝐹 (a(𝑡))



a(𝑠) − a(𝑡)

 < 7.997.

A common idea when using the ellipsoid method for low-dimensional sets is to, once the shortest
axis of the ellipse gets small, simply project the problem onto a subspace of smaller dimension
and continue. However, this will not work in our setting. Indeed, after such a projection is made, it
is possible that 𝐹 (a(𝑡)) has large magnitude in a direction orthogonal to the subspace (so that a(𝑡)

is not an SVI point) and yet 𝐹 (a(𝑡)) gives no separation direction, so ellipsoid cannot proceed.

Thus, even in two dimensions, this counterexample demonstrates that ellipsoid fails to find an
approximate SVI solution even when the Minty property holds and the given function is Lipschitz.
This demonstrates the need for the additional ideas we introduce in Section 9.4.2 (namely, the
extra-gradient step) beyond the naive ellipsoid method.

9.8 Conclusion and Future Research
In summary, we established the first algorithm for computing 𝜖-SVI solutions under the Minty
condition that has polynomial dependence on both 𝑑 and log(1/𝜖). We also provided several new
applications of our main results in optimization and game theory, including the first polynomial-
time algorithm for quasar-convex optimization. Our results raise a number of interesting questions
for future work. First, one of our main contributions was a technique to tackle the lack of full
dimensionality when using the ellipsoid algorithm by using strict separation; it is possible that our
approach can be employed to other problems as well. Furthermore, our result concerning strict
CCEs only applies to two-player games; while it cannot be generalized to games with more than
two players or to tighter equilibrium concepts such as correlated equilibrium [15], it would still be
interesting to characterize classes of games and solution concepts for which such extensions are
possible. Finally, our main result provides further motivation for characterizing what problems
satisfy the Minty condition and related concepts.

9.18We ran this algorithm with 2048-bit floating-point arithmetic, and numerical precision issues arose at this point.
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Figure 9.11: The counterexample for the ellipsoid algorithm without extra-
gradient as described in Section 9.7.3, after 𝑡 iterations, for 𝑡 = 0, 1, . . . , 7, 8. In
each plot, the red polygon is the feasible region where Minty points might still
lie, and the blue line/arrow indicates the separating direction 𝐹 (a(𝑡)). The two
dashed vertical lines correspond to 𝑥 = ±1/8.
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Conclusions and Future Research
In this thesis, we have sought to develop new algorithms for equilibrium computation and learning,
in extensive-form games and beyond. In doing so, we have uncovered novel relationships,
connections, and reductions between problems previously treated separately, both in game theory
and beyond, leading to several fundamental new results in both theory and practice. I will conclude
with a few more thoughts regarding possible directions of future research and problems that are
most exciting to me.

In Part I we developed new theoretical techniques, solution concepts, algorithms, and complexity
results for computing optimal equilibria, suitably defined, in a variety of game classes. including
generalized mechanism design (itself a class of problems that includes classical mechanism
design and information design as special cases) and optimal correlated equilibria, under a unified
umbrella. In this framework, generalized mechanism design reduces to solving two-player zero-
sum games, while optimal correlated equilibrium computation reduces to solving adversarial
team games and thus admits a parameterized algorithm. The framework we have developed is
extremely general and powerful.

I am excited to see how these techniques can be applied in practice, to real-world mechanism
design problems. This comes with many inherent challenges, only some of which I will list
here. First, the real world is large scale, and we can expect the scale itself to come with its own
challenges and require novel techniques. Second, the real world often demands mechanisms that
are simple or interpretable, so that they can be explained to the humans that will partake as agents
in the mechanism (e.g., buyers in an auction). Optimal mechanisms, however, are often not easily
interpretable and explainable in this fashion. Is it possible to do automated optimal generalized
mechanism design under some constraint of simplicity or explainability? How could one even
formalize such a constraint? Finally, the real world is filled with agents that learn over time, such
as autobidders in auctions. How do we perform mechanism design with such learning agents
in mind? The framework of steering learning agents in Chapter 7 is one possible answer to this
question, but certainly not a complete one nor the only possible one.

In Part II, we developed new theoretical techniques, algorithms, and complexity results for
learning agents in games and the corresponding questions about computation of various kinds
of correlated equilibrium. We also exploited the deep connection between game theory and
optimization to use techniques from game theory to arrive at new and state-of-the-art algorithms for
computing solutions to certain kinds of variational inequalities, leading to the first algorithm with
polylog(1/𝜖) dependence in several settings, as well as a novel notion of variational inequality in
expectation. Finally, we connected our earlier methods for computation of optimal equilibria to
the theory of learning in games, resulting in the first algorithms for steering learning agents to
arbitrary equilibria, including optimal equilibria.

The idea of steering learning agents to equilibria is a new and interesting direction in itself, for
which we have only just scratched the surface. Perhaps the most interesting question to ask
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is whether it is possible for a mediator to steer in extensive-form games without knowledge
of the players’ private information and/or utility functions. This would be critical to practical
applications where mediators are usually not all-knowing.

There is a deep overlap between game theory and optimization. I believe that this interface is
a fruitful area for future research, especially in the direction of applying techniques originally
discovered in game theory to problems in optimization. The results in this thesis on variational
inequalities, which, among other ideas, rely on the ellipsoid against hope algorithm from game
theory, are a step in this broad direction. Variational inequalities enjoy a wide range of applications
in game theory and beyond. It would be interesting to explore in more detail how expected VIs
and the Minty property apply to this wide range of applications. For example, what other classes
of games (or other applications beyond games) satisfy the Minty property and therefore are
efficiently solvable via the techniques in Chapter 9? In what other applications are expected VIs a
reasonable solution concept, in the same way that correlated equilibria are a reasonable solution
concept for games?

The most natural open question regarding the computation of Φ-equilibria is whether it is possible
to compute (or learn) an optimal normal-form correlated equilibrium in poly(𝑑, 1/𝜖) time or even
poly(𝑑, log(1/𝜖)) time in concave games of dimension 𝑑. As we have stated, the best known
results along these lines are the 𝑑𝑂̃ (1/𝜖)-time algorithm of Peng and Rubinstein [242] and Dagan
et al. [71], and the matching lower bound from Section 8.10 for no-regret algorithms against
worst-case adversaries. I would conjecture that no poly(𝑑, 1/𝜖)-time algorithm exists, learning
or otherwise, exists for computing NFCE; however, proving hardness would likely require new
techniques. For example, the PPAD-hardness proofs for problems such as Nash equilibrium [77]
rely fundamentally on the fact that the set of Nash equilibria is disconnected in general, but this is
simply not true of correlated equilibria.

More broadly, our current theoretical understanding of learning dynamics in games is still very
limited in scale. For example, in large collaborative games like Hanabi, independent learning
dynamics empirically converge to strong joint strategies [299]. Similarly, in complex games
such as auctions, independent learning dynamics empirically find Nash equilibria [86]. Notably,
both phenomena manifest only at large scale (there are small-scale counterexamples in which
independent learning fails to find optimal equilibria in team games and fails to find Nash equilibria
in general-sum multiplayer games), and current theory cannot fully explain these phenomena.
Namely, under what circumstances do “simple” learning dynamics suffice for strong performance
at scale? This line of thinking carries similarity to the theory of supervised learning, which
suggests that increasing the size of the network itself (“overparameterization”) is key to the
performance of supervised learning models [309]. However, the corresponding theory for learning
in games is yet undeveloped.

Finally, while I have not discussed them yet in the present thesis, large language models (LLMs)
have revolutionized AI as a field in the past few years. Computational game theory can help us
understand and improve the study of LLMs in several ways. First, an understanding of game
theory and learning dynamics can help train better language models. For example, multi-agent
dynamics in games (“self-play”) can be used to break down problems into multiple pieces, or to
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train models to be more adversarially robust. Second, as LLMs become more and more common
in our lives, they will more frequetly interact with each other. Many of the questions that I have
alluded to above for large-scale learning dynamics also apply to language models. For example,
what learning dynamics occur when LLMs interact with each other? How does one do mechanism
design when language models are involved? How can we formally study games, including but
not limited to certain recreational hidden-role games, that inherently involve natural-language
communication? These are all open-ended questions that are ripe for future study.
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non linéaires de type monotone. Calcolo, 7:65–183, 1970. 275

[271] David Silver, Aja Huang, Chris J Maddison, Arthur Guez, Laurent Sifre, George Van
Den Driessche, Julian Schrittwieser, Ioannis Antonoglou, Veda Panneershelvam, Marc
Lanctot, et al. Mastering the game of Go with deep neural networks and tree search. Nature,
529(7587):484, 2016. 2, 26, 41, 50

[272] David Silver, Julian Schrittwieser, Karen Simonyan, Ioannis Antonoglou, Aja Huang,
Arthur Guez, Thomas Hubert, Lucas Baker, Matthew Lai, Adrian Bolton, et al. Mastering
the game of Go without human knowledge. Nature, 550(7676):354–359, 2017. 45

[273] Maurice Sion. On general minimax theorems. Pacific Journal of Mathematics, 8(4):
171–176, 1958. 178, 289, 293

[274] Chaobing Song, Zhengyuan Zhou, Yichao Zhou, Yong Jiang, and Yi Ma. Optimistic
dual extrapolation for coherent non-monotone variational inequalities. Neural Information
Processing Systems (NeurIPS), 2020. 275, 276

[275] Finnegan Southey, Michael Bowling, Bryce Larson, Carmelo Piccione, Neil Burch, Darse
Billings, and Chris Rayner. Bayes’ bluff: Opponent modelling in poker. Conference on
Uncertainty in Artificial Intelligence (UAI), July 2005. 46, 99, 182, 262

[276] Stockfish. https://stockfishchess.org/. 26, 41, 51
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